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« Operational field representations
— Sinusoidal (time harmonic) — complex representation
— Periodic non-sinusoidal — Fourier series
— Non-periodic — Fourier transform
— Transient signals — Laplace transform

Complex Helmhotz (second order) equations
— EQS

: — MQS

— ED

— LL

Weak forms of operational equations

Green functions, Integral equations (EFIE, MFIE)
Microwave circuits, ports and terminals

« Eigen-frequencies
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G T Sinusoidal (time harmonic) regime —
LIVIN complex representation

Sinusoidal signals, complex representation:
y(t) = Y\/Esin(a)t+¢)eS<—>\L 5 €C=

y(t)=7"Y]=v2 Im([ej“‘): V2 |m(YeJ'¢ert): J2 Im(Yej(“)t+¢))
y'(t) =Y v2wcos(wt + ¢) > Y'= joY =Yel# /2
V() = DAY oY =AY,

k=1n k=1,n

] complex repr. is linear and “operational”
Sinusoidal fields:
E(t) = iE, (t) + jE, () + kE, (1), E,,E,,E, e S =

E:igx+j§y+k§2e<c3:6=%—lf

cS°=G=joE
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G FeRtiais Periodic non-sinusoidal fields —

[Mm Fourier series

Periodic signals, Fourier series, DFT, FFT —
k=—c0

k=0
C, =C, =51 a,;k=0 <a, =c. +c_ ;b =c, —cC,
(a +Jb)/2;k <0

oY = y0)]=le ko c” =Y =~ y®)=le kone

v =Y Yok oty (o + e )

k=—0o0 k=1
DY AAOIED Y ly Y = 7y ®)]= jolke o
| k=1,n i k=1,n
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W S Non-periodic fields —
LIVIN Fourier transform

When T — «, Fourier series — Fourier integral
Spectrum became a complex (continous) function:

T/2 0
G = % J yOexp(- jkat)dt —*} J y@exp(- jkat)dt =4 - Ty®)]f=Y(@): (0,20) > C

-T/2

Y= Yo eh 255 y() =¥ (0)] =y o [Y(@)exp(iketidar [yl v

k=—o0

v { 2 A (t)} = 2 A )Ty 0= jo )
B k=1,n k=1,n
Fourier transform is linear and “operational

If y(t) is periodical, then its Fourier transform is discrete, being a sum of
Dirac impulses, weighted by the Fourier coefficients:
N

FFET : X (k) = Y x(Da{ "0y =exp(-27IN) = Y(@) =/ [y(t)]= (T /N)FFT (y)

=1

IFFT : x(i) = (1/N )i X (K)o ™D = y(t) =. 7 Y (w)]= (N/T)IFFT(Y)

EM Field Theory — 1. EM Quantities © LMN 2007




& T Transient fields —
LW1 Laplace transform

When te[0, ), for transient signals, the Laplace transform is more
appropriate

LIy(O] =g [y dtEY(s):C—>C;

o+ jw

y(t) = LY (s)] = Zi im - [eY (s)ds

W—>0
o—jo

LY Ay () = Z/Y’k‘E[yk(t)];

| k=1,n | k=Ln
LIy (®]=sLly®]- y(o_)

Laplace transform is linear and “operational

EM Field Theory — 1. EM Quantities © LMN 2007




- Harmonic variation in time
[MN Maxwell’ equations in freq. domain

Complex representation of harmonic functions:

E=7[E®]L H="TH®];....

Complex form of the Maxwell’s equations:

~V:-D=p II‘ V(¢ E)=p
“V-B=0_ _ To apply the complex transform,

— _ m VxE=—Jou H media should have linear

VxE=-]oB = _ constitutive relations

VxH=J+ jowD VxH=(o+ Jwe )E| sources: boundary conditions
- = — l Fields: E, H

D=¢E Potentials: A, V

B-, H VxE=-su H Material constants: g, 4, ©

2=H PDE of complex elliptic type.

J=0cE VxH=(o+s¢ )E &=After Laplace transform

EM Field Theory — 1. EM Quantities © LMN 2007




G T Operational form of
[MKT Maxwell’ equations

Laplace transform of transient fields:

E(s) = L[EM]: C— C3 H(s) =7 [HO: ...

Laplace transform of Maxwell’s equations: Fourier transform:

V-D(s) = p(s) V-D(w) = p(s)
V-B(s)=0 V-B(w)=0
_VxE(s)=-sB(s) - B, VxE(w) =-joB(w)
VxH(s)=J(s)+sD(s)- D, VxH(w)=J(s)+ JoD(w)
D(s) = éE(S) D(w) = eE(w)

B(s) = uH(s) B(w) = uH ()

J(s) =oE(s) J(w) = oE(w)

S— |

EM Field Theory — 1. EM Quantities

© LMN 2007




Helmholtz equations
LvinN i

Laplace transform of Maxwell (FW) equations:

V-D(s) = p(s)

V-B(s)=0

VxE(S)=-sB(s)+ B, =—suH(s)+ B, =

V x (W x E(s))=—-sV x H(s) + 1B,
VxH(s)=J(s)+sD(s)— D, =ocE(s)+seE(s) - D,

D(s) = &E(s)

B(s)=uH(s) < H(s) =vB(s)

J ($1) = GE(S) Helmholtz equation in the (complex) frequency domain:
=V x (vV X E(s))+ (szg + SG)E(S) =sD, B, A CEEN

V x (W x E)+(— w’e + ja)G)E =0

EM Field Theory — 1. EM Quantities © LMN 2007




Electro Quasi-Static regime
LIViN Q 9

4

EQS hypothesis:
1. No movement

2. Slow time variation so that
Electromagnetic induction may be F
neglected

3. No interest in Magnetic field, only
in charge relaxation due to the
parasitic conduction

-EQS fundamental equations: V.-D=p

«  Gauss theorem: VxE=0
. Potential theorem: 0
| divd = -
. Current-charge conservation ot Sources: E.
- |
«  Polarization and conduction D=¢E+P (E) Fields:p,J,D,(curl-free)E
constitutive relations P Potential: V

PDE of parabolic type for potential. J=0(E+E,(E)) Material constants: ¢, o
Field diffuses in space

EM Field Theory — 1. EM Quantities © LMN 2007
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& T Electro Quasi-Static time
Lm harmgnic regime

- V-D=p
VxE=0 ‘ Parabolic equation

1 divJ :_5_10 in time domainl

ot

D=¢ E+Pp(E) P,

_ J=0(E+E(E))

[VD=p V-D=p
VxE=0= E =—gradV VxE =0

1 divd =-sp+ p, ) divld =—jop
D=¢E D=t _
J = ok +J;(s) J =0k o) ElOeLllerei 3,0’[)\],Ecurl-free) E

B div((se - o)gradV +3,(s)) = p, | Potential: v

Material constants: €, o

Elliptic (Poisson) equation in frequency domain
EM Field Theory — 1. EM Quantities © LMN 2007




laboratorul de

W SERG Magneto-Quasi-Static, time

[MR] harmolpic regime

V-B=0; VxE=-"
ot E,
1 VxH=J;, B=uH =) Parabolic equation
J=0E+J.(t) in time;iomain F
V-B=0; VxE =-sB+B, P, P
7 VxH=J; B=uH
| J =0E +J,(5) )
J =oE +J,(s) -
V.-B=0,=B=VxA J
VxE+sB=B, = Vx(E+sA-A)=0= Sources: J;
Fields: E, H, (div-free) J, B
E +sA- A, =—gradV Potentials: A, V
VxH =06FE _|_Ji(3); B=uH = Material constants: y, o

IV X (VV X A)+ a(sA-|- A, + gradv): J. (s) ‘ Helmholtz equation in fr. domain
EM Field Theory — 1. EM Quantities © LMN 2007
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&Y TG Full Wave Loss-Less time

LIViN

harmonlg.regime

V-D=p;V-B=0
oB

VxE =——-—  Hyperbolic equation
ot in time domain -
VxH = 5_D P,
ot

D=¢E;B=uH

“VxE(S)=-sB(s)+ B, =—suH(s) + B, =m
V x (W xE(s))=—-sV x H(s) + 1B, M
VxH(s)=sD(s)— D, =seE(s) - D,

D(s) =eE(s); B(s) = uH (s) < H(s) =vB(s)
= V x (W x E(8))+S%¢E(S) = sD, + vB,

p

Helmholtz equation in frequency domain

Sources: J; Dy By,

Fields: E, D, H, (div-free) B
Potentials: A, V

Material constants: g,

Field is propagating in space

EM Field Theory — 1. EM Quantities
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9 Been Weak forms of operational

LIViIN (Helmhotz) equation

V x (W x E(8))+ (szg + SG)E(S) =sD, + 18,

Helmholtz equation for ED-FW field in frequency domain
In LL: o= 0; in MQS: € =0, D0=0

With following boundary conditions:
E.: nxE=p On S¢  essential
H,(ABC): nx(WxE)+mx(Exn)=q on S

the weak form of this equation is

j(v(VxW) (VxE) ( 8+SG)N E)dv+

Q

W (g+mx(Exn)ds =s[(W-(J; +5sD, + B, dv

H natural

EM Field Theory — 1. EM Quantities © LMN 2007




&S B Green functions, solutions of
LIViN Helmholtz equations

« Helmholtz equations for electro-dynamic potentials in LL-FW
V-B=0= B=V><A;D:50E;B=yOH;V><E=—E:> E=-VV - oA

VxH :%—?+Ji = VxH = jog,E+J, > VxVxA+ jog,1,(VV + JoA) = u,J.

V(V-A) = AA— g, 1,0 A+ joe, 11, VV :,qui;:I AA+ g, p1y0° A = —11,J. ‘

. : oV
V-A=—jweyuN <AdIVA = —&, 11, —

Joey <:’I oo PY,
V-D=p=>V-E=plg,= AV + ja)V°A:p/g:>|AV + & iV :p/g‘
Both A and V satisfy Helmholtz equations:
AY +K% = f:k? = gyp0® = (w1¢y)> =Y (r) = IQG(r,r')f(r')dv;

Lorenz gauge conditions

AG+k2G = 5(rr) = G(r,rt) = ZPEIR) o b
Ar R
V(r) _ 1 J' eXp(—JkR),Os(r )dS P(r) _ &j exp(_JkR)‘Js(r )dS,
Ade, Y00, R 47 900, R

e eory — 1. uantities @ EW'N ZUU;




§Z IETE Integral equations (EFIE, MFIE)
LIViN on PEC scatter objects

e Scattered field:
E°=-VV - joA=-

\% [ exp(— JkR)ps(I") 4o 10 [ X IR (1) s
Arrey 70 R 4 I R
VI3, =—jop, = p, =(jlo)VI, =

V[ eRCRRIVI) g, Jorg [ IR 4
Arrwe, 7 R Ar oo, R
Eti +ES=0= Electric Field Integral Equation (EFIE):

ES=—

:Et‘

|V exp(— jkR) _, o
W1 S0CIR) gy (r)as

Arwe, R

t 472' 0Q, R

t

Magnetic Field Integral Equation (MFIE):

= —H,

1 1 exp(— jkR) .
E”XJs(mEJch( - xJ,(r')dS

t

EM Field Theory — 1. EM Quantities © LMN 2007




[MN with distributed parameters

« Boundary conditions:
E.=nx(Exn)=0 on S  k=12,.,m;
n-(VxE)=0 on 0Q;

n-(VxH)=0 on oQ-J S,
[Edr=V, eCk=12,.,n;

Ckm eoQ)

fHAr =1, e Ck=n+12,.,m-1;
oSy
e Solution uniqueness:

p=P+jQ= [(ExH")S = [(EE" + jo(BH" —ED")v = SV, I

5 k=1
e Circuit functions: [Va, B [ Lo Aab} [ I, }
Bba Ybb Vb ’

I
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Eigen-freqguencies
LiviNg J i

A dielectric cavity with PEC boundary. Find resonant frequencies:

V x E + jwpH =0, V x 7'V x E = w*E, in Q
VxH—jweE =0, :
E = (2
V(MH):O: ‘ Ve 03 11
v (<E) =0, E xn =0, pe 0fl.

Weak (variational) form:

Find 4>0, ueH,(curl,Q),s.t.
jQy‘l(Vx u)-(Vxv)dx = ZJQEU-VdX,‘v’V e H,(curl, Q);

Hy(curl,2)  sobolev space of curl-conform functions
with zero boundary conditions
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Resonant cavity at dasy.de
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