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Maxwell’s equations

1. They are the differential form of
the EM field laws in non-moving
media:

2. In addition, to obtain a complete
system of equations, the
constitutive relations should be

V:-D=p
V-B=0

V><E:—§§

ot

VXH=J+@
ot

D =¢,E+P(E)=¢E in linear dielectrics
B=xu,(H+M(H))=4H in linear media
J=0(E+E,(E)) =0cE in linear conductors

added
V-D=0 They are compatible with
: : _ the Einstein’s theory of
V-H=0
3. In vacuum, the EM field is H relativity, being invariant
described only by E and H: VxE=—u O ininertial moving
ot reference systems
ok (invariant to the Lorentz
VxH ~ oo transform)
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Diagram of fundamental EM

LIVIN phenomena (causal relations)

r &
2.V-B=0
S.Vsz—a—B _—
ot P,
) 4.V><H:J+8—D
ot
5.D:5E+Pp(E) V&
6.B:,u(H+Mp(H)) M,

7.J=o(E+E,(E))
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—y Full Wave Loss-Less regime
LIViN d

v.D r g
= p Ei
V-B=0
oB
VxE=—— T
ot r 4
p
VxH = b Po :
ot n -
3 : :4”
D=¢ E+Pp(E) :
B =4 (H+M(H)) - :
Sources: E;, My, P, s
Fields: E, D, H, (div-free) B o
Potentials: A, V LL hypothesis:
Material constants: g, 1. No movement
PDE of hyperbolic type 2. No conductive losses (0=0, J=0)

Field is propagating in space
propag J P 3. No hysteretic losses of dielectric or

magnetic nature
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i Electro-dynamic potentials,

LIVIN second order equations

EM

0B OE
VXE——O_f = VX(VXE)——[LUW,
‘) 3
VH=J+ ((TD = Vx(VxH):anE+£0vO:E=> (1.150)
OH J*H
= V X (VXH) = —/IO'W—"'U ()[2 s
Potentialele vector si scalar satisfac Tn acest regim ecuatiile: N _
Ecuatii de tip
2 hiperbolic
AA — f;l%? = —ud; P
1.151
AV—M(PV = ( )
For T ¢

in care intervin marimile cu distribugie necunoscuta J si p. Daca acestea se ex-

prima in funtie de campul electric se obtin ecuatiile:

2
AA—f—‘uOA: VV+%

ot? ot

o (1.152)
VA= :l,f_.
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&I T Fundamental problem,
LIViIN solution uniqueness

Maxwell equations in linear media with u, €, 6>0 and permanent sources:

rotE:—aa—B , divD=p, , D=e¢E+P;, J=0(E+E)
rot H = J+aa—|tD , divB=0 , B=pgH+uyM,

have a unique solution in D bounded by X for any 0<t<T, if there are known:

« Field internal sources (CS): Pp(r,t); Mp(r,t), reD , te [0,T];
Ji(rt)=cEi(rt), reD , te][0,T];

« Boundary conditions on = (CX): E(nt),r e Sg; H(rt),r eS,=2-S¢ t €[0,T];

* |nitial conditions (CO): D(r,0); B(r,0), r e D, for t=0.

The prove is based on the lemma of trivial solution:
Maxwell equations with zero CS, C2, CO have only zero solution

[ oE-Edv+ —j [/‘HH gEzEjdv - Exav- foz[“o %+E-§&jdV—§z(E§\H)-ndS

j cExdv + 19
2 ot

o H? £ 62 )av =00 [ (uH? +£E?)av =-2[ [ oEV<0=H=0E=0=

D=0,B=0,J=0,p=0
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Loss-less full wave EM field

In regim general variabil fira pierderi (EDFP), cAmpul electromagnetic este
descris de ecuatii cu derivate partiale de tip hiperbolic, de forma:

1 0’E :
VX (EVXE)_'_(C;W:O ] | Q,

nxE=0, pe Sg,;

nxH=0, pe Sy,; (3.165)
E(r,t=0)=Ey(r), in €,

OE (r, 1)

g = Eg(r), 1a

t=0

la care sunt adaugate conditii de frontiera (pentru E; sau H;), dar si doua conditii
inifiale, una pentru intensitatea campului s1 alta pentru derivata ei fata de timp, la
momentul £ = 0.
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O en boundar COnditiOnS
[vid  ©P d

« ABC - Absorbing Boundary Condition, e.g. Mur b.c.
(9x _cﬂ-la:}wlx:vﬂ =0.

Were W are field components, or second order approximation -
Enquist Majda b.c.

(co ™ "Bxe® —Co 2B + %(’ayz + 3,2 )W lx=0 =0.

(0xE; —co~ 10.E; — (coko/2)0yH  )x=0 =0
the fields do not depend on z and are E-polarized,ie., £ =
E,i, and H = H.i, + H,i,, (12) applies to £, only. Now, in

« PML - Perfect Matched Layer, e.g. Berenger’s b.c.

« FEM-BEM - Coupled Finite Element — Boundary Element
Method, e.g. EFIE — Electric Field Integral Equations or MFIE —
Magnetic Field Integral Equations (see harmonic fields)

EM Field Theory — 1. EM Quantities © LMN 2007




PML — Perfect Matched Layer

r
Q, Q, 0, -
- PML
Free space > ‘gf;S" o
NAYAY AN
AVAVAR A 4
OsA v r Q
Incident wave JS:S‘S~ - Scattered wave
Qs Q7 Qa (-j' = ‘é' : = i ‘,é.",
In PML: electric and “magnetic” (artificial) conductivity, ¢ = o, |*—=| ¢
or an anisotropic absorber in PML with material tensor: A-a]
H 0, = @ l""_b I!"c”
oH B - 3 — U °
[Ja— + VXE + O'HH = 0 B-b|
¢ G = & na
OE ~ - = _ g o
Eﬂ\t —VXH+UFE = 5 g = ;1 3
’ g = & +4d, 1n 4,
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§F EM waves scattering. Radar

Backscatter RCS vs, Phi for Simple Tomahawk Model
Theta = 90, Frequency = 2 GHz, Phi Pol,

RCS (dBSM)

Phi |

Consider a plane wave E' incident on a perfectly conducting object. The
incident wave produces surface currents J4 on the conductor, which generate
a scattered electric field E?®. The scattered field is determined by the boundary
condition

nx (E'+E* =0, reof, (7.27)

which states that the total tangential electric field vanishes on the conductor
surface df2.. This is used for the electric field integral equation.



g Weak formulation

Maxwell’s equations can be put in variational form in a few different ways.
One way is to apply the general prescription (6.92) to the lossless self-adjoint
curl-curl equation

V x u~ 'V x E +€d’E/0t* = —0J /o, (6.104)

integrate both in space and time, and ignore the boundary terms. This gives
the quadratic form

B 1 o €
o= ff \gtv e -

For a small variation of the electric field E — E + JFE, the first-order change

2
+ E- (())—{- dVdt. (6.105)

2
ot

of L is
1 OE O00E 0J
— — . 5 — s S * s d 43
oL // (NV X FE-Vx0FE —¢ Bt Ew + En (E) dV dt,

and an integration by parts (ignoring boundary terms) gives

1 PE 0J
64: - AT '(s -/'Avc
I ./‘/<VXNVXE+FO?‘2+(‘%) FE dVdt

Thus, if E is a solution of Maxwell’s equations, then 4L = 0 for any J E, which
means that L[E] is stationary. Conversely, to make L stationary, i.e., 6L =0

for an arbitrary dE, the curl-curl equation (6.104) must be satisfied.
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EM Field Theory - 1. E

Weak formulation

B=VxA, E——qu;—%? (6.106)

The quadratic form is the magnetic minus the electric energy, plus terms
involving the sources, integrated in space and time:

cE? j . e
//(2“ —A-J——.2-—+pcp) dVdt. (6.107)

We get Maxwell’s equations by setting the first variation of L with respect to
¢ and A to zero. For ¢ — ¢+ d¢, integration by parts gives the first variation

5L = / (eVd¢ - E + pdd) dVdt

// p—V-eE)dp dVdt = 0. (6.108)

Therefore, 6L = 0 for all d¢ if and only if Poisson’s equation V - eE = p is
satisfied.
For A —+ A + 6 A the same procedure gives

ot

/ / (v = —fE J) A dVdt = 0. (6.109)

Therefore, L = 0 for all A if and only if Ampére's law V x (B/u) =
d(eE)/ot+J holds everywhere. Faraday's law and V- B = () are automatically
satisfied because of the potential representation (6.106).

0L = // (“VX()A B+00A eE —-H/A- J) dVdt
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QY R Integral equations in time

LiviN domain

 Retarded potentials

:#//J(r’,t—R/c) o
:__///t R/cv, L t,) dt'ds’.

EFIE : (L (r) x 8, E™ (r, )):
ﬁ(r)X(n() (OFA (r,t) + VO (r,1)))

MFIE : #(r) x O;H™ (r,t) =
OhJ (r,t) —ni(r) x V x ;A (r,t)/pu,
CFIE: CFIE =n(1 — a) MFIE + oEFIE.
E*? (r,t) = —0;A (r,t) — V& (r, ),
H** (r,t) =V x A(r,t)/ i,
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Applications

« Antenna
« Wave guides
 Resonant cavities
 Microwave heating (ovens)
 Wireless communication
 Radio, TV
e Cellular - mobile phones

_ + Radar
« Stealth objects
 Meta-materials
 Radio-navigation (marine, aero)
« GPS
 RFID
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THE ELECTROMAGNETIC SPECTRUM
Wavelength 100 107 10! 1 1! 10 1w 1wt 1w 1% 1w’ 1w* 1e? 1w o' 10!
(In meters) T T T | T | | | = T T T T T
—_— P ‘{J haort
Size of a 'f\' ;l This Posiod @ ] o s
wavelength e el cell e Protein Water Molecite
c Howie
o |- | —
name of wave RADIO WAVES INFRARED < ULTRAVIOLET YHARDY X RAYS
MICROWAVES m YSOFTY X RAYS CAMIMA RAYS
t“l‘\)‘:
| = 1 ];; '
Sources [ & - @ - ‘
== N M Badio  Microwane R.;;;l/ ht By . - ] Radoactive
W Cavity Secn Lo Demores
R::‘lr, e People < Toe:s 'A:A;t’:ex
B pets M | I S N i (O i
second) 100 1w 10* 10 10" 10" 10 0™ 10 10 10 10V 10'® 107 0%
Emb?){ of ":"':c' | 1 | | | | | | | | ?ighc'
one photon :
(.'9("'0" VD"S) 1 0-9 1 0-5 10 7 1 0-6 1 0-.‘) 1 0-4 ]0-3 ]0-) 1 0.1 1 1 01 ‘o) ‘0{ ] 0.‘ ‘Oﬂ 1 0('
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T Not so easy questions for

[7V curious people

How are the second order equations for FW regime?

What kind of potentials are used in ED regime?
What are the initial conditions in this regime?
What are boundary conditions in this regime?
How may be treated the open domains?

What is the wave scattering?

How is the weak formulation of FW-EM field?

© N o a0 bk W D F

How is the integral formulation of FW-EM field?
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