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EM field regimes

Rec};ime: defined by simplifying hypothesis (some
effects are neglected)

* General —field propagation described by
Hyperbolic PDE

* Quasi-static — field diffusion
Parabolic PDE

-« Steady-state —time invariant field/current

distribution
« Static — invariant field distribution — no power
losses

Elliptic PDE (no time)

EM Field Theory — 8. Electrostatic fields © LMN 2007




Static regimes

Are neglected all time

Electro-Static

1 V.D= dependent effects, movement . (ES) —tinds
' - and current (losses) = electric field
2.V-B=0
ot )
P
4.VxH Z//—I—% i
- 5D=¢E+P/(E)
6.B=u (H+M (H)) -
7,4 o(E+E(E)) M,
8.p :;J/
5 Magneto- Static (MS)
9.%=% — finds magnetic field
t distribution
EM Field Theory — 8. Electrostatic fields © LMN 2007
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Electro-Static regime

Hypothe5|s

no movement

no time variation

no losses (current)

no magnetic field of interest

Fundamental
Equations:
Gauss’ theorem
Theorem of ES potential
Electric constitutive relation

ES field balance in
conductors

Field sources
— Charge
— Permanent polarization
— Intrinsic field in conductors

T~

G(E+E)=0=E

/v<

N\

/

-
-

D=f(E)=>D=¢E+P=D=

= (p, © § DdA = j pdv
divD=p
n,-(D,-D,)=p, < div,D=p,

U =0<> § Edr=0

I
curlE=0= E=—-gradV

_ n,x(E,-E)=0,<E,=E,

cE + P,

=—E; In conductors

EM Field Theory — 8. Electrostatic fields
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W Been Second order equation for

LIViN scalar potential

< curlE=0= E=-gradV —dlv(ggradV) £

where +p,
D=¢E+P, = D=-zgradV +P, Pe=P TPy
Polarization charge den5|ty| Pp = —leP ‘

Particular cases:
* Linear homogeneous isotropic media (Poisson equation):
- —div(gradV )=p/ e =|AV =—pl ¢

* No internal ES field sources (Laplace equation):

div(ggradV) = 0= div(gradV) =0 <AV =0

Boundary conditions are necessary for a unique solution. They can be:

*Dirichlet b.c. or Neumann b,c. (no both in same P)

V(P)=f (P),| onsS, #0 2\;_f P)| ons, =x-5,

EM Field Theory — 8. Electrostatic fields © LMN 2007




m The fundamental ES problem

Input (known) data: <===)> In terms of fields: Boundary
— Computational domain D conditions (field comp.)

bc():uh;])d E/Ida?griil (CX’): E(r) on S; connected and
characteristics (r)>0 in D /Q D,(r) on Sp=2~S

— (CD) Internal field sources utput data (solution):
p(r) and Pp(r) in D E(r) and D(r) in D
— (C%) Boundary conditions _
(external sources) Equations:

_ V(r) = f(r) or dV/dn=f(r) on = diVsz
Output data (solution): {Curnz:o

V(r) in D 2*E=-gradV, D=f(E) D=¢E+P,
Equations: -v =|fo(P) =] E.dr

~div(ZgradV) = p, o= P =—En=nFi(D-P)=

where p, = p —dVP, [f (P)=—Dn/e| if 7=zTand P, =0

< E, =grad )V =grad,f,

EM Field Theory — 8. Electrostatic fields © LMN 2007




Non-connected Dirichlet surfaces

InanN Solution unigueness

u
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J3m
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me—~
3-8
=0 <
N3g
nmm

E, =gradV =grad,f,
V=1f,(P)#| E.Jdr

PP,
In addition, foreach S_, ,k =12,.., n-1has to be known
(C27): ‘Uk = . Etdr‘ or r\I’k = |, D,dS | andU, =0

Uniqueness is based on the lemma of the ES trivial solution:
- Any ES problem with zero internal and external sources has only zero solution:

div(vD) = D gradV +Vdiv(D) = -D-E + pV =

_ 2 _
| D-Edv=] (££2 1, -E)dv=[\ovdv —§/D-nds =) C3=Cs+Cs”
JVD-ndS = [ WQdS+35 | VD,dS=0, U, =0

V(P) = jppo E.dr = jppkcﬁdr ISEKVDndS =U, jSEk D,dS =U>&\

@:O: E =0almostavrywherein D =V (P) = IPP 5 Edr=0

</

EM Field Theory — 8. Electrostatic fields © LMN 2007
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+ +
In linear media, the solutions F = [E, D, n n
V] of well formulated ES fundamental S(Zﬂ“kck) — Zﬂ“ks(ck)
problems in D with boundary >= SE + SD k=1 k=1
are linked by its field sources C = [CD,
CX] by a linear operator: S: C> F May be superposed E, D, V
The superposition can not be applied in but not E = |E| or D = |D|
nonlinear media. However the uniqueness Superposition may be
is still yalid if the material characteristic applied to (CD), (CX) but not

D=f(E) is monotonic: to (CM) or D.

[f(E2) - f(E1)] (E2 —E1) >0

EM Field Theory — 8. Electrostatic fields © LMN 2007
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External problems.

[7V Coulomb integrals

External problem = unbounded

domainD - V(r)|<C/r, [E(r)|<C/r* in3D
. Bogr}c%a{ydc%ndltlons %Ct_Z) are
substitute asymptotic

conditions (C\,/A ; ymp \V(r)\ <Cln(r)

« Substance has a limited extension
(vacuum in rest) V(r) =

« The simplest (still important) 4rre R’ 4rg R
examples:

« Small charged body in vacuum Vi = -2 _In(R/R E(r)=
(3D) ") 2rgyR (RIRo).E(r) e,

 Strait thin charged wire (2D)

By superposition: field of arbitrary| V(r)= 1 -Bp(ro)dv’ E(r)= L J’3
charg?e distribution in vacuum 4re, 'R R R
(Coulomb integrals):

- Field of polarized bodies: V() = — [ p(1)InRds, E( = jRg'O(rO)RdS

o !jnt(?gr?l eql(Jattlﬁn |3 Ilnedar 2mey *
leléctrics’(with induce .
polarization): _ -1 dIVPdV’ E(r) = -1 J- Rdlvfdv
R® R

A,
P(r,) = E(r,) =—gradV(r,) ~1 + RdivP-dS
y=¢ -1=(c-¢0)/¢g, T or IRS R2

EM Field Theory — 8. Electrostatic fields © LMN 2007
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Several charge distributions

4

. Charge may be veo, PV o psd5+jCC p,o||+zqk

_distri uted on im 24 [C/m] k=1

- volume (3D) ¥~ oAy v(r)- 1 I Py dV'+I Ps dS'+I p, dl’ +Zq—k

- film (surface) - “m_q[C/m] Are, | IV

- wire (curve) AS-0 AS

- particle _||mA—q[C/m] or using “distributions” v(r)= 1 J-pdV'
- 4z, R

« Polarization charge: Pve =—dvp, §

_ g€ psp —divyP=-n,,-(P,-P,)|, =-n-(0-P)|_=P-n

In volume (3D) - E ﬂ q
- On body surface V(r)= J- (—dIV P)dV "‘_.- n12) P —P Si, S
472'80 | JVp R Sp R

EM Field Theory — 8. Electrostatic fields © LMN 2007 -




& T Complementar approaches for

LIViN polarized bodies

. Coulombian model: same E, different D
divD=0 p Ml 2= 80E+ P\ [div(s,E)=—divP  [diveE=p,
JeurlE =0 seurlE=0 = <E=-gradV
D=g,E+P D=¢g,E+P pp =—divP

. 1 Amperian model: same D, different E
E=(D-P)/¢g,

(divD=0 D=curlT Dual approach: use of

JeurlD = curlP = {curlD = J scalar_V and vector T
P potentials to solve these

— D=¢,E+P J, =curlP complementary problems

Jp

E has open lines. Itinternally is opposite to P (de-polarizing).
D has closed lines. It has the same sense as P.

P=Pp is independent of E,D and it is dependent of E in dielectrics, e.g. P = goZeE

EM Field Theory — 8. Electrostatic fields © LMN 2007




Far field of a small polarized
particle

p=q-4I=P-Av=P-SAl R-R,| P - dipolar momentum

-1 divPdv -1  div,PdS 1 PndS 1 — R —-R,
drey °R° R drey*> R Arey*> R Adres\ R, R_ ) 4me, R, R_
- g Alcosfd pcosd 1 PR p-R g

, => |V =

= = - V =(p-gradV,)/q, V =
4re, R? 4re,R* 4ms,R® R (p-gradVy)/a. V. 4

p-R 1 1 1 }
E(r)=—-gradV =—-grad =— rad(p-R)+(p-R)grad — |=
(r)=-g gad R 4EEO[R3 grad (p-R)+(p-R)grad —3
. » 1 P - Rdv
1 [3(p-R)R p | By superposition, \V = J' -
E = 5 ) . 472'80 D R
4re R R™ 1 for alarge polarized body:
P-R

E=-

jD grad =3 dv

Are,
EM Field Theory — 8. Electrostatic fields © LMN 2007
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g Field inside polarized bodies

47a’

 Spherical body uniform polarized in vacuum, polar momentyum p=PV =P

- E field int:go int - D field
s { Edr =0 dIVD=0<3§ZDndS:0

curlE =0«
External field:

1 [3(p-R)R p pcosa 2Pa’cosa —psina —Pa’sina
Eext_ 5 T R3 = E, = 3 3 ’Ea: 3 = 3
Ars, R R 2rgyR 3g,R Are R 3goR
| P 2P
Equator: Eint = Eext — Eint = P/(350) ‘ Eint T 5 Dint — 5
3g, 3
Poles: Dy, = Doy = —¢(Ejy + P =2P/3 Internal field is constant

EM Field Theory — 8. Electrostatic fields © LMN 2007




ES field perturbation due to

L IvViIN dielectric bodies

D field before + Perturbation due to P = Flux density after

A A A

Dielectrics confines
and direct D lines,
increasing electric
flux

IimR:S

E field before + Perturbatl n due to P = Electric field after

A A

’
4

~

-
e

P

A A A

-k~

1

=} -

 Electric field E is
decreased, as well
| as voltage
I|m —=0

E=(s-&)E = x5E

E—>0

E= E0+Eim:E0—3i:> Ey=E+2E/3=(L+ 2/3)E = Eyy = EO/(1+;(/3)

D,

E

ext

€n

= F, = eE, I(1+ y13) = Dy(1+ ) /(L+ 1/3) = p|: e,Egdma3y I(x +3)

Are,

1 [S(p-R)R_ p} L E - pcosa 2Pa’cosa £ _—Ppsina_—Pa’sina

R® R " 2me,R® 3g,R® Y 4zg,R° 3¢,R°

EM Field Theory — 8. Electrostatic fields © LMN 2007




Equipotentials and fl

y-axis

=) laboratorul de
K modelare
numericasa
Equipotentials
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Download from http://wiki.4hv.org/index.php/Dielectric_Sphere_in_Electric_Field
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Far field. Multipole expansion

=g1+q2 1 1
02 vP) Ty (Pyet p=(q2-ql)d V(P o

ql = = o R4+ ¥ R +...
Any arbitrary charge distribution (ql, g2, ..., qn2)
Inside a sphere can be approximated outside by a
truncated multipole expansion, expressed as a

sum of harmonics, in spherical coordinates: n, charge points

| V(ro.p)= Z Z T nm(ﬁ,qo), with

n=0m=

ZQ. 6.,p;) arethemultipole coefficients

n, evaluation points
™ L ]

with an errorbounded by :  err < K(R/n)'*

Details in: J. D. Jackson — Classical Electrodynamics, Wiley 75 and
K. Nabors — FastCap, IEEE Trans on CAD, nov 91 (FMM - Fast Multipole Method)

EM Field Theory — 8. Electrostatic fields © LMN 2007




The (deceptive) three potentials

formula

div(fgradg) = gradf - gradg + f div (gradg) = gradf -gradg+ fAg

div(fgradg)—div(ggradf) = f Ag — g Af

J.DMAQ gAf)dQ'= f[ == _ d8+§’ —g

lim
R'—0

Ag =0,

med

f gdS_I e
DR

P de 4 f

ng gAf dQ

lim
R'—0

f-=V =

[, oL v, 2]

1oV

R' on

Q

Potentials:

—Vhas aJ
El )

%ds
a

—dS'

fa—g—gﬂ)ds

/‘\

fj |
med

Rl

g - fundamental solution
of Laplace equation

1-volume pv 2- double layer Ps 3- single layer pS Do\D

OeD_\D _
ttp://WWW.stanford.edu/class/math‘ﬁZOb/hnndm its/potential pdf

Q
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9 Been Boundary integral equation.
Lm(irchhoff’s formula -harmonic potential

* In 3D: Green function (fundamental solution of Laplace operator):

1 1 8V o(1
= V(P)= ~v| -—|=1]ds'

(47, P internal in D,

w=4 27z, P regular on £ =0D,
| o, PcornerinX=0D;,w=solid angle, D; is viewed

* In 2D Green function (in free space):

o-nk ave)=f, |(n2 ). 5 iy S o

4z, P regular in S, Q\A\ )

a=1 27 Pregular on T On conductors: unknown known

o, P corner of I', « Isitsangle

* In non-homogeneous media Green function can be adapted to the
problem

EM Field Theory — 8. Electrostatic fields © LMN 2007




& T Green function of the entire

[WM non-nomogeneous space

dq(r’)=1
-R{r”-r»

Green function G is the potential of a punctual unitary charge:
—div(egradV(r")) = o(r') =-div(egradG(r",r')) = 5(r'-r")
1

4ke,R

Reciprocity = G(r",r')=G(r',r"), If e=g,=>G(r",r') =
- By superposition is obtained solution of the generalized

Poisson equation: " o . :
V(r')= sz(_;(r ') p(r')dv =>» Coulomb integral
« Example: charge above dielectric semi-space
1 {[;g} forz=r'k>0, a=y/(y+2),

4760 | "R, forz<0, B=2/(y+2)  R=r"—r* r=r—2kz
See http://farside.ph.utexas.edu/teaching/jk1/lectures/node38.html

G(r',r') =

EM Field Theory — 8. Electrostatic fields © LMN 2007




& T Green function of a bounded

frvinNg domain

V=0 or V=0 or
dV/dn=0 dV/dn=0

The Green function G is —div(egradG(r",r')) =o(r"-r"), for r"e D

the potential of a punctual G(r*,r')=0,for r'eS, cX=0D,S, #0
unitary charge inin a

domain with zero b.c.: dG(r",r') "
=0,for r"'e Sy =2-S
- G(rr)=G(r ), dn" "N D
By superposition is obtained the solution of the generalized Poisson equation
with zero b.c. of same type: N PR .
yP V(r") =] G(r",r)p(r)dv

It is the solution of the integral equation “three potentials formula” for zero b.c.
« Example: charge above a conductive semi-space (y >o=a—>1—>0)

1 1 o r’
41 [E_E} forz=r"k >0, O
o |, forz <0, IW =

EM Field Theory — 8. Electrostatic fields © LMN 2007
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& T Solution in a bounded domain

LWM with non-zero b.c.

V=f, or V=0 or
dV/dn=f dVv/dn=0

The definition of Green function is not changed !
div(oVe gradV) = oMdiv(e gradV) + ¢ gradV - gradoV =
j (Vp—¢ gradV - gradé\/)dv—f oVvD,dS =0

I(\/&p ¢ gradV - gradsV )dv— _[VéD dS =0
b j (VSp — Vp)dv— j VD, —oVD )dS 0

V(r')= je(r r)p(r v [ g— fo (1)dS=[, #Gfy (r)ds

Solution of the generalized Poisson equation W|th non-zero b.c. It is also the solution of

the integral equation “three potentials formula” (no longer deceptive).

« Example: charge above plane electrodes (SN=0) o
mn mn 1 1 d 1 de 1 V:O V_:O
V(r')= _L>OG(r 1) p(r')dv _50Vojsm S V0 on SO

EM Field Theory — 8. Electrostatic fields © LMN 2007
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g Conductors In ES fields

The ES field is zero in conductors with E;=0, and in general E= -E,

 \/ = ctin conductors Et:O, on the conductor boundary, hence field lines are
perpendicular on it

* D=¢g,E=0and p ,=divD =0inconductors

Conductor charge is distributed only on surface p, = div.D=nD_

Apparently conductors in ES have € = D/E-> Inf. since E=0

B

: In ' ' D.F
E =E,sina— > 2 —0= p=475,2°E,, D.E
Arg,a
- cos influential charge
E, =E,Ccosa+ 5 035 =(E, +2E;)cosa =3E,cosa;= p, =D, =¢,E, =3¢,E,Ccosx
L)
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Lm Capacitors. Capacitances

Capacitor: one or many conductive bodies
separated by a dielectric insulator.

Globally it is characterized by vectors of:
Charges: q=1[gl,q2,....qn]"
Voltages: v=[vI,v2,...,va]"

Maxwell theorem of linear capacitors. In linear
dielectrics charges are linear combinations of
conductor voltages:

=] [ - ] 4

g, C; Cp o Cp ||V 0, =Cy -V +Cpp -V, +a+Cp -V

q C,, Cp .. C, |V 0, =C-V,+C, -V, +..+C_ -V

q :CV<:> 2 _ 21 22 2n 2 o> 2 11 Y1 12 2 1n n
_qn_ _Cnl Chz o Cnn__Vn_ \qn =CpVy +Cp -V, +..4+Cp -V,

Prove: ES problem with Dirichlet b.c. v1, v2,...vn on conductors gives V(P) in D. .
Conductor charges a =], D, dS :_L 8(31_\;d8 may be computed by superposition

EM Field Theory — 8. Electrostatic fields © LMN 2007
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9 Been Partial and equivalent
[MR’ capacitances

* Dipolar capacitor: g=gl=- g2, u =vl1-v2, g = Cv, capacitance: C [F]

D) = AE CONEE

>z 7
 Multi-conductors case: =) NCki

Capacitance (nodal) coefficients:
Ci >0, C,=Cy <0 C10 CkO

=T T

- ‘ C= CT‘ due to reciprocity

Partial (branch) capacitances:
0, =C, -V, +C, Vo +..+4C,, V. =C,, -V, +C, - (v, =V, ) +...+C, - (v, -V, )
c,=C,+C,+..+C,, ¢,=-C,, .., ¢,=—C, =
‘ij =—C >O,‘ ‘Cko =C, +C, +...+Cp, >O‘

EM Field Theory — 8. Electrostatic fields © LMN 2007
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Capacitances extraction
LIVIN ’

* Linear approach
. . V. v: =0
Conductors are excited successively. T il nej

ES field is computed n times for several
Dirichlet b.c.:V =[1; 0;...;0;...;0], V =[0;1;...;0;...;0] ...
Each field solution generates a column in C

. Energetic approach

2W
ZZCKJVKV >lcy =—3

k=1 i=1 Vv v; =0
J k ":1..n#j

If v.=0, fori=1.n#k, =W, :Ckkvk2 / 2+ijVij —I—ijvj2 /2= Cyi

ES field for V =[0; 0;...;1;...;1;...;0] may be computed by superposition

EM Field Theory — 8. Electrostatic fields © LMN 2007




Shielding

Dielectric shielding

mi!

&

M

S matrix

Conductive shielding

C matrix properties
¢;=0;/Vv;<0, v,=0
Shielding property:
|ciil <<Icul, lcgl < ci,
Cii» G

C allows
sparsification

Vv=S(Q

S=[slj] - matrix of
thel potential
coefficients

S=C1
S matrix
properties
sij=vj/qi>0, qk=0

sij has no shielding
property

S=C-t does not
allow sparsification

EM Field Theory — 8. Electrostatic fields
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W S Energy of ES field, Tellegen’s
[Mm theorem
div(vD) =Vdiv(D)+ D-gradV = pV - D-E = Linear dielectrics
, with Pp: D=¢E+P,
jD-Edv:j (¢E +Pp-E)dv=j dev—§VD-ndS :
D D D z

W,=[ EdD=E-D-[ DAE=E D~ [ (¢€+P,)dE =E?/2
- 7 0 7 1°0 7 Zero b.c.=
= [ = — 2 = — _—— [ . R — . =
‘We _.Dwedv_szgE dv_szdev > J, P EQV 2§Z\/D nd* <DE>=<pV >
n n
_§Z\/D-nds . L VDndS+Zk=1jZ VD, dS =jz VD,dS->"' V,q n conductors
0 k 0 In linear
_ _ 1 1o dielectrics
If p=0, P,=0,%, -, :|We _ZjDD- Edv_ézkzlvqu T
Scalar products: ‘ < D,E > jD D-Edv, v\ -q=4 Y, VG | ZOUCES

Tellegen: if divD'=0, curlE"=/O:>'|< D',E">=q" V" |:> D' L E"|for zerobh.c.

Tellgen theorem of pseudo-energy IW 1 +
e

1 < 1 ; -1
regardless f’, f’ material relations! ZEV 'ngv CVZEq Sq>0, ‘S:C ‘
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Reciprocity theorem.

LIVIN Permittivity variation

Reciprocity theorem: in linear reciprocal dielectrics (€= €") the relation between
sources (charges) and responses (voltages) is symmetric. Moreover it is positive

defined wh >0. 1= V1=V V2=V 2=
efined when ¢ 'q q o ' é: q ‘CI

P1 P2 P1 P2
¥ — o0 Or zerob.c. :>|<V1,,02 >=<V,, p > <V, AV, >=< AV,,V, >|

Ae =, —div(zgrade) = AV =p, VYV #0 [<V,AV >=<zE,E> >0 |

<V, p, > =<V, p >=< E}, D, >~ < D,E, > +[ (D, ~V,D,,)dS = | ,(F-Z")E, - E,dv+0=0

Fornconductors: g v'—v'.q"=<D',E">-<E'\D">=0= |[c=C", 5=8"

Cohn-Vratsanos: Increase of ¢ or metallization = AC>0:

1. Initial problem 2. Perturbed problem 3. Variation effect =2 -1
D’=(s+3¢)E’ _
(‘/{D:aE, v ( ;{' p=-div(8P)= p{ p=-div(oP)=

_ _ - - -diV(58E’)= ~ -diV(&ZE’):
Reciprocity between 1 and 3;
POty D L <V',AV')>

Vo =<V', p>=>V° =—<V" div(%E') > = = Vi >0
€
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&Y TG Variational ES formulation.

[Mm Minimization and projection

Thomson’s theorem: the energy functional is minimal for the exact ES field

distribution compared to those of any other distribution which satisfies essential
restrictions:

E=E+0E=W'= _[ dv =<E+E,D+D>/2= W+<5E&D>/2>W:|W<W‘
AV =0,5 =S, :>(5ED) (E.5D)=(ASV)~[8V-D-nds =0, v'(C’ Yovso

In general the “energy” 5 '
functional is: F(V) :EID [g(gradV) —pV]dV+LNVDndS <F(V')

Neumann are natural boundary conditions while Dirichlet are essential
boundary conditions. Weak (integral-differential) formulations:

‘Ritzz F(V)=0 < j ¢ gradV - gradsV — pv dv+j oV -D.dS =0

. Galerkin: [div(e gradV)+ p]=0= j &V [div(e gradV) + pldv =0
div(éVe gradV) = sMdiv(e gradV) + (s‘*/gv radV-gradoV = 1

are equivalent |_J'D (5\/,0 — & gradV . gradé\/)dv—LN éVDndS =0
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Correct mathematical formulation of
[Mm ES (div-grad) fundamental problem
« Known data:

- Computational domain: Q - Lipchitz type
- Material characteristics (D=¢E), with ¢ =1(r): Q— IR, >0
- Internal sources of field (charge density): p=g(r): Q— IRe L*(Q)

- Boundary conditions (ext. sources)] V =T1p(P),P S, <o

g‘il_V: f (P),PeS, =0Q-S,

n
» Solution (unknown result- scalar potential): V: Q— IR,
- Equation (weak formulation): Find V e HL(Q),s.t.

_[Q(g gradV-gradU—-Up)dv = LN Uf,dS, VU e H3(Q)

with H (Q) :{/ e L*(Q) | gradV e LZ(Q),V‘SD = fD}Hé(Q) =Hpy(Q) (0

« Existence, unigueness and stability: Lax-Milgram theorem,

a(U.V) =|_sgradv-gradudv is bounded and coercive
EM Field Theory — 8. Electrostatic fields © LMN 2007
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m Dual approaches — scissors relations

* Original unbounded problem =» Zero Neumann b.c. Zero Dirichlet b.c.

C
o 0 o 0
O O C”
Theorem of the permittivity variation -)‘C’ <C< C”‘Where C>0 <==>VviCv>0
« Exact solution of the e div conform e curl conform
_ bounded problem approx approx.
___________________ 1 l
- 0
O C

|C<C<C” | where C*=8"1

Natural b.c. Essential b.c.

« Duality provides complementary bounds of the exact solution

EM Field Theory — 8. Electrostatic fields © LMN 2007
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Behavior of ES field and

[ : potential

e In vacuum, Vis a harmonic function (4V=0):

— It is smooth (indefinite derivable function, see
http://www.axler.net/HFT.pdf)

— in any internal point P it has the the average value on any sphere X

centered in P:
| 2 (1j ds'=- 1 P g5y fvds

1 _1 oV
V(P):— l.— Q.— 1 T 2
Az R @nQ on\ R drma 'z O 4a

— It has extreme values (minim and maxim) solely on boundary
— D and E have same direction

Same in linear homogeneous uncharged dielectrics
In charged dielectrics, V may have a local extreme
— It is maxim (p>0) or minim (p<0) e.g. center of uniformly charged sphere

In permanent polarized dielectrics (electrets) , D has same
orientation as P, but E is opposite (“depolarized field”)

* |In dielectrics D is confined (increased) but E is decreased (approx y times
EM Field Theory — 8. Electrostatic fields © LMN 2007
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Behavior of ES field and
LIVIN potential (cont.)

« On uncharged interface between two dielectrics:

— field line is refracted so that D D oV oV
= 1 _ 2
{ T @)y A, Th )
E,=E,; V, =V,

* In/on conductors: V=ct, E=0, D=0, p,=0,

— Two conductors may have different potentials even in contacts
(double layer, “the electrode potential”, superficial Ei)

— Screening effect: the field inside a box with conductive walls does not
depend of external sources or box voltage (“Faraday cage”). It is zero
If there are no sources in the box. From outside pov it matters only the
total charge, not its internal distribution

— Edge effect: D,, p, and E,; have highest values on corners and edges
(where the curvature radius is low)

N
V=ct (0) 444 +p5

EM Field Theory — 8. Electrostatic fields © LMN 2007
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Faraday cage

[MN Do not try at home !!!

Edge effect

Metallic cage

May be a film is more convincing:

http://www.youtube.com/watch?v=mUWxYesR5Wo
EM Field Theory — 8. Electrostatic fields © LMN 2007
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Adjoint Field Technique (AFT) to
L IvViN compute C sensitivity

* Tellegen theorem for ES field: (v,q) = <E,D> E: ﬁ/z
- Tellegen theorem for difference of variations: 5 o
(8\/1 g) - (Ml 8(]) =< BE’ D> -< E’ oD> (e=ct) E
— =
« Capacitance matrix C and its variation due to the . :
variation of the geometric param.p:q=C=+*v=>

\/=0
0q=08C+v+C~+ov=90C=v,ifdv =0 (ct. excitation)=>» forD =g Eand D = ¢E
~ -(v,8C*Vv)=<08E,D>-<E,8D>=<0E,¢E>-<E,§(cE)>=-<E, E d&>

Choosing V, =V, 8, Vi =V, 8, fork=1.n S[3C; = <8¢ E, E> /N2 P

Original and adjoint fields are computed only once, independent of p

\a?\
oC; 1 E-EdQ:\%jE-EdS

0 Sp .

op Vg iﬁp

The surface changed by p

EM Field Theory — 8. Electrostatic fields © LMN 2007
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Forces and torques in ES

» Coulomb formula  f=pE=F=[ pEdv=(pE),.V —>|F—qE
QR 299, R

E= -= |F= ~— il
Are,R Are,R° R
(qlv + 0.V, ) = (Vg + Gy + GV + GV, ) T2
e| __O(QV,+0Q,Vy )/ 2 oV, N 9 | 96

R |, oR YR YR (47&90 " 4z R
. Permanent polarized Polarized particles and dipoles with equal momentum

_ particles are equivalent from both pov: field and forces.
gOEZ gOE ’ P2

D=¢g,E+P=>w, = -EP= W— Wedv_)WO_p.Ev
oW, 9 E COE,(X,y,2) ]
X, =— (p- ) =p- (%Y, ) szgrad(p-Ev) g
3 8|>§k OX, OX 2
T = (pécosa)_—pEvsina: T,=pxE,
(04

Fy =0E,(r+)—qE,(r—)=grad(p, - E,)
Al Al T
Ty =7quv(r+)— —7 quV(r—): Py x E,

EM Field Theory — 8. Electrostatic fields
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Other ES forces

* Dielectric particles Now polarization is induced by field

f :grad(P-ETV):goggrad(Ev-ETV):%gradEv2 = |f, = y gradw,

P||E=T =0 forspherical particles
 Conductors
p=p.E /2=¢E °/2=w, outsideconductor

F. = §z pndS,| | T = §Z p(r xn)dS

- « Capacitors

1 + oW
W, ==q'Sq= X, =——¢| =t X, =—=q" —q
. =50 Sq= X, ). ] 29 5 °

« Earnshaw’s theorem:

A collection of particles cannot be maintained in a stable stationary equilibrium
solely by the ES forces

Equillibrium : divk <0 < div(gE,) <0,but divE, =0

EM Field Theory — 8. Electrostatic fields © LMN 2007
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m ES appllcatlons
membrane
" —
\_ é[l_utput
signal
Sound 3335 -
Wwayes i
. SIS +
vibrate PR =
meml:l.r‘anlzl}';..j_;;;:i + | Electrical
changing ; irs : connections
capacitance Ef:
; Membrane made \ H\Insulatnr
/‘Batter’u required to “bias" of permanently _ _
insulator the membrane of the charged electret AlE cavity
_ condensetr microphone. material.
: « Capacitive
« Studio Condenser « Electret Condenser P
: i : iy Sensors
Microphone @ Microphones
s '
SRR
Ay
Mv:;:',l
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TUme e ES applications: printing and

« ES image transfer (xerox)

painting

e Laser printer
* Inkjet ES print head

« Electrostatic painting

laser

mirror,
lenses,

fusing
section

EM Field Theory — 8. Electrostatic fields
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 Insulation design and optimization- for
electric breakdown prevention

* Design of ES lens for electron fascicles
(Electronic microscopes, particle
accelerators, oscilloscopes, etc)

Potential in electrostatic field lens

EM Field Theory — 8. Electrostatic fields © LMN 2007
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g Static charges

« Static charges (hair raising)
* Electrostatic discharges (ESD)

« ESD- electrostatic discharges
protection in ICs (design for)

THEPEELUGRTE |

_.‘ =
d b g ]

ﬂ-dl.l.ri

.
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9 Been EDA - Parasitic capacitance

[MN extraction in integrated circuits

* Downscaling = C ) el
Increasing, delay =i BN A _ .
pottlenec H A ) -0 [T o

* High interconnect
density

« ES modeling of IC
Interconnects

i

X

\!
‘h 4

W

i

,;‘1\ v
o

"i’

§ Sy
'I"'a
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Irad ES applications:

- AFM -Atomic Force po—; -
. AFM probe
Microscope

« ES actuated cilia for lab N

electric
Azl | field

on a Chip lchemical

: : attraction

« Optical switch (MEMS Mrepuision
mirror)

Electrostatic

Plate Wet Etch

- .
AccessVias

High CTE
Polyimide

TiW Resisto
Low CTE

Polyinide

Encapsulatio
Stiffening Layer

(Curled out of plane when not hea
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ES applications: MEMS sensors

[ vinN and actuators

« MEMS comb sensor (force,
pressure), accelerometers,
gyroscopes for navigation
Systems and for activating
the car airbags

 Micro-motors actuated by
ES forces

ALLELEAELEAL AL
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m — Methods for ES fields computation

 Analytic methods: * Numeric methods:

— Gauss — elementary — FDM - Finite difference
method for 1D problems g1 Einite integral

— Superposition, Coulomb technique (finite volumes)

integrals — FEM - Finite element
_ — Method of images methods
— Separation of variables — BEM - Boundary
— Conformal mapping element method
— Schwarz-Christoffel — Other: Integral
, _ equations, Monte Carlo,
— Green'’s function atc.
— Other

EM Field Theory — 8. Electrostatic fields © LMN 2007




Foundation of ES on Coulomb.
Hlstory of Ideas

Mo {1l B o st b5 Py
e =1

Coulomb experiment (1780)

Coulomb law: | _ g 0,-G

Electric field (in vacuum):.
F R i
Ev —def _:EVZK%_ A >

g R° R dr

By superposition: qie e 3

" R
E, (r) = KZ—qF'Q L= E, =K[ T dg=g pdv
i=1 i

Rdg=,4, pdv _—
Mechanic work:  W,g —IFdr = CI_“ Edr =qU g, Upg =g I E,dr =Wy /q
Voltage and potentlal

KQ|B kQ
B_KQI ABEdR__FAZVCVA_VB’ Vp :derPPoo_ R = V=

PR
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Foundation of ES

« Theorem of the ES potential
Va=ar | EAr=E,=—gradV,[ Edr=-[ gradvdr=—[ dV=V,-V,

curl(gradV) =0 = curlg, =0,

 Electric flux

hEOr=inUe=0 L)
dr

Q [ 2 N B 1
, E,ndS 4%& = ‘90§2 E,ndS = Zl:q £y =gt U(47K) =K = ry,
div, =, lim ¢ E ndS/V :i lim &:p/g , Q:Zn:q- 20
v~ def Vp, -0 s Vv Dy, & VDz_)OVD 0 = [
* Polarization
. ) Ap dp:PdV I/-\\\+q Z
=lim(qd), P= lim — = | Pdv B " @,
P d—>0(cI )’ AV -0 AV <F J.D B R :\zj’:
g
EM Field Theory — 8. Electrostatic fields © LMN 2007




Foundation of ES (cont.)

 Equivalent polarization
charge

Agy =—PAS, =—PAScosd =—-P-nAS
Op o, :—§Z P-ndS =|pp, =—divP |

Psp :_nlz'(Pz _Pl)‘s =—divg P

12

if P =0= | pspdS =—Cpp,
 Field in substance

_ Evc(n)=5+@n3 |ID=¢,E+P|
E:def Evc(nJ—OP)
D=4 & Evc(nHP)

= Vn, Evc(n):E+H2—EJ.n}n / //

There are necessary and sufficient two vectors E, D to describe field in
substance (in an arbitrarily oriented vacuum cavity)
EM Field Theory — 8. Electrostatic fields © LMN 2007
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Foundation of ES (cont.)

« Conservation of field components (Dn, Et)

E . =n E N)=n Exn)=E
E,o(n)=E+ [D_Ej'n n= w =NX(Exn)=nx(Exn)=F,
&g Dcn:gOEvc.n:D,n:D

Vi

 Electric voltage and flux in substance
U :jc E-drzjC E, -dr:_[C E, -dr

= {Edr={ E, dr=0=| § E-dr=0, VS

¥, =] D-nds=| DdS=| DanS=goj§ E,-ndS

sz-ndS:goif2 E,-ndS=q= §ZD-ndS =q, VD,

 Linear dielectrics
P=¢,y)E=D=¢,E+P=¢E+s,yE=¢,(1+y)E=> "

‘ D= ¢E,

EM Field Theory — 8. Electrostatic fields
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ES summary

~ divD= —div( & = o—di
» First and second IE—Ig N div(zgradV') = p—divp,
order equations: < CUME= E=-gradV ¢=) V(P)= | Edr
D=¢E+(P,) PPo
_ E(+E; )=0in conductors
[ oV oV
* Interface D. =D Yh_ . Y02
conditions: { T2 b on T on
E, =E, V=Y,
- 4 V=1,(P
Et = fE(P) on SE~ v D( )D
D,=1,(P) on S, —=fy(P)
- Boundary < dn
conditions: - Edr=U, or . DdS=VY ,

_foreach S, ,k=12,.,n-landU,A =0
- Capacitors: q=Cv, v=Sq, S=C*

EM Field Theory — 8. Electrostatic fields © LMN 2007




ES summary — energy

- Solutions — E(r) = — j (p(ro)‘divp)'Rdv+grad..}
integral 47z, 3

equations V(P)= jp(r) lePd if 153\/_\/5(1) ds
Az, R Ron  on\R ’

» ESenergy W, =| wdv:-ngEzolv=§j[)dev—E P, - Edv--{VD ndS

-« Tellegen’s theorem (iyD'=0, curlE'=0= <D ,E'>=q"-V"
« Reciprocity sz(pV"—p"V' Ydv=0=q"'-vV'-v''.g'=0

Energy functional: F(V):EJ [g(gradV)Z—pv]dv+j VD, dS < F(V')

Week formulation: j(eg(r:adv gradsV — ,OéV)dVJrI D,oVdS =0
1 ¢o¢
Parameter variations: 5,7 y2 E- EdQ——JE EdS

0 Q p 0 Sp
EM Field Theory — 8. Electrostatic fields © LMN 2007




ES forces

 Coulomb - charged particle

* Polarized particle

f=pE=>F=0qE

F _ q1q2 R
o 2
4re,R® R

F, :grad(p-ETV) T,=pxE,

* Linear dielectric particle f =ygradw, < F =y Vgradw,
F. =§zwend8, T, =§2we(r><n)d8

« Conductors

« Capacitors
* In general
 Maxwell’s tensor

2
f :pVE—E?(grad g)+grad[

Xkel -

1073

X =-20 q;

oW,
OX,

E2
—’Z'—
2 Ot

2 OX,

oW,
Xkel —

i OX,

gq=const.

ag] = div{E" D" +1
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Please see

* Electricity and Magnetism: Statics

« 2-D Electrostatics Applet
Demonstrates static electric fields and
steady-state current distributions. 2-D
Electrostatic Fields Applet
Demonstrates electric fields in various 2-D
situations: also shows Gauss's law. 3-D
Electrostatic Fields Applet
Demonstrates efectric fields in various 3-D

- http://lwww.falstad.com/mathphysics.html
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Not so easy questions for

LIVIN curious people

© © N O O & W DN PE
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15.

Are valid ES equations/methods for slow time variable fields or low speed ?

Are valid ES equations/methods in the presence of magnets ?

Are valid ES equations/methods for electric field outside d.c. currents ?

What about Robin boundary condition (a V+b dV/dn). Correctness and meaning ?
What are ES boundary conditions in semi-bounded domains ?

Give example of wrong ES problems. What are Hadamard well-posed problems?
What about nonlinear dielectrics ? Uniqueness, energy, forces.

Are Coulomb integrals convergent ?

Is the de-polarizing field always uniform ? What about polarized ellipsoid ?

What are the differences between Tellegen and reciprocity theorems ?

How may be defined Green function with Neumann b.c.?

What space may be used for trial and test functions in the weak ES formulation ?
What is the best method for ES field computation ? The best ES-CAD package ?
May be chosen ¢0=1. May be chosen the Coulomb constant K=1 ?

Interactions of small (or not) particles: charged, polariz. dielctr. conductive
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