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Local quantities of the EM field
LivinN q

1. What is a local and an instantaneous quantity ? q(r,t), where
. g may be : a real or a complex a scalar, a vector or a tensor
. r =ix +Jy + kz is the (spatial) position vector
. t is the time variable
2. What is the Electromagnetic field? EM = Ef + Mf able to accumulate and transfer
energy even without substance, and to interact mechanically and thermal with bodies
(substance)
3. Local quantities of the electric field:
) . E (r, t) — electric field strength [V/m] @ =
. D (r, t) — electric flux density [C/m?]
4. Local quantities of the magnetic field:

H (r, t) — magnetic field strength [A/m]

B (r, t) — magnetic flux density [T]

5. E, D, B, Hare 3D vectors: E=1i E, +) Ey + kK E, Mathematically they are vector-
fields (represented by field lines). EM field = 14 x 3 = 12 field components, scalar/real
functions, w.r.t. 4 independent variables: x, y. z and t.
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W S Global/integral quantities of the

[ IVIN EM field

1. What is a global quantity ? Itis an integral of a local

quantity , where Q is a 1D, 2D or a 3D spatial domain Q(t)= IQ( rt)do
2. What IS a process quantity ? | It is., an integral of a " @
instantaneous quantity along a time interval W = J~ o(t )l
t1
2. Global quantities of the electric field:
. Electric voltage v [V] v(t) = .' E(r,t)dr Ty
. Electric flux g [C] C <
w(t)=[D(r t)dA
3.  Global quantities of the magnetic field: s S=2D (surface)
. Magnetic “voltage” u [A] u(t)= I H(r,t)dr ar C

. Magnetic flux @ [Wb c
gnete Tl o T A1) = [B(r t)dA
S «

4, V, , U, @ are scalar quantities dA=ndA, dr= tdr

Mathematically they are real functions w.r.t. a real variable t.
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Orientation rules

. Open curves may have an arbitrary
orientation =» quantity sign is associated to V(1) =-v'(1)
the orientation

v(t)=J-E(r,t)dr=—IE(r,t)dr‘=—v‘(t)

dA=ndA

. Orientation of the close curves is associated
to the orientation of the surface boarded by
it, according to the “right screw rule”

. Closed surfaces are “externally” orientated

. Orientation of the open surfaces is
associated to the orientation of the board
(boundary curve)

gy(t):fD(r,t)dA:—jD(r,t)dA’:—z//’(t)
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InaN EM quantities of the substance

1. Local EM fundamental quantities:
. o (r, t) — charge density [C/m?3] m
. J (r, t) — current density [A/m?]
2. Global EM fundamental quantities: q(t):jp(r,t)dv
. q(r, t) — (electric) charge [C] D
« i(r, t) — (electric) current [A] I(t)= jJ(r,t)dA
3. Other EM local quantities of the substance S
. P (r, t) — Polarization [C/m?] q
. M (r, t) — Magnetization [A/m] A‘jj_—‘l]
4, Other EM global quantities of the substance
. p (r, t) — Electric momentum [Cm] p(t)= .P(r,t )dv

m(t)=[M(rt)dv

D

. m (r, t) — Magnetic momentum [Am?]
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Global quantities as

L products

1. Theintegrals as products (average value definition): (1,0=C(1D)
© %ae=Q/Mg Q(t)=[q(rt)de=0, My M, =[dw=1AQ=5(2D;
Q

2. Voltages as products: ¢ V,Q=D(3D’

- Electric voltage v(t)=JE(r.t)dr :jEt(r’t )ar =Eple -
C C

* Magneticvoltage (t)= [H(r.t)dr=[H,(r,t)dr=Hg,l

3. Fluxes as products: CW(t)=ID(f’,t)dA=IDn(r,t)dAZDnaveAs

_ . Magnetic flux: S S

«  Electric flux: go(t)sz(r,t )dA:jBn(rit JAA =B, A

4. The charge as a product: ; i E
«  Electric charge: q(t) = .[['Odv = Pae¥p

5. Moments as products:

. Electric momentum P8 = ) P(r.t)dv=P,V,
*  Magnetic momentum m(t)= [ M(r,t)dv=M_V.
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Singular distributions of
LIViN charge and current

1. Local quantities as “derivatives” of the global quantities:

. Pae=0p/Vp 2 p=IlimAq/AV for AV 20
2. Charge distribution over a surface:

. Superficial charge density on an charged sheet p, =lim Aq/ AA for AA 20 [C/m?]

(t)= dA = dq = ps dv
q - ps - psaveAS
. Line charge density on an¥harged wire p,=lim Aq/ Al for Al 2 0 [C/m] S
t)=[pdA= dA
. Punctual charge distribution q [C] CI( ) S Ps psaveAS
. Total charge in the domain Q with several charge distributions
at)= [pav+ [pdA+ [pdi+ Y g,
o DcQ ScQ CcQ k=1,n C _

3. Current distribution on a surface: dg=p, di

. Superficial current density in a sheet J, =1lim Aq/ Al for Al 2 0 [A/m]

i(t)= jJ r,t)ndl
. Current I in awire ( ) S( )
C=SNSs
. Total current which cross the section S of a domain Q with several current distributions
i(t)= jJ(r,t)dA+ jJS(r,t)dl + i
_ SNQND SNQNSs k=1,m -
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Mathematic aspects

1. Classic approach:

2. Geometric differential approach:

E,D,B,H,J =f(r,t);f : Qx(t . ,t .
p=f(rt);f:Qx(t,, t.)— IR
f, f classic functions(e.gpicewise - continous,bounded), Riemannintegrals:
U=[E-dr=E nle; § E-dr=[(VxE)-ndS StokesefeC(Q)

'=6S S
=[D-dA=D, A § D-dA=[(V-D)dv Gauss <feC'(Q)
’ 5290 o C -1D(curve)
Manifolds: Q=< S-2D(surface)

_ _ “» —3D(volume)
U= I E-dr= je; e - differntial form of degreel(as H) { ds, Q = C -1D(curve)
dQ =

) —> IR®

=1dS, Q=S-2D(surface)
dv,Q2 =" 3D(volume)

Stokes: jda) Ia)

Geen .IQ¢d|vb+ij- grade =jmn-bgo

Y = jD dA = fd d - differntial form of degree 2 (as B,J)

q= _[p -dv = jp; p - differntial form of degree 3.
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m Mathematic aspects (cont.)

3. Functional analysis approach:
pelf(Q)={f: Q= IR||| f |=ye jgfzdgz<oo}; Lebesgue integral

L*(Q) = (Q)/N; N =ker(||) ={f:f =0,a.e.(almostevrywere)}(p.p.ta.p..t)

is a Banch/Hilbert space (it is complete) but f € L*(Q) (Lebesgue space of
square integrablefunctions) is nota classic function,it is a equivalence class.

E,D,B,H,J e [L() ;< E,D>= [ EDdQ o Wi E | V< E.E > = [[ E%dQ o« VW

ﬂ. |- norm=a functionmeasure. Distance between functions(fields) :d(f,g)=|| f — g ||
<.,.>scalar product.< f,g>=[| f ||-||g||-cose;f Lge< f,g>=0=a=7/2
Sobolev spaces (when Q2 isenough smoothe.g. it satisfies Lieschitzconditiony:

§ E-ar —j(v XE)-dS Stokese E e H(curl, @) ={f e |[2(@)] |vx f [2()[}

['=0S

{ D-ds= j(v D)dv Gauss < D e H(div,Q) ={f |[2(@)[ |V f e ()}

>=0Q
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4, Dlstrlbutlons approach
D) ={p:Q— IR|d*p/dx* €eC(Q),k € IN}=C*(Q) testfunctions

D(Q) ={T : D(Q) - IR|T (@) =< f,p>= jQ fodQ), linear functional

p e D'(QQ) - Distributionspace = pisderivable,evenif it is notcontinous!

Examples. Dirac distribution describes concentrated charge inr
h(x) = Heaviside, unit stepfunction=

T5(X)(p(X)dX=gp(O); 5(x):h'(x):% Diracimpulse =

P=0-0(r—1)=09-0(X—X;) (Y —¥,)0(z—2,)

Jpdv=a] | Jo0=x)0(y=y0)o(z - z0)dxdydz=q

—00 —00 —0
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m Mathematic aspects (cont.)

Example. Surface charge distribution:
S:r=f,(u,v):(01)x(01) — IR’ -parametricequation of surface

o.(u,v) - surface charge density [C/m*].
Charge densityas distribution:

p=py(uv)-8(r— fs(u,v))= [pdv= jdeA ”pshuhvdudv s

IR®

Classic approach:
at)= [pdv+ [pdA+ [pdi+ g,
DcQ ScQ CcQ k=1,n

Distribution approach:
at) = [pdv; | p=p,(r)+p,-5(r=f5)+p- 5(r—f)+zqk S5(r—r)
Q
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EM fundamental quantities

Summary
Field Local Global
Electric [F\i/?r'g] strength: E | Voltage [V] v(t)=£ E(r,t)dr
I[:(Ill;ég]/eznlfcl)t?/m[) Electric flux (1) = ;. D(r YA
|\/|ag netic [F\i/?rlﬁl] strength: H | Magnetic Voltage [A] W)= .. H(r t)dr
) /1Form c
E[ﬁj/)éggpns]ity: B Magnetic flux [Wb] go(t)z_!B(r,t YA
Substance E:*}gnrg]/%gg?rﬂty p | (Electric) charge [C] o) = [ p(r )i
&:Tr](g]r}tzggp;ity J | (Electric) current [A] i(t)=_£DJ(r,t)dA
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Not so easy questions for

LIVIN curious people

What is the electromagnetic (electric, magnetic) field ?

What is a (open/close) curve (or surface) ?

What is an (orthogonal) system of coordinates?

What happen when the Cartesian system of coordinates is changed?
How are expressions of field integrals/derivatives in several coordinates?
What is the main difference between field strength and flux density

How the distribution theory (e.g. Dirac generalized function) may be used to
describe charge/current singular distributions?

How the fundamental EM quantities can be measured?

What is SI, and how the measurement units of the fundamental EM
guantities may be defined?

Readings:

Alain Bossavit, Differential Geometry for the student of numerical methods in
Electromagnetism, 1991, http://butler.cc.tut.fi/~bossavit/Books/DGSNME/DGSNME.pdf
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