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PREFACE TO THE SECOND EDITION

This second edition of the book ELECTROMAGNETIC FIELD THEORY is a major revision of
the first edition that was published only on the Internet (www.plasma.uu.se/CED/Book). The
reason for trying to improve the presentation and to add more material was mainly that this new
edition is now being made available in printed form by Dover Publications and is to be used in an
extended Classical Electrodynamics course at Uppsala University. Hopefully, this means that the
book will find new uses in Academia and elsewhere.

The changes include a slight reordering of the chapters. First, the book describes the properties
of electromagnetism when the charges and currents are located in otherwise free space. Only then
the we go on to show how fields and charges interact with matter. In the author’s opinion, this
approach is preferable as it avoids the formal logical inconsistency of discussing, very early in
the book, such things as the effect of conductors and dielectrics on the fields and charges (and
vice versa), before constitutive relations and physical models for the electromagnetic properties of
matter, including conductors and dielectrics, have been derived from first principles.

In addition to the Maxwell-Lorentz equations and Dirac’s symmetrised version of these equa-
tions (which assume the existence of magnetic monopoles), also the Maxwell-Chern-Simons
equations are introduced in Chapter 1. In Chapter 2, stronger emphasis is put on the axiomatic
foundation of electrodynamics as provided by the microscopic Maxwell-Lorentz equations. Chap-
ter 4 is new and deals with symmetries and conserved quantities in a much more rigourous,
profound and detailed way than in the first edition. For instance, the presentation of the theory
of electromagnetic angular momentum and other observables (constants of motion) has been
substantially expanded and put on a more firm physical basis. Chapter g is a complete rewrite that
combines material that was scattered more or less all over the first edition. It also contains new
material on wave propagation in plasma and other media. When, in Chapter 9, the macroscopic
Maxwell equations are introduced, the inherent approximations in the derived field quantities are
clearly pointed out. The collection of formul® in Appendix F has been augmented. In Appendix
M, the treatment of dyadic products and tensors has been expanded.

I want to express my warm gratitude to professor CESARE BARBIERI and his entire group,
particularly FABR1Z10 TAMBURINI, at the Department of Astronomy, University of Padova,
for stimulating discussions and the generous hospitality bestowed upon me during several shorter
and longer visits in 2008 and 2009 that made it possible to prepare the current major revision of
the book. In this breathtakingly beautiful northern Italy, intellectual titan GALILEO GALILEI

XVii
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xviii PREFACE TO THE SECOND EDITION

worked for eighteen years and gave birth to modern physics, astronomy and science as we know it
today, by sweeping away Aristotelian dogmas, misconceptions and mere superstition, thus most
profoundly changing our conception of the world and our place in it. In the process, Galileo’s new
ideas transformed society and mankind forever. It is hoped that this book may contribute in some
small, humble way to further these, once upon a time, mind-boggling—and even dangerous—ideas
of intellectual freedom and enlightment.

Thanks are also due to JOHAN SIOHOLM, KRISTOFFER PALMER, MARCUS ERIKSSON,
and JOHAN LINDBERG who during their work on their Diploma theses suggested improvements
and additions and to HOLGER THEN for carefully checking some lengthy calculations.

This book is dedicated to my son MATTIAS, my daughter KAROLINA, my four grandsons
MAX, ALBIN, FILIP and OSKAR, my high-school physics teacher, STAFFAN ROSBY, and my
fellow members of the CAPELLA PEDAGOGICA UPSALIENSIS.

Padova, Italy Bo THIDE
October, 2009 www.physics.irfu.se/~bt
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PREFACE TO THE FIRST EDITION

Of the four known fundamental interactions in nature—gravitational, strong, weak, and electro-
magnetic—the latter has a special standing in the physical sciences. Not only does it, together with
gravitation, permanently make itself known to all of us in our everyday lives. Electrodynamics is
also by far the most accurate physical theory known, tested on scales running from sub-nuclear to
galactic, and electromagnetic field theory is the prototype of all other field theories.

This book, ELECTROMAGNETIC FIELD THEORY, which tries to give a modern view of
classical electrodynamics, is the result of a more than thirty-five year long love affair. In the autumn
of 1972, I took my first advanced course in electrodynamics at the Department of Theoretical
Physics, Uppsala University. Soon I joined the research group there and took on the task of helping
the late professor PER OLOF FROMAN, who was to become my Ph.D. thesis adviser, with the
preparation of a new version of his lecture notes on the Theory of Electricity. This opened my eyes
to the beauty and intricacy of electrodynamics and I simply became intrigued by it. The teaching
of a course in Classical Electrodynamics at Uppsala University, some twenty odd years after 1
experienced the first encounter with the subject, provided the incentive and impetus to write this
book.

Intended primarily as a textbook for physics and engineering students at the advanced under-
graduate or beginning graduate level, it is hoped that the present book will be useful for research
workers too. It aims at providing a thorough treatment of the theory of electrodynamics, mainly
from a classical field-theoretical point of view. The first chapter is, by and large, a description of
how Classical Electrodynamics was established by JAMES CLERK MAXWELL as a fundamental
theory of nature. It does so by introducing electrostatics and magnetostatics and demonstrating
how they can be unified into one theory, classical electrodynamics, summarised in Lorentz’s
microscopic formulation of the Maxwell equations. These equations are used as an axiomatic
foundation for the treatment in the remainder of the book, which includes modern formulation of
the theory; electromagnetic waves and their propagation; electromagnetic potentials and gauge
transformations; analysis of symmetries and conservation laws describing the electromagnetic
counterparts of the classical concepts of force, momentum and energy, plus other fundamental prop-
erties of the electromagnetic field; radiation phenomena; and covariant Lagrangian/Hamiltonian
field-theoretical methods for electromagnetic fields, particles and interactions. Emphasis has
been put on modern electrodynamics concepts while the mathematical tools used, some of them
presented in an Appendix, are essentially the same kind of vector and tensor analysis methods that

XIX
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XX PREFACE TO THE FIRST EDITION

are used in intermediate level textbooks on electromagnetics but perhaps a bit more advanced and
far-reaching.

The aim has been to write a book that can serve both as an advanced text in Classical
Electrodynamics and as a preparation for studies in Quantum Electrodynamics and Field Theory,
as well as more applied subjects such as Plasma Physics, Astrophysics, Condensed Matter Physics,
Optics, Antenna Engineering, and Wireless Communications.

The current version of the book is a major revision of an earlier version, which in turn was an
outgrowth of the lecture notes that the author prepared for the four-credit course Electrodynamics
that was introduced in the Uppsala University curriculum in 1992, to become the five-credit course
Classical Electrodynamics in 1997. To some extent, parts of those notes were based on lecture
notes prepared, in Swedish, by my friend and Theoretical Physics colleague BENGT LUNDBORG,
who created, developed and taught an earlier, two-credit course called Electromagnetic Radiation
at our faculty. Thanks are due not only to Bengt Lundborg for providing the inspiration to write
this book, but also to professor CHRISTER WAHLBERG, and professor GORAN FALDT, both
at the Department of Physics and Astronomy, Uppsala University, for insightful suggestions,
to professor JOHN LEARNED, Department of Physics and Astronomy, University of Hawaii,
for decisive encouragement at the early stage of this book project, to professor GERARDUS
T’ HOOFT, for recommending this book on his web page ‘How to become a good theoretical
physicist’, and professor CECILIA JARLSKOG, Lund Unversity for pointing out a couple of
errors and ambiguities.

I am particularly indebted to the late professor VITALIY LAZAREVICH GINZBURG, for his
many fascinating and very elucidating lectures, comments and historical notes on plasma physics,
electromagnetic radiation and cosmic electrodynamics while cruising up and down the Volga
and Oka rivers in Russia at the ship-borne Russian-Swedish summer schools that were organised
jointly by late professor LEV MIKAHILOVICH ERUKHIMOV and the author during the 1990’s,
and for numerous deep discussions over the years.

Helpful comments and suggestions for improvement from former PhD students TOBIA
CAROZZI, ROGER KARLSSON, and MATTIAS WALDENVIK, as well as ANDERS ERIKSSON
at the Swedish Institute of Space Physics in Uppsala and who have all taught Uppsala students on
the material covered in this book, are gratefully acknowledged. Thanks are also due to the late
HELMUT KOPKA, for more than twenty-five years a close friend and space physics colleague
working at the Max-Planck-Institut fiir Aeronomie, Lindau, Germany, who not only taught me the
practical aspects of the use of high-power electromagnetic radiation for studying space, but also
some of the delicate aspects of typesetting in TgX and IKTEX.

In an attempt to encourage the involvement of other scientists and students in the making of this
book, thereby trying to ensure its quality and scope to make it useful in higher university education
anywhere in the world, it was produced as a World-Wide Web (WWW) project. This turned out to
be a rather successful move. By making an electronic version of the book freely downloadable
on the Internet, comments have been received from fellow physicists around the world. To judge
from WWW ‘hit’ statistics, it seems that the book serves as a frequently used Internet resource.
This way it is hoped that it will be particularly useful for students and researchers working under
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PREFACE TO THE FIRST EDITION XX1

financial or other circumstances that make it difficult to procure a printed copy of the book. 1
would like to thank all students and Internet users who have downloaded and commented on the

book during its life on the World-Wide Web.

Bo THIDE

Uppsala, Sweden
www.physics.irfu.se/~bt

December, 2008
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1

FOUNDATIONS OF CLASSICAL
ELECTRODYNAMICS

The classical theory of electromagnetism deals with electric and magnetic fields
and interactions caused by distributions of electric charges and currents. This
presupposes that the concepts of localised electric charges and currents assume
the validity of certain mathematical limiting processes in which it is considered
possible for the charge and current distributions to be localised in infinitesimally
small volumes of space. Clearly, this is in contradistinction to electromagnetism
on an atomistic scale, where charges and currents have to be described in a
quantum formalism. However, the limiting processes used in the classical domain,
which, crudely speaking, assume that an elementary charge has a continuous
distribution of charge density, will yield results that agree with experiments on
non-atomistic scales, small or large.

It took the genius of JAMES CLERK MAXWELL to consistently unify the
two distinct theories electricity and magnetism into a single super-theory, elec-
tromagnetism or classical electrodynamics (CED), and to realise that optics is a
sub-field of this super-theory. Early in the 20th century, HENDRIK ANTOON
LORENTZ took the electrodynamics theory further to the microscopic scale and
also laid the foundation for the special theory of relativity, formulated in its full
extent by ALBERT EINSTEIN in 1905. In the 1930’s PAUL ADRIEN MAU-
RICE DIRAC expanded electrodynamics to a more symmetric form, including
magnetic as well as electric charges. With his relativistic quantum mechanics
and field quantisation concepts, he also paved the way for the development
of quantum electrodynamics (QED) for which RICHARD PHILLIPS FEYN-
MAN, JULIAN SEYMOUR SCHWINGER, and SIN-ITIRO TOMONAGA were

1
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2 | 1. FOUNDATIONS OF CLASSICAL ELECTRODYNAMICS

awarded the Nobel Prize in Physics in 1965. Around the same time, physicists
such as SHELDON GLASHOW, ABDU SALAM, and STEVE WEINBERG
were able to unify electrodynamics with the weak interaction theory, creating
yet another super-theory, electroweak theory, an achievement which rendered
them the Nobel Prize in Physics 1979. The modern theory of strong interactions,
quantum chromodynamics (QCD), is heavily influenced by QED.

In this introductory chapter we start with the force interactions in classical
electrostatics and classical magnetostatics and introduce the static electric and
magnetic fields to find two uncoupled systems of equations for them. Then we
see how the conservation of electric charge and its relation to electric current
leads to the dynamic connection between electricity and magnetism and how the
two can be unified into classical electrodynamics. This theory is described by a
system of coupled dynamic field equations—the microscopic Maxwell equations
introduced by Lorentz—which we take as the axiomatic foundation for the theory
of electromagnetic fields.

At the end of this chapter we present Dirac’s symmetrised form of the Maxwell
equations by introducing (hypothetical) magnetic charges and magnetic currents
into the theory. While not identified unambiguously in experiments yet, magnetic
charges and currents make the theory much more appealing, for instance by
allowing for duality transformations in a most natural way. Besides, in practical
work, such as in antenna engineering, magnetic currents have proved to be a very
useful concept. We shall make use of these symmetrised equations throughout
the book. At the very end of this chapter, we present the Maxwell-Chern-Simons
equations that are of considerable interest to modern physics.

1.1 Electrostatics

The theory which describes physical phenomena related to the interaction between
I The physicist and philosopher stationary electric charges or charge distributions in a finite space with stationary
PIERR DUHEM (1861-1916) once  houndaries is called electrostatics. For a long time, electrostatics, under the

wrote: .. . . . .
name electricity, was considered an independent physical theory of its own,

“The whole theory of ] ) . ] ] )
electrostatics constitutes alongside other physical theories such as Magnetism, Mechanics, Optics, and
a group of abstract ideas Thermodynamics.l

and general propositions,

formulated in the clear

and concise language of

geometry and algebra, and 1.1.1 Coulomb’s law
connected with one another
by the rules of strict logic.
This whole fully satisfies
the reason of a French between stationary, electrically charged bodies can be described in terms of
physicist and his taste
for clarity, simplicity and
order....

It has been found experimentally that in classical electrostatics the interaction

two-body mechanical forces. In the simple case depicted in Figure 1.1 on the
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0

facing page, the force F acting on the electrically charged particle with charge ¢
located at x, due to the presence of the charge ¢’ located at X’ in an otherwise
empty space, is given by Coulomb’s law.> This law postulates that F is directed
along the line connecting the two charges, repulsive for charges of equal signs
and attractive for charges of opposite signs, and therefore can be formulated
mathematically as

qq9" x—x’ qaq’' 1 99" o 1
x) 4reo |x — x/)? dmeg (|X —x/| deg |x — x’|
(1.1)

where, in the last step, formula (F.117) on page 203 was used. In SI units,

which we shall use throughout, the force F is measured in Newton (N), the
electric charges ¢ and ¢’ in Coulomb (C) or Ampere-seconds (A s), and the length
|x — x’| in metres (m). The constant &g = 107 /(4w c?) ~ 8.8542 x 10~!2 Farad
per metre (Fm™!) is the vacuum permittivity and ¢ ~ 2.9979 x 108 ms™! is the
speed of light in vacuum.? In CGS units, &y = 1/(4) and the force is measured
in dyne, electric charge in statcoulomb, and length in centimetres (cm).

1.1.2 The electrostatic field

Instead of describing the electrostatic interaction in terms of a ‘force action at a
distance’, it turns out that for many purposes it is useful to introduce the concept
of a field. Therefore we describe the electrostatic interaction in terms of a static

vectorial electric field E*™ defined by the limiting process
. F

lim —

q9—0 ¢

E stat d:ef

(1.2)

where F is the electrostatic force, as defined in equation (1.1), from a net electric
charge ¢’ on the test particle with a small electric net electric charge ¢. Since
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Figure 1.1: Coulomb’s law de-
scribes how a static electric charge
g, located at a point X relative to
the origin O, experiences an elec-
trostatic force from a static electric
charge g’ located at x’.

2 CHARLES-AUGUSTIN DE
COULOMB (1736-1806) was

a French physicist who in 1775
published three reports on the
forces between electrically charged
bodies.

3 The notation ¢ for speed comes
from the Latin word ‘celeritas’
which means ‘swiftness’. This
notation seems to have been
introduced by WILHELM ED-
UARD WEBER (1804-1891), and
RUDOLF KOHLRAUSCH (1809—
1858) and c is therefore sometimes
referred to as Weber’s constant.

In all his works from 1907 and
onward, ALBERT EINSTEIN
(1879—1955) used ¢ to denote the
speed of light in vacuum.



Draft version released 3rd June 2010 at 20:10 CET—Downloaded from http://www.plasma.uu.se/CED/Book

4|

41In the preface to the first edition
of the first volume of his book
A Treatise on Electricity and

Magnetism, first published in 1873,

James Clerk Maxwell describes
this in the following almost poetic
manner:

‘For instance, Faraday, in
his mind’s eye, saw lines of
force traversing all space
where the mathematicians
saw centres of force
attracting at a distance:
Faraday saw a medium
where they saw nothing

but distance: Faraday
sought the seat of the
phenomena in real actions
going on in the medium,
they were satisfied that they
had found it in a power

of action at a distance
impressed on the electric
fluids.

5 In fact, vacuum exhibits a
quantum mechanical non-linearity
due to vacuum polarisation

effects manifesting themselves

in the momentary creation and
annihilation of electron-positron
pairs, but classically this non-
linearity is negligible.
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the purpose of the limiting process is to assure that the test charge ¢ does not
distort the field set up by ¢’, the expression for ES does not depend explicitly
on ¢ but only on the charge ¢ and the relative radius vector x — x’. This means
that we can say that any net electric charge produces an electric field in the space
that surrounds it, regardless of the existence of a second charge anywhere in
this space.* However, in order to experimentally detect a charge, a second (test)
charge that senses the presence of the first one, must be introduced.

Using (1.1) and equation (1.2) on the previous page, and formula (F.116) on
page 203, we find that the electrostatic field ES™ at the observation point x (also
known as the field point), due to a field-producing electric charge ¢’ at the source
point x’, is given by

Estat(x) — q/ x —x' - _ ql \v/ 1 — q/ v/ 1
4reg |x — x'|? dreg  \|x —X/| dreg Ix — x/|
(1.3)

In the presence of several field producing discrete electric charges ¢/, located

at the points xg, i =1,2,3,..., respectively, in an otherwise empty space, the
assumption of linearity of vacuum® allows us to superimpose their individual
electrostatic fields into a total electrostatic field

X — X/

stat _ 1 / i
E*(x) = 4ﬂ802q,-| P (1.4)

i ]

If the discrete electric charges are small and numerous enough, we can, in a
continuum limit, assume that the total charge ¢’ from an extended volume to be
built up by local infinitesimal elemental charges dg’, each producing an elemental
electric field
dg/ x—x'

dE*(x) = — 3 (1.5)

4meg |X — X’I3
By introducing the electric charge density p, measured in Cm~2 in SI units, at
the point x” within the volume element d*x’ = dx/dx,dx} (measured in m?),
the elemental charge can be expressed as dg’ = d3¢’ p(x’), and the elemental
electrostatic field as

d* p(x’) x —x’

dE*™(x) = 6
() 4meg |X—X’|3 (1-0)
Integrating this over the entire source volume V', we obtain
x —x’
Estat — / d3 l !
(X) 477.'8() , X p(X )|X _X/|3
1 3./ l 1
=— dx p(x")\V| ——— (1.7)
dreg Jyr |x — x’|
1 x’
=— v | d3 M
dreg Sy |x — x’|
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where we used formula (F.116) on page 203 and the fact that p(x’) does not
depend on the unprimed (field point) coordinates on which V operates.

We emphasise that under the assumption of linear superposition, equation
(1.7) on the facing page is valid for an arbitrary distribution of electric charges,
including discrete charges, in which case p is expressed in terms of Dirac delta

distributions:®

p(x') = q; (' —xj) (1.8)

as illustrated in Figure 1.2. Inserting this expression into expression (1.7) on the
facing page we recover expression (1.4) on the preceding page.

According to Helmholtz’s theorem, a sufficiently well-behaved vector field is
completely determined by its divergence and curl.” Taking the divergence of the
general E** expression for an arbitrary electric charge distribution, equation (1.7)
on the facing page, and using the representation of the Dirac delta distribution
given by formula (F.119) on page 203, one finds that

/

V.E(x) = V.

/ d3x/p(xl)
47T8() 7

1 1
A _ / & p(x)V-V| ——
drey Sy |x — x|

X_
x —x'|?

) ) (1.9)
. d3 / / Vz
47180// x p(x) (|x—x’|)
1
=— | & px)s(x—x) = pX)
o Jv/ €0

which is the differential form of Gauss’s law of electrostatics.
Since, according to formula (F.105) on page 203, V x [Va(x)] = 0 for any
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Figure 1.2: Coulomb’s law for a dis-
tribution of individual charges g lo-
calised within a volume V" of lim-
ited extent.

6 Since, by definition, the integral
3.7 / 7
/ d"x"§(x" —x7})
V/

= /V/d3x/8(x’ —x7)
x8(y'—y))8(z'—z)) =1

is dimensionless, and x has the
dimension m, the 3D Dirac delta
distribution § (x’ — X) must have

the dimension m™3.

7HERMANN LUDWIG FER-
DINAND VON HELMHOLTZ
(1821-1894) was a physicist,
physician and philosopher who
contributed to wide areas of
science, ranging from electrody-
namics to ophtalmology.
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R3 scalar field a(x), we immediately find that in electrostatics

1 !/
V x V/ a3’ X)) =0 (1.10)
4JT80 ’ |X—X/|

i.e., that E*@ is an irrotational field.

V X Estat(x) —

To summarise, electrostatics can be described in terms of two vector partial
differential equations
X
V. .E™¥(x) = Px) (1.112)
€0

V xE®™(x) =0 (1.11b)

representing four scalar partial differential equations.

1.2 Magnetostatics

While electrostatics deals with static electric charges, magnetostatics deals with
stationary electric currents, i.e., electric charges moving with constant speeds,
and the interaction between these currents. Here we shall discuss this theory in
some detail.

1.2.1 Ampere’s law

Experiments on the interaction between two small loops of electric current have
shown that they interact via a mechanical force, much the same way that electric
charges interact. In Figure 1.3 on the next page, let F denote such a force acting
on a small loop C, with tangential line element dl, located at x and carrying
a current / in the direction of dl, due to the presence of a small loop C’, with
tangential line element dl’, located at x’ and carrying a current /’ in the direction

of dI’ in otherwise empty space. According to Ampére’s law this force is given

8 ANDRE-MARIE AMPERE by the expression®

(1775—1836) was a French mathe-
matician and physicist who, only a [Lol I

’
X —X
’
few days after he learned about the F (X) 4 ¢ dl x (¢ /dl X —/3)
findings by the Danish physicist c |X —X |

and chemist HANS CHRISTIAN MOII/ , 1
@DRSTED (1777-1851) regarding = - ¢ dl x ¢ dl' x V| I—
the magnetic effects of electric 47 c ! |X -X |
currents, presented a paper to the
Académie des Sciences in Paris,

describing the law that now bears  From the definition of ¢ and ¢ (in SI units) we observe that
his name.

(1.12)

In ST units, 1o = 47 x 1077 ~ 1.2566x 10~ Hm™! is the vacuum permeability.

7

4mc?

1
Eofto = Fm™) x47 x 1077 Hm™) = = (s*m™?) (1.13)
C
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Figure 1.3: Ampere’s law describes
how a small loop C, carrying a
static electric line current density el-
ement d j at X, experiences a magne-
tostatic force from a small loop C /
carrying a static electric current den-
sity element dj’ located at x’. The
loops can have arbitrary shapes as
long as they are simple and closed.

which is a most useful relation.

At first glance, equation (1.12) on the facing page may appear unsymmetric in
terms of the loops and therefore be a force law that does not obey Newton’s third
law. However, by applying the vector triple product ‘bac-cab’ formula (F.72) on
page 201, we can rewrite (1.12) as

F(x):—”‘"” 315 dl/gﬂ dl-v(—1 )
/ |x — x|
OII / (1.14)
95 95 XX gl

Since the integrand in the first integral is an exact differential, this integral

vanishes and we can rewrite the force expression, formula (1.12) on the facing
page, in the following symmetric way

F(x) =—“°”/31§51§ 27E dredr (1.15)

which clearly exhibits the expected interchange symmetry between loops C and
C’.

1.2.2 The magnetostatic field

In analogy with the electrostatic case, we may attribute the magnetostatic in-
teraction to a static vectorial magnetic field BS**. The elemental B from the
elemental current element dI” = I'dl’ is defined as

- I’ -
IR gy XX Hol gy XX (1.16)

Bstdt —
0= x—x/[° 4m x —x/[?

which expresses the small element dB***'(x) of the static magnetic field set up at
the field point x by a small line current element dI’ = I’dl’ of stationary current
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I’ directed along the line element dl’ at the source point x’. The SI unit for the
magnetic field, sometimes called the magnetic flux density or magnetic induction,
is Tesla (T).

If we generalise expression (1.16) on the previous page to an integrated steady
state electric current density j(x), measured in A m~2 in SI units, we can write
I'dl = dI’ = d*’ j’(x’), and we obtain Biot-Savart’s law

—
Bstat(x) — &[ d3x/ j(X/) x X —X .
4 Vv’ |X — X/|

1
- _ﬂ/ B jx)x V (1.17)
4z Sy |x —x'|

Dy
— &vx d3x/ J(X)
4 Vv’ |X—X/|

where we used formula (F.116) on page 203, formula (F.95) on page 202, and
the fact that j(x’) does not depend on the unprimed coordinates on which V
operates. Comparing equation (1.7) on page 4 with equation (1.17) above, we
see that there exists a close analogy between the expressions for ES* and B
but that they differ in their vectorial characteristics. With this definition of BS,
equation (1.12) on page 6 may we written

F(x) = 156 dl x B*®*(x) (1.18)
C

In order to assess the properties of B!, we determine its divergence and curl.
Taking the divergence of both sides of equation (1.17) above and utilising formula
(F.104) on page 203, we obtain

V‘BSlm(X)ZZ—;V°(VX/ a3 Jx) )=0 (1.19)

o X=X

since, according to formula (F.104) on page 203, V - (V x a) vanishes for any
vector field a(x).

Applying the operator ‘bac-cab’ rule, formula (F.101) on page 203, the curl of
equation (1.17) above can be written

sl
V x B*%(x) = Z—OV X (V x/ d3’ —J(X) )
s ,

Ix — x|
1
- Ko d*’ j(x') V? (1.20)
4]‘[ |44 |X - X/|
1
+ 20 @) - vV
47‘[ |44 |X - X/|

In the first of the two integrals on the right-hand side, we use the representation
of the Dirac delta function given in formula (F.119) on page 203, and integrate
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the second integral by parts, by utilising formula (F.92) on page 202 as follows:

[ e tioo-viv (L)
v Ix —x'|
N /7! v d 1
= [ oew i[5 ()]
! k
—[ [V jx))] V’( _1 - ) (1.21)
14 x —x/|

= Xg /S’dZX/ i j(x))

/ / . / / 1
—/,d3x [V -J(X)]V(|X_X/)

We note that the first integral in the result, obtained by applying Gauss’s theorem,

vanishes when integrated over a large sphere far away from the localised source
j(x’), and that the second integral vanishes because V - j = 0 for stationary
currents (no charge accumulation in space). The net result is simply

V x B*®(x) = po /V/d3x/ JxN8(x —x') = poj(x) (1.22)

1.3 Electrodynamics

As we saw in the previous sections, the laws of electrostatics and magnetostatics
can be summarised in two pairs of time-independent, uncoupled vector partial
differential equations, namely the equations of classical electrostatics
X
V. .E"¥(x) = PX) (1.232)
€o
V xE™(x)=0 (1.23b)

and the equations of classical magnetostatics

V-B*™¥(x) =0 (1.242)
V x B¥(x) = j0j(x) (1.24b)

Since there is nothing a priori which connects ES* directly with B, we must
consider classical electrostatics and classical magnetostatics as two separate and
mutually independent physical theories.

However, when we include time-dependence, these theories are unified into a
single super-theory, classical electrodynamics. This unification of the theories of
electricity and magnetism can be inferred from two empirically established facts:
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1. Electric charge is a conserved quantity and electric current is a transport of
electric charge. This fact manifests itself in the equation of continuity and, as
a consequence, ini, as we shall see, Maxwell’s displacement current.

2. A change in the magnetic flux through a loop will induce an electromotive
force electric field in the loop. This is the celebrated Faraday’s law of induc-
tion.

1.3.1 The indestructibility of electric charge

Let j(z,x) denote the time-dependent electric current density. In the simplest
case it can be defined as j = vp where v is the velocity of the electric charge

9 A more accurate model is to density ,0.9
assume that the individual charge
elements obey some distribution
function that describes their local continuity for electric charge
variation of velocity in space and

time. 8,0([, X)
at

The electric charge conservation law can be formulated in the equation of

+V-jit,x)=0 (1.25)

which states that the time rate of change of electric charge p(z, x) is balanced by
a divergence in the electric current density j (¢, x).

1.3.2 Maxwell’s displacement current

We recall from the derivation of equation (1.22) on the preceding page that there
we used the fact that in magnetostatics V- j(x) = 0. In the case of non-stationary
sources and fields, we must, in accordance with the continuity equation (1.25)
above, set V - j(¢,x) = —dp(t,x)/0¢. Doing so, and formally repeating the
steps in the derivation of equation (1.22) on the preceding page, we would obtain
the formal result

V xB(,x) = MO/ d3’ j(t,x")8(x — x)
V/

+@3/ d3x’,o(t,x’)V'( ! ) (1.26)
V/

47 Ot [x — X/

] 0
= /LOJ(LX) + MOESOE(LX)

where, in the last step, we have assumed that a generalisation of equation (1.7)

10 Later, we will need to consider  on page 4 to time-varying fields allows us to make the identification'”

this generalisation and formal
identification further.
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1 0 1
e d3/ ‘ /V/
471808)?/‘// X p(tx) (|x—x’|)
d 1 1
— | = d3/ [’ /v
81[ 47'[80/1// X p(tx) (|x—x’|):|

0 1 p(t,x") 0
=—|- v [ & = —E(,
8[[ 4reg // . |x — x’| ot ¢ x)

The result is Maxwell’s source equation for the B field

(1.27)

. 9 . )
V x B, %) = 1 (J (%) + EEOE(z,x)) = 1o (1. X) + Hogos (1. x)
(1.28)

where ¢g0E (¢, x)/0t is the famous displacement current. This, at the time,
unobserved current was introduced, in a stroke of genius, by Maxwell in order
to make also the right-hand side of this equation divergence free when j (¢, x) is
assumed to represent the density of the total electric current, which can be split
up in ‘ordinary’ conduction currents, polarisation currents and magnetisation
currents. This will be discussed in Subsection 9.1 on page 172. The displacement
current behaves like a current density flowing in free space. As we shall see
later, its existence has far-reaching physical consequences as it predicts that such
physical observables as electromagnetic energy, linear momentum, and angular
momentum can be transmitted over very long distances, even through empty
space.

1.3.3 Electromotive force

If an electric field E(¢, x) is applied to a conducting medium, a current density
j(z,x) will be produced in this medium. But also mechanical, hydrodynami-
cal and chemical processes can create electric currents. Under certain physical
conditions, and for certain materials, one can sometimes assume that a linear rela-
tionship exists between the electric current density j and E. This approximation
is called Ohm’s law:'!

j(z,x) = oE(t,x) (1.29)

where o is the electric conductivity (Sm™'). In the case of an anisotropic
conductor, o is a tensor.

We can view Ohm’s law, equation (1.29) above, as the first term in a Taylor
expansion of the law j[E (¢, x)]. This general law incorporates non-linear effects
such as frequency mixing. Examples of media which are highly non-linear are
semiconductors and plasma. We draw the attention to the fact that even in cases
when the linear relation between E and j is a good approximation, we still have

|11

' In semiconductors this approxi-
mation is in general not applicable
at all.
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to use Ohm’s law with care. The conductivity o is, in general, time-dependent
(temporal dispersive media) but then it is often the case that equation (1.29) on
the preceding page is valid for each individual Fourier (spectral) component of
the field.

If the current is caused by an applied electric field E(z, x), this electric field
will exert work on the charges in the medium and, unless the medium is super-
conducting, there will be some energy loss. The time rate at which this energy is
expended is j + E per unit volume (W m™3). If E is irrotational (conservative), j
will decay away with time. Stationary currents therefore require that an electric
field due to an electromotive force (EMF) is present. In the presence of such a
field EEMF, Ohm’s law, equation (1.29) on the previous page, takes the form

j — O(Estat + EEMF) (1.30)
The electromotive force is defined as

€= 9§Cdl - (B 4+ EBVYF) (1.31)

12 The term ‘electromagnetic force’ where dl is a tangential line element of the closed loop C .12
is something of a misnomer since

& represents a voltage, i.e., its SI

dimension is V.

1.3.4 Faraday’s law of induction

In Subsection 1.1.2 we derived the differential equations for the electrostatic field.
Specifically, on page 6 we derived equation (1.10) stating that V x ES*** = 0 and
thus that ES® is a conservative field (it can be expressed as a gradient of a scalar
field). This implies that the closed line integral of ES®! in equation (1.31) above
vanishes and that this equation becomes

£ = 9§Cdl . EEMF (1.32)

It has been established experimentally that a non-conservative EMF field is
produced in a closed circuit C at rest if the magnetic flux through this circuit
varies with time. This is formulated in Faraday’s law which, in Maxwell’s
generalised form, reads

E) = 56 dl-E(t,x) = —iém(t)
C dt

d ) . . (1.33)

= —E/den-B(t,x) = —/den-EB(t,x)

where ®,, is the magnetic flux and S is the surface encircled by C which can
be interpreted as a generic stationary ‘loop’ and not necessarily as a conducting
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Figure 1.4: A loop C which moves
with velocity v in a spatially vary-
ing magnetic field B(x) will sense
a varying magnetic flux during the
motion.

circuit. Application of Stokes’ theorem on this integral equation, transforms it
into the differential equation

0
VxE(,x) = —EB(I,X) (1.34)

which is valid for arbitrary variations in the fields and constitutes the Maxwell
equation which explicitly connects electricity with magnetism.

Any change of the magnetic flux ®,, will induce an EMF. Let us therefore
consider the case, illustrated in Figure 1.4, when the ‘loop’ is moved in such a
way that it links a magnetic field which varies during the movement. The total
time derivative is evaluated according to the well-known operator formula

d 0 . dx (1.35)
dt 9t dt 33
which follows immediately from the multivariate chain rule for the differentiation
of an arbitrary differentiable function f(¢,x(¢)). Here, dx/d¢ describes a chosen
path in space. We shall chose the flow path which means that dx /d¢ = v and

d a

EZE-’-V'V (136)

where, in a continuum picture, v is the fluid velocity. For this particular choice,
the convective derivative dx /dt is usually referred to as the material derivative
and is denoted Dx /Dz.

Applying the rule (1.36) to Faraday’s law, equation (1.33) on the preceding
page, we obtain

d oB
E(t)=——/d2xﬁ-B=—/d2xﬁ-——/d2xﬁ-(v-V)B (1.37)
dr Js S ot S
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Furthermore, taking the divergence of equation (1.34) on the preceding page, we
see that

V-(%B(t,x) = a%V-B(t,x) =-V-.[VxE@rx)]=0 (1.38)

where in the last step formula (F.104) on page 203 was used. Since this is true
Vt, we conclude that

V:.B(,x)=0 (1.39)

also for time-varying fields; this is in fact one of the Maxwell equations. Using
this result and formula (F.96) on page 202, we find that

VxBxv)=(v-V)B (1.40)

since, during spatial differentiation, v is to be considered as constant, This allows
us to rewrite equation (1.377) on the previous page in the following way:

d
E@t) = 9§d1-EEMF = ——/dzxﬁ-B
c drJs
. OB A
=—/d2xn-——/d2xn-Vx(va)
s a s
With Stokes’ theorem applied to the last integral, we finally get

E(t)=ggdl-EEMpz—/dzxﬁ-a—B—ggdl-(va) (1.42)
o s it Je

or, rearranging the terms,

(1.41)

B
§£dl-(EEMF—va)=—/d2xﬁ-— (1.43)

C Ky ot
where EEMF is the field which is induced in the ‘loop’, i.e., in the moving system.

The application of Stokes’ theorem ‘in reverse’ on equation (1.43) yields

oB
Vx (EPMF —v xB) = n (1.44)
An observer in a fixed frame of reference measures the electric field
E=E"™ _vxB (1.45)

and a observer in the moving frame of reference measures the following Lorentz
force on a charge ¢
F = ¢E™F = 4E + ¢(v xB) (1.46)
corresponding to an ‘effective’ electric field in the ‘loop’ (moving observer)
EFMF —E + v xB (1.47)

Hence, we conclude that for a stationary observer, the Maxwell equation

oB
VxE =% (1.48)

is indeed valid even if the ‘loop’ is moving.
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1.3. Electrodynamics

1.3.5 The microscopic Maxwell equations

We are now able to collect the results from the above considerations and formulate
the equations of classical electrodynamics valid for arbitrary variations in time
and space of the coupled electric and magnetic fields E(¢, x) and B(¢, x). The
equations are, in SI units,13

V-E=— (1.49a)
€0
0B
VxE = o (1.49b)
V-B=0 (1.49¢)
VxB =poj +80M0%—];: = ol +Ci2%—1;: (1.49d)

In these equations p = p(¢, X) represents the total, possibly both time and space
dependent, electric charge density, with contributions from free as well as induced
(polarisation) charges. Likewise, j = j(t,x) represents the total, possibly
both time and space dependent, electric current density, with contributions from
conduction currents (motion of free charges) as well as all atomistic (polarisation
and magnetisation) currents. As they stand, the equations therefore incorporate
the classical interaction between all electric charges and currents, free or bound,
in the system and are called Maxwell’s microscopic equations. They were
first formulated by Lorentz and therefore another name often used for them
is the Maxwell-Lorentz equations. Together with the appropriate constitutive
relations, which relate p and j to the fields, and the initial and boundary conditions
pertinent to the physical situation at hand, they form a system of well-posed partial
differential equations which completely determine E and B.

1.3.6 Dirac’s symmetrised Maxwell equations

If we look more closely at the microscopic Maxwell equations (1.49), we see that
they exhibit a certain, albeit not complete, symmetry. Let us follow Dirac and
make the ad hoc assumption that there exist magnetic monopoles represented by
a magnetic charge density, which we denote by p™ = p™(¢, x), and a magnetic
current density, which we denote by j™ = j™(z,x).'* With these new hypotheti-
cal physical entities included in the theory, and with the electric charge density
denoted p® and the electric current density denoted j¢, the Maxwell equations
will be symmetrised into the following two scalar and two vector, coupled, partial

| 15

13 In CGS units the microscopic
Maxwell equations are

V-E =4np
VxE=—la—B
c 0t
V:-B=0
VxB=4fﬂj+la*E
c c ot

in Heaviside-Lorentz units (one of
several natural units)

V-E=p
VxE=—la—B

c ot
V-B=0

1 1 0E
VxB=—-j+——
X c'l+c3t

and in Planck units (another set of
natural units)

V-E =4np
B
VXE=——
* o
V:-B=0

oE
VxB=4nj+ —
X JT_]+8t

14 Nobel Physics Laureate JULIAN
SEYMOUR SCHWINGER (1918—
1994) once put it:

‘.. .there are strong
theoretical reasons to
believe that magnetic
charge exists in nature,
and may have played
an important role in
the development of the
Universe. Searches

for magnetic charge
continue at the present
time, emphasising that
electromagnetism is very
far from being a closed
object’.
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differential equations (SI units):

v.E="~ (1.502)
€0
oB .
VXE:—E—/L()_]m (1.50b)
V-B = uop" (1.50¢)
. IE
VxB = poj®+ ecopo—- (1.50d)

ot

We shall call these equations Dirac’s symmetrised Maxwell equations or the
electromagnetodynamic equations.
Taking the divergence of (1.50b), we find that

el
V-(VxE):—E(V-B)—MOV-ijO (1.51)

where we used the fact that, according to formula (F.104) on page 203, the
divergence of a curl always vanishes. Using (1.50c) to rewrite this relation, we
obtain the equation of continuity for magnetic charge

dp™

W+v.jm:0 (1.52)

which has the same form as that for the electric charges (electric monopoles) and
currents, equation (1.25) on page 10.

1.3.7 Maxwell-Chern-Simons equations

Developments in condensed matter theory have motivated the study of an exten-
sion of classical electrodynamics such that the microscopic Maxwell-Lorentz
equations (1.49) on the previous page are replaced by the Maxwell-Chern-Simons
equations (MCS equations) which, in SI units, read

t7
v.E= "% .8 (1.532)
€o
0B
E=—— .53b
V x = (1.53b)
V:B=0 (1.53¢)
] oE
VxB=pupjt,x)+eopto— —aB—axE (1.53d)

dt

The MCS equations have been studied in Carroll-Field-Jackiw electrodynamics
and are used, e.g., in the theory of axions.
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2

ELECTROMAGNETIC FIELDS AND
WAVES

As a first step in the study of the dynamical properties of the classical electro-
magnetic field, we shall in this chapter, as alternatives to the first-order Maxwell-
Lorentz equations, derive a set of second-order differential equations for the fields
E and B. It turns out that these second-order equations are wave equations for E
and B, indicating that electromagnetic wave modes are very natural and common
manifestations of classical electrodynamics.

But before deriving these alternatives to the Maxwell-Lorentz equations, we
shall discuss the mathematical techniques of how to make use of complex vari-
ables to represent real-valued physical observables in order to simplify the math-
ematical work involved. We will also describe how to make use of the single
spectral component (Fourier component) technique, which simplifies the algebra,
at the same time as it clarifies the physical content.

2.1 Axiomatic classical electrodynamics

In Chapter 1 we described the historical route which led to the formulation of the
microscopic Maxwell equations. From now on we shall consider these equations
as postulates, i.e., as the axiomatic foundation of classical electrodynamics. As
such, they describe, in scalar and vector-differential-equation form, the behaviour
intime r € R and in space x € R3 of the electric and magnetic fields E(¢, x) € R3

19
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! A physical observable is some-
thing that can, at least in principle,
be ultimately reduced to an input
to the human sensory system. In
other words, physical observables
quantify (our perception of) the
physical reality and as such they
must, of course, be described by
real-valued quantities.

2 This is at variance with

quantum physics, where
wobservable — ! wmathematical | .
Letting * denote complex conju-
gation, the real part can be written
Re{y} = %(1// + ¥*),ie., as
the arithmetic mean of ¥ and its
complex conjugate ¥ ™. Similarly,
the magnitude can be written

Wl = (Wy*)1/2, e, as the

geometric mean of ¥ and ¥ *.
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2. ELECTROMAGNETIC FIELDS AND WAVES

and B(z, x) € R3, respectively [cf. equations (1.49) on page 15]:

V-E= g (Gauss’s law) (2.1a)
VxE = —E;—]: (Faraday’s law) (2.1b)
V-B=0 (No magnetic charges) (2.10)
VxB=puej+ so,u,oa—E (Maxwell’s law) (2.1d)

ot

We reiterate that in these equations p(z, x) and j(z, x) are the fotal charge and
current densities, respectively. Hence, they are considered microscopic in the
sense that all charges and currents, including the intrinsic ones in matter, such
as bound charges in atoms and molecules, as well as magnetisation currents, are
included (but macroscopic in the sense that quantisation effects are neglected).
These charge and current densities may have prescribed arbitrary time and space
dependencies and be considered the sources of the fields, but they may also be
generated by the fields. Despite these dual rdles, we shall refer to them as the
source terms of the microscopic Maxwell equations and the two equations where
they appear as the Maxwell-Lorentz source equations.

2.2 Complex notation and physical observables

In order to simplify the mathematical treatment, we shall frequently allow the
mathematical variables representing the fields, the charge and current densities,
and other physical quantities to be analytically continued into the complex do-
main. However, when we use such a complex notation we must be very careful
how to interpret the results derived within this notation. This is because every
physical observable is, by definition, real-valued.! Consequently, the mathemati-
cal expression for the observable under consideration must also be real-valued to
be physically meaningful.

If a physical scalar variable, or a component of a physical vector or tensor,
is represented mathematically by the complex-valued number y, i.e., ¥ € C,
then in classical electrodynamics (in fact, in classical physics as a whole), one
makes the identification y°Perable = Re {ymathematicalt “Therefore, it is always
understood that one must take the real part of a complex mathematical variable in
order for it to represent a classical physical observable.?

For mathematical convenience and ease of calculation, we shall in the follow-
ing regularly use—and tacitly assume—complex notation, stating explicitly when
we do not. One convenient property of the complex notation is that differentia-
tions often become trivial to perform. However, care must always be exercised.
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A typical situation being when products of two or more quantities are calculated
since, for instance, for two complex-valued variables v, and ¥, we know that

Re {y1v2} # Re {¥1}Re {2}. On the other hand, (¥1¥2)" = ¥ "y "

2.2.1 Physical observables and averages

As just mentioned, it is important to be aware of the limitations of complex
representation of real observables when one has to calculate products of physical
quantities. Let us, for example, consider two physical vector fields a(¢, x) and
b(¢, x) that are represented by their Fourier components, ag(x) exp(—iw?) and
bo(x) exp(—iwt), i.e., by vectors in (a domain of) 3D complex space C3. Further-
more, let o be a binary operator for these vectors, representing either the scalar
product operator (-), the vector product operator (x), the dyadic product operator
(juxtaposition), or the outer tensor operator (®). Then we make the interpretation
a(t,x) ob(t,x) = Re{a} oRe {b} = Re {ag(x) e "} o Re {bo(x) e’}
(2.2)

We can express the real part of the complex vector a as
. 1 . 4
Re {a} = Re {ao(x)e '} = 5[30(?() e ' 4+ ap*(x)e’] (2.3)

and similarly for b. Hence, the physically acceptable interpretation of the scalar
product of two complex vectors, representing classical physical observables, is

a(t,x) o b(7,x) = Re {ag(x) e "} o Re {bo(x) e’}
= %[ao(X) e +ap*(x)e] o %[bo(x) e 4 bo* (x) ']

1 . )
= Z(ao o bo* + a()* o bo +agpo b() e_zw’t + ao* o b()* ezw)t)

1 1 .
= ERe {agobo*} + ERe {ag oboe 2"}
1 . . 1 . .
> ERe {30 e—m)t ° bO* em)t} + ERe {aoe—lwt ° bO e—la)t}

— %Re {a(t,x) ob*(£,x)} + %Re {a(t,x) ob(t,x)}

(2.4)

In physics, we are often forced to measure the temporal average (cycle average)

of a physical observable. We use the notation (- - -),, for such an average. If so,

we see that the average of the product of the two physical quantities represented
by a and b can be expressed as

(aob),

(Re{a} oRe{b}), = lRe {aob™} = lRe {a* o b}
| | 2 2 (2:5)
= ERC {ao o bo*} = ERG {ao* o bo}
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31t so happens that ETTORE
MAJORANA (1906-1938) used the
definition G = E — icB, but this
is no essential difference from the
definition (2.6). One may say that
Majorana used the other branch of

+/—1 as the imaginary unit.

EXAMPLE 2.1
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since the oscillating function exp(—2iwt) in equation (2.4) on the previous page
vanishes when averaged in time over a complete period 27 /w (or over infinitely
many periods), and, therefore, (a(f,x) o b(z,x)), gives no contribution.

2.2.2 Maxwell equations in Majorana representation

It is sometimes convenient to introduce the complex-field six-vector, also known
as the Riemann-Silberstein vector

G(t,x) = E(t,x) +icB(z,x) (2.6)

where G € C3 even if E,B € R3. This complex representation of the electro-
magnetic fields is known as the Majorana representation.>
Inserting the Riemann-Silberstein vector into the Maxwell equations (2.1) on

page 20, they transform into

V.-Gitx) =2 (2.7)
&o
. . 1 G

VxG(,x)= lC([Lo] + C—zg) (2.7b)

>The ‘length’ of the Riemann-Silberstein vector for E, B € R3

One fundamental property of C3, to which G belongs, is that inner (scalar) products in
this space are invariant under rotations just as they are in R3. However, as discussed in
Example M.3 on page 216, the inner (scalar) product in C3 can be defined in two different
ways. Considering the special case of the scalar product of G with itself, assuming that
E € R3 and B € R3, we have the following two possibilities of defining (the square of) the
‘length’ of G:

1. The inner (scalar) product defined as G scalar multiplied with itself
G-G = (E+icB)-(E+icB) = E2 —¢?B? 4+ 2icE -B (2.8)
Since ‘length’ is an scalar quantity which is invariant under rotations, we find that
E? — ¢%B? = Const (2.92)
E -B = Const (2.9b)

2. The inner (scalar) product defined as G scalar multiplied with the complex conjugate of
itself

G-G* = (E +icB)-(E—icB) = E? + ¢?>B? (2.10)

which is also an invariant scalar quantity. As we shall see in Chapter 4, this quantity is
proportional to the electromagnetic field energy density.

3. As with any vector, the cross product of G with itself vanishes:
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G xG = (E +icB) x (E + icB)
=ExXE —¢?B xB +ic(E xB) +ic(B xE) (2.11)
=04+0+ic(ExB)—ic(ExB)=0
4. The cross product of G with the complex conjugate of itself does, however, not vanish:
G xG* = (E +icB) x (E —icB)
=ExE +¢?BxB—ic(E xB) +ic(BxE) (2.12)
=0+4+0—ic(ExB)—ic(E xB) =—-2ic(E xB)

is proportional to the electromagnetic power flux, to be introduced later.

End of example 2.1<

2.3 The wave equations for E and B

The Maxwell-Lorentz equations (2.1) on page 20 are four first-order differential
equations that are coupled (both E and B appear in the same equations). Two
of the equations are scalar [equation (2.1a) and equation (2.1¢)], and two are in
3D Euclidean vector form [equation (2.1b) and equation (2.1d)], representing
three scalar equations each. Hence, the Maxwell equations represent in fact eight
scalar first-order partial differential equations (1 4+ 1 4 3 + 3). However, it is well
known from the theory of differential equations that a set of first-order, coupled
partial differential equations can be transformed into a smaller set of second order
partial differential equations, which sometimes become decoupled in the process.
It turns out that in our case we will obtain one second-order differential equation
for E and one second-order differential equation for B. These second-order
partial differential equations are, as we shall see, wave equations, and we shall
discuss the implications of them. For certain media, the B wave field can be
easily obtained from the solution of the E wave equation but in general this is not
the case.

To bring the first-order differential equations (2.1) on page 20 into second order
one needs, of course, to operate on them with first-order differential operators.
If we apply the curl vector operator (Vx) to both sides of the two Maxwell
vector equations, equation (2.1b) and equation (2.1d), assuming that our physical
quantities vary in such a regular way that temporal and spatial differentiation
commute, we obtain the second order differential equations

Vx(VxE):—%(VxB) (2.13a)

0
Vx(VxB)=poVxj+ eouog(v x E) (2.13b)
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4 Clearly, if the current density

in the RHS of equation (2.16b) is
a function of E, as is the case if
Ohm’s law j = oE is applicable,
the coupling is not removed.
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As they stand, these second-order partial differential equations still appear to be
coupled. However, by using the Maxwell equations once again we can formally
decouple them into

aj 0’E

Vx(VxE)= —Moa—'; —Eoloa (2.14a)
) 0°B

V x (V xB) =/L0VXJ—80pL0W (2.14b)

Using to the operator triple product ‘bac-cab’ rule equation (F.101) on page 203,
which gives

Vx(VxE)=V(V-E)-V?E (2.15)

when applied to E and similarly to B, Gauss’s law equation (2.1a) on page 20,
and then rearranging the terms, recalling that ggjug = 1/c¢? where c is the speed
of light in free (empty) space, we obtain the two inhomogeneous vector wave

equations
1 °E Vo j
PE=—-—— —V’E=——- —puo— 16
c¢? 012 o o ot (2.162)
O0°B = L 9°B V2B = oV x (2.16b)
2 9r2 — Ho¥xd '

where (12 is the d’Alembert operator, defined according to formula (M.97) on
page 223.

These are the general wave equations for the electromagnetic fields, generated
in regions where there exist sources p(Z,x) and j(¢,x) of any kind. Simple
everyday examples of such regions are electric conductors (e.g., radio and TV
antennas) or plasma (e.g., the Sun and its surrounding corona). In principle, the
sources p and j can still cause the wave equations to be coupled, but in many
important situations this is not the case.*

We notice that outside the source region, i.e., in free space where p = 0
and j = 0, the inhomogeneous wave equations (2.16) above simplify to the

well-known uncoupled, homogeneous wave equations

1 9%E
C—ZW—VZEZO (2.173)
1 3°B
?F_VZBZO (2.17b)

These equations describe how the fields that were generated in the source region,
e.g., a transmitting antenna, propagate as vector waves through free space. Once
these waves impinge upon another region which can sustain charges and/or
currents, e.g., a receiving antenna or other electromagnetic sensor, the fields
interact with the charges and the currents in this second region in accordance with
equations (2.16).
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>Wave polarisation

Since electromagnetic waves are vector waves they may exhibit wave polarisation. Let us
consider a single plane wave that propagates in free space.5 This means that the electric
and magnetic field vectors are orthogonal to the propagation direction and are located in a
two-dimensional plane. Let us choose this to be the x1x5 plane and the propagation vector
(wave vector) to be along the x3 axis. A generic temporal Fourier mode of the electric field
vector E with (angular) frequency w is given by the real-valued expression

E(t,x) = Ejcos(wt —kx3 + 81) X1 + Ep cos(wt — kx3 + 82) Xo (2.18)
In complex notation we can write this as
E(t.x) = E e eikms—on g | pooiba cilkxs—on) ¢
— (Eleiglﬁl + Ezei82§(2) ei(kx3—a)t)

— (Elﬁl + Ezeigo)’\(z) ei(kX3—wt+81)

(2.19)

where 69 = 8> — §1. When this phase vanishes, the electric field oscillates along a line
directed at an angle arctan (E,/E7) relative to the x1 axis. This is called linear wave
polarisation. When 89 # 0 the wave is in general in a state of elliptical wave polarisation.

For the special cases 8o = =7 and E1 = E» = E( the wave can, in complex notation,
be described as

E(t,x) = Ey ei(kx3_“’t+81)(fq +iX») (2.20)
This is called circular wave polarisation. The helical base vectors
fiy = (%) ko) (2.21)
+ = —(=X1 T 1X2 2.21
V2
which are fixed unit vectors, allow us to write equation (2.20) above
E(t,x) = V2Eohy elk¥3=@t+81) (2.22)

We use the convention that h represents left-hand circular polarisation and h_ right-hand
circular polarisation. Left-hand (right-hand) circular polarised waves are said to have positive
helicity (negative helicity).

End of example 2.2<

>Wave equations expressed in terms of Riemann-Silberstein vectors

Using the Maxwell equations expressed in the Riemann-Silberstein vector G = E +icB, i.e.,
equations (2.7) on page 22, one can perform similar steps as was used in deriving equations
(2.16) on the preceding page and one finds that

v aj . .
= _87,0_“07] +ipocV x j
0

1 92G Py
2 ot

%G = — —

ey (2.23)

Taking the real and imaginary parts of this equation, assuming that E, B € R3, we recover
the wave equations for E and B, as expected.

End of example 2.3<

| 25

EXAMPLE 2.2

3 A single plane wave is a math-
ematical idealisation. In reality,
waves appear as wave packets, i.e.,
superpositions of a (possibly infi-
nite) number of plane waves. E.g..,
aradio beam from a transmitting
antenna is a superposition (Fourier
sum or integral) of many plane
waves with slightly different angles
relative to a fixed, given axis or a
plane.

EXAMPLE 2.3
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>Maxwell-Lorentz equations as a Schrodinger/Pauli/Dirac-like equation

Using the Riemann-Silberstein vector G and the ‘linear momentum operator’
p = —iivV (2.24)

the Majorana representation of the Maxwell-Lorentz equations in free space can be written
as

ihiG .
% iexG =0 (2.252)
c ot

p-G=0 (2.25b)

The first equation represents the dynamics and the second equation represents the transver-
sality condition p = hk L G where we anticipate the quantal relation between the field
momentum p and the wave vector k.

Using the matrix vector
M = M;X; (2.26)

defined by formula (M.23) on page 211, we can rewrite the equation (2.25a) above as

—iﬁ%—(j +cM-pG =0 (2.27)

By introducing the Hamiltonian-like operator
H=cM-p (2.28)

the above Majorana representation of the Maxwell-Lorentz equations can be written as
ih— = HG (2.29)

i.e., as a Schrodinger/Pauli/Dirac-like equation.

Comparing with equations (M.22) on page 211], we note that we can relate the three rank-2
tensors M;, 1 = 1, 2, 3 that have the matrix representations M;,i = 1,2, 3, respectively, with
the fully antisymmetric Levi-Civita rank-3 pseudotensor €; ;. in the following dyadic-product
way

M; = ifijkﬁj&k (2.30)

End of example 2.4<
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>Maxwell-Lorentz equations expressed in Dirac equation form:

Using the Maxwell equations expressed in the Riemann-Silberstein vector G(z,x) =
E(t,x) + icB(¢, x), i.e., equations (2.7) on page 22, one can perform similar steps as
was used in deriving equations (2.16) on page 24 and one finds that

1 3°G Vo

9
MG = ——2 _V2G = _7_/“,—‘] +ipocV x j

=22 %0 ot (2:31)

Taking the real and imaginary parts of this equation, assuming for a moment that E, B € R3,
we recover the wave equations for E and B, as expected.

In fact, one can define a pair of Riemann-Silberstein vectors

Gi(t,x) =E(t,x) £ icB(z,x) (2.32)
resulting in two Maxwell-like equations
v.GEex) =2 (2.332)
£0
, . 10G*
V x Gi(t,x) = :l:lC(pL()_] + —2—) (2.33b)
c? ot
Introducing the two field column vectors ¥ and ¥~ as
-GE +iGF
def GF
y*r = G (2.34)
V4
Gf +iGf
the two source term column vectors U1 and U™ as
—Jx £y
+def | jz—cp
= . 2.
P (2.35)
—Jx £ijy

and the 4 x 4 matrix triplet S = (81,82,83) where S' = o!®1,; here ¢! is the ith
component of the 2 x 2 Pauli spin matrix triplet 6.0 and 15 is the 2 x 2 unit matrix. Or,
explicitly,

0 0 1 O

sufton
01 0 O
0 0 —i O

g2 & O1 8 8 —S (2.36b)
0O i 0 O

and

1 0 0 0

g3 &of (O) (1) _(1) 8 (2.36¢)
0 0 0 -1

|27

EXAMPLE 2.5

0 The triplet 6 = (0!,062,073)
has as elements the three Pauli
spin matrices ¢! = ((1)(1)),
2 _ (0—i 3_(10
0= (7). anda> = (5 %)
It is customary to set 60 = 15 =
(69)

01/
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we can rewrite the Maxwell equations as

ouT

16/)/1 =—c(S-Vyyt-vUt (2:37)
Sy
7';; =—c(8* V)Y~ —-U" (2.38)

which, after multiplication by —i, assume the form of the Dirac equation for a relativistic
quantum particle. We shall later see that the relativistic quantum particle representation of
the electromagnetic field is the photon.

End of example 2.5<

2.3.1 The time-independent wave equations for E and B

We assume that the temporal dependency of E and B and of the sources p and j
is well-behaved enough that it can be represented by the sum of a finite number
N of temporal spectral components (temporal Fourier components), or, in other
words, in the form of a temporal Fourier series. Then it is sufficient to study the
properties of one of these spectral components w,,n =0,1,2,...,N —1,i.e.,

E(7,x) = E,(x) cos(wnt) = E,(x)Re {e 7'} = E,(x)e ™" (2.39a)
B(7,x) = B, (x) cos(wp?) = B, (x)Re {e 77} = B, (x)e " (2.39b)

where E,;,B,, € R3 and w,,,¢ € R is assumed. This is because the Maxwell-
Lorentz eqauations are linear, implying that the general solution is obtained by a
weighted linear superposition (summation) of the result for each such spectral
component, where the weight of each spectral component is given by its Fourier
amplitude, E, (x), and B, (x), respectively.

In a physical system, a temporal spectral component is identified uniquely by
its angular frequency w,. A wave containing only a finite number of temporal
spectral components is called a time-harmonic wave. In the limit when only
one single frequency is present, we talk about a monochromatic wave. Strictly

7 When subtle classical and speaking, purely monochromatic waves do not exist.’
quantum radiation effects are taken
into account, one finds that all
emissions suffer an unavoidable, tion (2.16a) on page 24 one finds that for an arbitrary component the following
intrinsic line broadening. Also,
simply because the Universe has

By inserting the temporal spectral component equation (2.39a) above into equa-

time-independent wave equation is obtained:

existed for only about 13.5 billion ) w2 ) . Vp .
years, V\{hich is a.ﬁnite time, no VzEne_l‘""t — _;’Ene_l‘""t + 1w, ,lLojne_lw"t = N o—iont (2.40)
signals in the Universe can be c €0
observed to have a spectral width — . .
that is smaller than the inverse of  After dividing out the common factor exp(—iwy1?), this becomes
this age.
2
1) Vo
2 n . . n
V“E, — C—zEn +1wpho)n = e (2.41)
0

and similarly for B. Solving this equation, multiplying the solution obtained by
exp(—iwy,t) and summing over all N such Fourier (spectral) components with
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frequencies w,,n = 0,1,2,..., N — 1 present in the the sources, and hence in
the fields, the complete solution of the original wave equation is obtained. This is
a consequence of the superposition principle which is valid as long as nonlinear
effects can be neglected.

In the limit of very many frequency components, the Fourier sum goes over
into a Fourier integral. To illustrate this generic case, let us introduce the Fourier
transform F of E(t, x)

o0

FE(.x)] =t E,(x) = %/ dt E(t,x) ¢! (2.42)

—00
and the corresponding inverse Fourier transform

oo

FUEMI EECx) = [ B, (243
—00
where the amplitude E, (x) € C3 is a continuous function of (angular) frequency
w € Rand of x € R3,
We see that the Fourier transform of dE (¢, x)/d¢ becomes

OE(f,X) | der 1 [ 0E(,X)\ iu;
]:[ ar }:271/_@&( a )¢
iwt . * iwt
[E(t,x)e ]_oo —1a)g /;OOdIE(t,x)e (2.44)

2n S—
=0 since E—>0,7—>+o00

= —iw Ey (X)

and that, consequently,
2E(f,x) ] aef 1 £ 2E(t, x :
A e L () e = e ey
—00

Fourier transforming equation (2.16a) on page 24 and using (2.44) and (2.45),
we thus obtain

Voo
€0

2
V2E, — % E, + ioptojo = (2.46)
which is mathematically identical to equation (2.41) on the facing page. A
subsequent inverse Fourier transformation of the solution E,, of this equation
leads to the same result as is obtained from the solution of equation (2.41) on
page 28. Hence, by considering just one temporal Fourier component we obtain
results which are identical to those that we would have obtained by employing
the machinery of Fourier transforms and Fourier integrals. Hence, under the
assumption of linearity (superposition principle) there is usually no need for the
formal and time-consuming forward and inverse Fourier transform technique.
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What was said above in general terms about temporal spectral components is
true also for spatial spectral components (spatial Fourier components) only that
we must use a three-dimensional Fourier representation. Since we always assume
that the real part shall be taken (if necessary), we can pick a sample of the spatial
amplitudes in in equations (2.39) on page 28, denote them by E( and B¢, and
then represent them as the Fourier modes

Eo(x) = eoRe {e*0*} = ¢, xe'*™ (2.472)

Bo(x) = bgRe {eiko"‘} = b, ke (2.47b)

respectively, where kg is the wave vector (measured in m~!) of mode 0; in the
last step we introduced a complex notation and also dropped the mode number
since the formule are valid for any mode 7.

Clearly, for each spectral component in equations (2.47), temporal and spatial
differential operators turn into algebraic operators according to the following

scheme:
0 .
5 — —iw (2.48a)
V. —ik- (2.48b)
Vx —ikx (2.48¢)

‘We note that

V-E =ik -E =ik -E) (2.49)
VXE =ik xE =ik xE (2.50)

and similarly for B. Hence, with respect to the wave vector k, the V- operator
projects out the spatially longitudinal component, and the Vx operator projects
out the spatially transverse component of the field vector in question. As seen
from equations (2.48) above, the Fourier transform of a function in time ¢ is a
function in angular frequency w, and the Fourier transform of a function in x is a
function in k. One says that w is a reciprocal space to t and that k spans a space
that is reciprocal to x.
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3

ELECTROMAGNETIC POTENTIALS
AND GAUGES

As described in Chapter 1, the concepts of electric and magnetic fields were
introduced such that they are intimately related to the mechanical forces between
charges and currents given by Coulomb’s law and Ampere’s law, respectively. Just
as in mechanics, it turns out that in electrodynamics it is often more convenient
to express the theory in terms of potentials rather then in terms of the electric and
magnetic fields (Coulomb and Ampere forces) themselves. This is particularly
true for problems related to radiation and relativity. As we shall see in Chapter 7,
the potentials pay a central role in the formulation of relativistically covariant
electromagnetism. At the quantum level, electrodynamics is almost exclusively
formulated in terms of potentials rather than electric and magnetic fields.

In this chapter we introduce and study the properties of such potentials and
shall find that they exhibit some remarkable properties that elucidate the fun-
damental aspects of electromagnetism, lead naturally to the special theory of
relativity and pave the wave for gauge field theories.

3.1 The electrostatic scalar potential

As we saw in equation (1.10) on page 6, the time-independent electric (electro-
static) field ES*®(x) is irrotational. Hence, it may be expressed in terms of the
gradient of a scalar field. If we denote this scalar field by —¢***'(x), we get

B (x) = — V™ (x) (3.1)

33
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Taking the divergence of this and using equation (1.9) on page 5, we obtain
Poisson’s equation

px)
€0

V2¢Stat(x) =_V. Estat(x) P (32)
A comparison with the definition of ES*, namely equation (1.7) on page 4, shows
that this equation has the solution

¢stat(x) — 1 //d3x/ p(X) +a (3.3)

4reg [x — x|

where the integration is taken over all source points x” at which the charge density
p(x’) is non-zero and « is an arbitrary scalar function that is not dependent on x,
e.g., a constant. The scalar function ¢**'(x) in equation (3.3) above is called the
electrostatic scalar potential .

3.2 The magnetostatic vector potential

Consider the equations of magnetostatics (1.24) on page 9. From equation (F.104)
on page 203 we know that any 3D vector a has the property that V- (V xa) =0
and in the derivation of equation (1.19) on page 8 in magnetostatics we found
that V - B (x) = 0. We therefore realise that we can always write

B (x) = V x A*(x) (3.4)

where AS?(x) is called the magnetostatic vector potential.

We saw above that the electrostatic potential (as any scalar potential) is not
unique: we may, without changing the physics, add to it a quantity whose spatial
gradient vanishes. A similar arbitrariness is true also for the magnetostatic vector
potential.

In the magnetostatic case, we may start from Biot-Savart’s law as expressed by
equation (1.17) on page 8. Identifying this expression with equation (3.4) above
allows us to define the static vector potential as

Ry

Aslat(x) — Mo / a3’ jx’) +a(x) (.5)
ar Sy |x —x’|

where a(x) is an arbitrary vector field whose curl vanishes. From equation (F.105)

on page 203 we know that such a vector can always be written as the gradient of

a scalar field.
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>Multipole expansion of the electrostatic potential EXAMPLE 3.1

The integral in the electrostatic potential formula

’
//dsx/ p(x’) (3.6)

Ix — x|

¢Stat (X) —

dmeg

where p is the charge density introduced in equation (1.9) on page 5, is not always possible
to evaluate analytically. However, for a charge distribution source p(x’) that is well localised
in a small volume V' around x¢, a series expansion of the integrand in such a way that the
dominant contributions are contained in the first few terms can be made. E.g., if we Taylor
expand the inverse distance 1/ ‘x —x’ | with respect to the point X’ = x( we obtain

1 1
x—x/| T |(x —x0) — (X' — x0)|
0o 1 3 3
S E=TRPITPIS
n 1
[x—Xo ’ ’
_  |—(x: — Xx0. e |l—(X: — X0.
axil . axin [ ( i1 0’1 )] [ ( in 0;, )] (37)
T D
o na!
n=1ny+ny+n3= e
n;>0
n 1
X Ix n] alxn:gl ng (xl xOl)nl (Xé - on)”z(xé ~ x03)n3
Inserting this into the integral in formula (3.6), we obtain the expansion
1 1 ad —1"
P = { [+ Y 2 A
weg | X —xo| Jyr n=lnytnena=nt12!13!
;20 (3-8)
an 1
et [ a3 (x] — x0,)" (xh = x0,)"2 (x} — x05)" p(x)
axl 3x2 8x3 Vv’
Clearly, the first integral in this expansion is nothing but the static net charge
q= / a3’ p(x") (3-9)
V/
If we introduce the electrostatic dipole moment vector
d(xo) = [ & (' = x0) p(x) 3.10)
V/
with components p;, i = 1,2, 3, and the electrostatic quadrupole moment tensor
Qo) = [ ¢ ' = x0)(x' = x0) px) Ga1)
V/
with components Q;j, i, j = 1,2, 3, and use the fact that
g—L v
x—xo| _ _ Xi — X0 (3.12)

0x; |x —x0|3
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and that
P el 30 —x0,)(xj — x0;) — [x — x0|? 8 .
axi8x]' N |X—X0|5 3.13

then we can write the first three terms of the expansion of equation (3.6) on the previous
page as

¢Slal(x) — 1 |: q + 1 d X —Xp

dmeg | |Xx —Xo] |x—x0|2 ‘|X—X0|
1 3 (x; — Xo;) (Xj—xo,-) 1
+ i (5 LT )+
|x—xo|3Ql] 2 [x—xo| [x—xof 2

(3.14)

where Einstein’s summation convention over i and j is implied. We see that at large distances
from a localised charge distribution, the electrostatic potential can, to the lowest order, be
approximated by the (Coulomb) potential from a single point charge ¢ located at the moment
point Xxo. We also see that

axo) = [ & (= x0)p0x) = [ &% px) —x0 [ @ pix
v’ v’ 14
- / &' X’ p(x') — xo0q (3.15)
V/
from which we draw the conclusion that if ¢ # 0, it is always possible to choose the moment

point X¢ such that d = 0, and if ¢ = 0, then d is independent of the choice of moment point
X¢. Furthermore, one can show that

1. 3(x —x0;)(xj —xo,;) — X —xol? 8

o=0i; =0 (3.16)
2 x —xo|° 3
where « is an arbitrary constant. Choosing it to be
1 3.7 |/ 2 /
o=~ [ & |x —xo| p(x) (3-17)
3 Jyr

we can transform Q;; into

1
Qij = Qi —obij = /V,d3x/ ([6f = x0,) (5] = x0,) 3 [ = xo[* 6 ]o(x))
(3-18)

or
Q' =Q-130= / ¢ ([ = x0)(x' — x0) - 132 |5~ xoJox)) 19
1% 3 '

where 13 = XX; is the unit tensor. It follows immediately that Q l’ ; = 0 (Einstein summa-
tion), i.e., that Q’ is traceless. Rotating the coordinate system, it is possible to diagonalise
the tensors Q and Q. For any spherical symmetric distribution of charge, all components of
Q' vanish if the moment point x¢ is chosen as the symmetry centre of the distribution.

If the charge distribution p(x) is made up of discrete point charges ¢, with coordinates X,
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the definitions above of ¢, d, Q and Q' become

q = ZQn (3.20a)

d =Y gn(xn —x0) (3.20b)

Q= Z dn(Xn —X0)(Xn —X0) (3.20¢)
1

Q = ;qn[(xn —X0)(Xn —X0) =133 [Xn — xo/[?] (3.20d)

End of example 3.1<

3.3 The electrodynamic potentials

Let us now generalise the static analysis above to the electrodynamic case, i.e.,
the case with temporal and spatial dependent sources p(z,x) and j(z,x), and
corresponding fields E (¢, x) and B(z, x), as described by Maxwell’s equations
(1.49) on page 15. In other words, let us study the electrodynamic potentials
¢(t,x) and A(¢, X).

According to the Maxwell-Lorentz equation (2.1¢) on page 20 V-B(z,x) = 0
also in electrodynamics. Because of this divergence-free nature of the time- and
space-dependent magnetic field, we can express it as the curl of an electromag-
netic vector potential:

B(t,x) = VxA(t,x) (3.21)

Inserting this expression into the other homogeneous Maxwell equation equation
(2.1b) on page 20, we obtain

ad ad
VxE(t,x) = 5 [VxA(,x)]=-Vx EA(I,X) (3.22)
or, rearranging the terms,
0
V x (E(l,x) + EA(I,X)) =0 (3-23)

As before we utilise the vanishing curl of a vector expression to write this
vector expression as the gradient of a scalar function. If, in analogy with the
electrostatic case, we introduce the electromagnetic scalar potential function
—¢(2,x), equation (3.23) above becomes equivalent to

E(t,x) + %A(l,x) = —-V¢(t,x) (3.24)
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This means that in electrodynamics, E(z, x) is calculated from the potentials
according to the formula

0
E(t,x) = —-Vo¢(t,x) — EA([,X) (3.25)

and B(z, x) from formula (3.21) on the preceding page. Hence, it is a matter of
convention (or taste) whether we want to express the laws of electrodynamics
in terms of the potentials ¢ (¢, x) and A(¢,x), or in terms of the fields E(z, x)
and B(z,x). However, there exists an important difference between the two
approaches: in classical electrodynamics the only directly observable quantities
are the fields themselves (and quantities derived from them) and not the potentials.
On the other hand, the treatment becomes significantly simpler if we use the
potentials in our calculations and then, at the final stage, use equation (3.21) on
the previous page and equation (3.25) to calculate the fields or physical quantities
expressed in the fields. This is the strategy we shall follow.

3.4 Gauge transformations

We saw in Section 3.1 on page 33 and in Section 3.2 on page 34 that in electrostat-
ics and magnetostatics we have a certain mathematical degree of freedom, up to
terms of vanishing gradients and curls, to pick suitable forms for the potentials and
still get the same physical result. In fact, the way the electromagnetic scalar poten-
tial ¢ (¢, x) and the vector potential A (¢, x) are related to the physical observables
gives leeway for similar ‘manipulation’ of them also in electrodynamics.

If we transform ¢ (¢, x) and A (¢, X) simultaneously into new ones ¢’ (¢, x) and
A’(t,x) according to the mapping scheme

ar
¢(t.x) > ¢'(t,x) = ¢(t.x) + gt’ X) (3.26a)
A(t,x) — A'(1,x) = A(t,x) — VI'(z,x) (3.26b)

where I'(¢,x) is an arbitrary, sufficiently differentiable scalar function called
the gauge function, and insert the transformed potentials into equation (3.25)
above for the electric field and into equation (3.21) on the preceding page for the
magnetic field, we obtain the transformed fields

A/ (VL) A A(VD) A

r_ r_ o _ oA _ _ oA

E=-V¢ ot Ve ot ot + ot ot
(3-273)

B =VxA'=VxA-Vx(V[)=VxA (3.277b)
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where, once again equation (F.105) on page 203 was used. We see that the
fields are unaffected by the gauge transformation (3.26). A transformation of
the potentials ¢ and A which leaves the fields, and hence Maxwell’s equations,
invariant is called a gauge transformation. A physical law which does not change
under a gauge transformation is said to be gauge invariant. It is only those
quantities (expressions) that are gauge invariant that are observable and therefore
have experimental significance. Of course, the electromagnetic fields themselves
are gauge invariant and electrodynamics is therefore a gauge theory and as such
the prototype for all gauge theories. A very important extension is the Yang-Mills
theory, introduced in 1954 and which has had a profound impact on modern
physics.

3.5 Gauge conditions

Inserting (3.25) and (3.21) on page 37 into Maxwell’s equations (1.49) on page 15
we obtain, after some simple algebra and the use of equation (1.13) on page 6

1, X 0
Vi = _px) E(V -A) (3.28a)
1 92A 9
V2A — e —V(V-A) = —uoj(t, x)+ V a(f (3.28b)

that can be rewritten in the following, more symmetmc, form of general inhomo-
geneous wave equations

1L &#¢ p(t,x) 1 ¢
S V2 = g + o (V.A +3 8t) (3.29a)
1 PA  _, . 1 3¢
So2V A_Moj(t,x)—V(V A+—2§) (3.29b)

These two second order, coupled, partial differential equations, representing in all
four scalar equations (one for ¢ and one each for the three components A4;,i =
1,2, 3 of A) are completely equivalent to the formulation of electrodynamics in
terms of Maxwell’s equations, which represent eight scalar first-order, coupled,
partial differential equations.

As they stand, equations (3.28) and equations (3.29) above look complicated
and may seem to be of limited use. However, if we write equation (3.21) on
page 37 in the form V x A (¢, x) = B(¢, x) we can consider this as a specification
of V x A. But we know from Helmholtz’ theorem that in order to determine
the (spatial) behaviour of A completely, we must also specify V - A. Since this
divergence does not enter the derivation above, we are free to choose V - A in
whatever way we like and still obtain the same physical results. This illustrates
the power of the formulation of electrodynamics in terms of potentials.
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!'In fact, the Dutch physicist
HENDRIK ANTOON LORENTZ,
who in 1903 demonstrated the

covariance of Maxwell’s equations,

was not the original discoverer of
the gauge condition (3.30). It had
been discovered by the Danish
physicist LUDVIG VALENTIN
LORENZ already in 1867. In the
literature, this fact has sometimes
been overlooked and the condition
was earlier referred to as the
Lorentz gauge condition.
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3.5.1 Lorenz-Lorentz gauge

If we choose V « A to fulfil the so called Lorenz-Lorentz gauge condition’

193¢
2ot

the coupled inhomogeneous wave equations (3.29) on page 39 simplify to the

V-A+ 0 (3.30)

following set of uncoupled inhomogeneous wave equations:

ef (102 1 9%¢ p(.x)
P E (5os — V2 ) p= -0 — V2 = 22 :
¢ (c2 ar? ) ¢ c? 01?2 €0 (3:312)
def (1 92 1 9%A .
A (G- )A= s - VA= wien  Gaw)

where [J? is the d’Alembert operator, discussed in Example M.6 on page 223.
Each of these four scalar equations is an inhomogeneous wave equation of the
following generic form:

O?W(t,x) = f(t,X) (3:32)

where W is a shorthand for either ¢ or one of the components A; of the vector
potential A, and f is the pertinent generic source component, p(¢,X)/go or
o Ji(t,X), respectively.

We assume that our sources are well-behaved enough in time ¢ so that the
Fourier transform pair for the generic source function f

_ def o <
FUAENE 60 = [ do fut e (3330
—0o0

def 1 o it

FIA 0] = fo(x) = — [ dt f(t.x)e (3.33b)

T J—oco
exists, and that the same is true for the generic potential component \W:
S .

U(t,x) = [ do W, (x) e ™" (3-342)
1_00 * -

Y, (x) = —/ dr W(t,x) e’ (3.34b)
27 J—oo

Inserting the Fourier representations (3.33) and (3.34a) into equation (3.32), and
using the vacuum dispersion relation for electromagnetic waves

w = ck (3-35)
the generic 3D inhomogeneous wave equation, equation (3.32) above, turns into

VAW, () + k2 Wy (x) = — fir (X) (3:36)
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which is a 3D inhomogeneous time-independent wave equation, often called the
3D inhomogeneous Helmholtz equation.

As postulated by Huygen'’s principle, each point on a wave front acts as a
point source for spherical wavelets of varying amplitude (weight). A new wave
front is formed by a linear superposition of the individual wavelets from each
of the point sources on the old wave front. The solution of (3.36) can therefore
be expressed as a weighted superposition of solutions of an equation where the
source term has been replaced by a single point source

V2G(x,x") + k*G(x,x') = —8(x —x) (3-37)

and the solution of equation (3.36) on the facing page which corresponds to the
frequency w is given by the superposition

Vo) = [ & f,)60xx) (339

(plus boundary conditions) where f,, (x’) is the wavelet amplitude at the source
point x’. The function G(x, x’) is called the Green function or the propagator.

Due to translational invariance in space, G(x, x") = G(x — x’). Furthermore,
in equation (3.37) above, the Dirac generalised function §(x — x’), which repre-
sents the point source, depends only on x — x’ and there is no angular dependence
in the equation. Hence, the solution can only be dependent on r = |x — x’| and
not on the direction of x — x’. If we interpret r as the radial coordinate in a
spherically polar coordinate system, and recall the expression for the Laplace
operator in such a coordinate system, equation (3.37) becomes

d2
m(VG) +k2(rG) = —ré(r) (3-39)

Away from r = |x — x/| = 0, i.e., away from the source point x’, this equation
takes the form

d2
—(rG) +k*(rG) =0 (3.40)
dr
with the well-known general solution
ikr —ikr ik|x—x'| —ik|x—x'|
@ e e e
G = C+ + C_ = C+ —+ C_ (341)
r r |x — x| |x — x|

where C4 are constants.

In order to evaluate the constants Ct, we insert the general solution, equation
(3.41) above, into equation (3.37) and integrate over a small volume around
r = |x —x’| = 0. Since

1

1
G(|X—X/’)’\'C+m+c_m, ’X—X/| — 0 (342)
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The volume integrated equation (3.37) on the previous page can under this
assumption be approximated by

1
(C++Co) f d>’ vz( - ) +k%(Cy +Co) / d>x’
144 [x —x’| v’
= —/ d*8(|x —x'|)
V/

x —x/|

(3.43)

In virtue of the fact that the volume element d3x’ in spherical polar coordinates
is proportional to |x — x’ |2, the second integral vanishes when |x — x| — 0.
Furthermore, from equation (F.119) on page 203, we find that the integrand in

the first integral can be written as —47§(|x — x’|) and, hence, that

1

Ci+C_= yp. (3-44)
T

Insertion of the general solution equation (3.41) on the preceding page into
equation (3.38) on the previous page gives

—ik|x—x’|

ik|x—x'| e
~+C- f &' fo(x')——r—
|x — x’| v |x — x|

(<

Wy (x) = Cy / & fo(x)
V/
(3.45)

The inverse Fourier transform of this back to the # domain is obtained by inserting
the above expression for W, (x) into equation (3.34a) on page 40:

ol =222

x — x|

R e G

Ix —x/|

U(t,x) = c+/ d3x’/ooda) fo(x')
i (3.46)

If we introduce the retarded time t,,, and the advanced time t},,

way [using the fact that k /w = 1/c in free space, according to equation (3.35)

in the following

on page 40]:
k|x — x| |x — x|
frot = L2, [X — X/|) =1- > =t- " (3.47a)
k|x —x’ X —x’
gy = L (2, X — x’|) =t+ % =1+ |C—| (3.47b)

and use equation (3.33) on page 40, we obtain

f(tr/et’x/) + C_/ d3x/ f([;dv’xl)

- (3-48)
|x — x| [x — x|

U(t,x) =C+/ d>x’
V/
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This is a solution to the generic inhomogeneous wave equation for the potential
components equation (3.32) on page 40. We note that the solution at time ¢ at the
field point x is dependent on the behaviour at other times ¢’ of the source at x’
and that both retarded and advanced ¢’ are mathematically acceptable solutions.

However, if we assume that causality requires that the potential at (z, x) is set up

/

by the source at an eatlier time, i.e., at (z,,,, x’), we must in equation (3.48) on

the facing page set C_ = 0 and therefore, according to equation (3.44) on the

preceding page, C4 = 1/(47T).2 2 In fact, inspired by ideas put
forward by PAUL ADRIEN
MAURICE DIRAC, JOHN

tions in the Lorenz-Lorentz gauge we conclude that, under the assumption of ARCHIBALD WHEELER and
RICHARD PHILLIPS FEYNMAN
derived, in 1945, a consistent
electrodynamics based on both

From the above discussion on the solution of the inhomogeneous wave equa-

causality, the electrodynamic potentials in free space can be written

¢(t,x) = ! / a3’ M (3.492) the retarded and the advanced
’ 4rey Jyr [x(2) — X' (t}er)| ’ potentials.
(1 X' (1))
A £,X) = d3 ! re re _10b
007 Treec? /V "X =X ()] (3:490)

These retarded potentials were obtained as solutions to the Lorenz-Lorentz equa-
tions (3.31) on page 40. They are therefore valid in the Lorenz-Lorentz gauge but
may be gauge transformed according to the scheme described in Subsection 3.4
on page 38. As they stand, we shall use them frequently in the sequel.

The potentials ¢ (¢, x) and A(¢, x) calculated from (3.28a) on page 39, with an
arbitrary choice of V - A, can be further gauge transformed according to (3.26)
on page 38. If, in particular, we choose V - A according to the Lorenz-Lorentz
condition, equation (3.30) on page 40, and apply the gauge transformation (3.26)
on the resulting Lorenz-Lorentz potential equations (3.31) on page 40, these
equations will be transformed into

1 92¢ 3 (1 0°T o(t, x)

—— V% + —=— V1) = & .

c2 02 o+ ot (02 dr2 ) go (3-502)
1 0%2A 1 02T )

ke VZA-V (?W - VZF) = Hoj(,x) (3-50b)

We notice that if we require that the gauge function I'(¢, x) itself be restricted to
fulfil the wave equation
1 9°T 5

292 Vi = (3.51)
these transformed Lorenz-Lorentz equations will keep their original form. The set
of potentials which have been gauge transformed according to equation (3.26) on
page 38 with a gauge function I'(¢, x) restricted to fulfil equation (3.51) above, or,
in other words, those gauge transformed potentials for which the Lorenz-Lorentz
equations (3.31) are invariant, comprise the Lorenz-Lorentz gauge.
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3.5.2 Coulomb gauge

In Coulomb gauge, often employed in quantum electrodynamics, one chooses
V - A = 0 so that equations (3.28) or equations (3.29) on page 39 become

1, X
v2p =L (80 ) (3-522)
1 0%A . 10
VA~ 55 = hein) £ GV (3:520)

The first of these two is the time-dependent Poisson’s equation which, in analogy
with equation (3.3) on page 34, has the solution

st = [ o 200 (3:53)

4meg |x — x|

where o has vanishing gradient. We note that in the scalar potential expression the
charge density source is evaluated at time ¢. The retardation (and advancement)
effects therefore occur only in the vector potential A, which is the solution of the
inhomogeneous wave equation equation (3.52b).

In order to solve this equation, one splits up j in a longitudinal (||) and
transverse (L) part, j = j; + jL where V. j; = 0and V x j; = 0, and note
that the equation of continuity, equation (1.25) on page 10 becomes

g—'(; +V-jy = [% (—20V?¢) + V'jll} =V. K—SOV%—f) + J'||} =0

(3.54)

Furthermore, since V x V = 0 and V x j; = 0, one finds that

a
V x [(—eova—f) + j||:| =0 (3-55)

According to Helmholtz’ theorem, this implies that

¢
V= = .56
foVo- =1 (3.56)
The inhomogeneous wave equation equation (3.52b) thus becomes
1 3%A 1 _d¢
V2A - — = i+ =V = i i) = —Hoj .
292 poj + 5V Ko + rojj poir (357

which shows that in Coulomb gauge the source of the vector potential A is the
transverse part of the current j, . The longitudinal part of the current j does not
contribute to the vector potential. The retarded solution is [cf. equation (3.49a)
on the previous page]:

Al,x) = K0 / a3y 31U X (3.58)

Ar Sy |x — x|

The Coulomb gauge condition is therefore also called the transverse gauge or
radiation gauge.
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3.5.3 Velocity gauge

If V- A fulfils the velocity gauge condition, sometimes referred to as the complete
a-Lorenz gauge,

1 d¢ c?
V- A+a——=0, oa=— .
tao (3.59)
we obtain the Lorenz-Lorentz gauge condition in the limit v = ¢, i.e., @ = 1,
and the Coulomb gauge condition in the limit v — oo, i.e., @ = 0, respectively.
Hence, the velocity gauge is a generalisation of both these gauges. Inserting
equation (3.59) into the coupled inhomogeneous wave equations (3.29) on page 39

they become

VZ 1 82¢ _ _p(t,X)

N g .6
v? 0t? €0 (3.602)
1 3%A l—a_d¢p
VZA _ i(t ——V— .60b
292 HoJ(1.X) + —5—=V = (3.60b)
or, in a more symmetric form,
1 0%¢ ot,x) 1—oa d ¢
V3% — —— = —— .6
c2 912 €0 c¢2 0t ot (3.612)
1 3%A l—a_0d¢
VZA___Z_ 'l, —O .61b
232 HoJ(1.X) + —5— V= (3.61b)
Other useful gauges are
e The Poincaré gauge (or radial gauge) where
1
o(t,x) = —x f dAE(¢, Ax) (3.62a)
0
1
A(t,x) = / dAB(z, Ax) x Ax (3.62b)
0

e The temporal gauge, also known as the Hamilton gauge, defined by ¢ = 0.
e The axial gauge, defined by A3 = 0.

The process of choosing a particular gauge condition is known as gauge fixing.

>Electromagnetodynamic potentials EXAMPLE 3.2

In Dirac’s symmetrised form of electrodynamics (electromagnetodynamics), Maxwell’s
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equations are replaced by [see also equations (1.50) on page 16]:

c

v.E=" (3.632)
€0
9B
VxE = —puoj™ o (3.63b)
V-B = pop"™ (3.63¢)
o IE
VxB=poj" + £0O - (3.63d)

In this theory, one derives the inhomogeneous wave equations for the usual ‘electric’ scalar
and vector potentials (¢, A®) and their ‘magnetic’ counterparts (¢™, A™) by assuming that
the potentials are related to the fields in the following symmetrised form:

E = —V¢(t,x) — 2Ae(z,x) —VxAM (3.642)
B = —Cizvqu(z X) — —EAm(t X) + V x A (3.64b)

In the absence of magnetic charges, or, equivalently for ¢™ = 0 and A™ = 0, these formule
reduce to the usual Maxwell theory formula (3.25) on page 38 and formula (3.21) on page 37,
respectively, as they should.

Inserting the symmetrised expressions (3.64) above into equations (3.63), one obtains [cf.,
equations (3.28a) on page 39]

0 P8 (¢, x)
V2 + — (V.AS) = 222 6
¢° + az( ) - (3.652)
0 m(,
vgn 4 L (y.am) = 220X (3.65b)
Jt €0
1 82Ae ¢e
= — V2A® CAS+ — ) = el 6
=y +v(v + - m) poJ(t,x) (3.65¢)
1 aZAm ¢m
o V2pm AM + ) = o™ 65d
792 +V(V +C2 az) o™ (t,x) (3-65d)

By choosing the conditions on the divergence of the vector potentials according to the
Lorenz-Lorentz condition [cf. equation (3.30) on page 40]

V-AS+ ——qﬁ =0 (3.66)

1 8
2 Am+—2$¢ =0 (3.67)

these coupled wave equations simplify to

1929 _, p°(t,X)
—V2pe =2 (3.68a)
62 a2 &0
1 92A° .
S~ VAT = woit(x) (3.68b)
1 92¢m Mt x
= ai _v2gm = PN io ) (3.68¢)
1 92A™
— VZA™ = o™ (1. x) (3.68d)
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exhibiting, once again, the striking properties of Dirac’s symmetrised Maxwell theory.

End of example 3.2<

>Gauge transformations and quantum mechanics EXAMPLE 3.3

As discussed in Section 2.2 on page 20, in quantum theory, we need to take the magnitude
rather than the real part of our mathematical variables in order to turn them into physical
observables. In non-relativistic quantum mechanics, the physical observable probability
density is Yy * = |1//|2 , where the wave function ¥ € C solves the Schrodinger equation

ih— = Ay (3-69)

and A is the Hamilton operator.

The non-relativistic Hamiltonian for a classical particle with charge ¢ in an electromagnetic
field, described by the scalar potential ¢ and vector potential A, is

1
H=>"(p- qA)? +q¢ (3.70)
m

where p is the linear momentum. The corresponding quantal Hamilton operator is obtained
by replacing p by the operator p — 1AV, which is called minimal coupling. This gives the
Schrodinger equation

2~ L v gAY + gy (371
dat 2m

The idea is to perform a gauge transformation from the potentials ¢ (¢, x) and A(z, X) to new
potentials

¢ =/ (t.x) = p(t.x) +
A >A'(t,x) = A(t,x) — VI(,x) (3.73)

—8F§” x) (3.72)

and then find a 0(z, x), expressed in the gauge function I'(¢, x), so that the transformed
Schrodinger equation can be written

9
eV
dt

1 A A
= 5 (-ilV —gA)? Oy +gpely (3.74)

Under the gauge transformation, the Schrodinger equation (3.71) transforms into

oy’ I or

i = RV g A+ VDR Y+ a9y + g v (3.75)
Now, setting

v/(t.x) = 2Oy, x) (3.76)

we see that
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[-ihV —gA + (¢VD)* ¢/
= [-ihV — gA + (¢VD)] [-hV — gA + (gVD)] ¥y
= [-ihV — gA + (gVI)]
x [—iﬁei"(vw) —ihel® (Vo) — gAeify + (qu)ei"w]
= [-ihV — gA + (¢VT)] e [-ihV —if(V6) — gA + (V)] ¥
= [—ih(Vé)eie — iV — gAel? + (qu)ei"]
x [—ihV — ii(V0) — gA + (gVT)] ¥
= ¢l [-ihV — ih(VO) — gA + (qVD)]> ¥

(3.77)

Clearly, the gauge transformed Hamilton operator is unchanged iff 2(V6) = —g(VT), or,
equivalently, iff 6(¢,x) = —qI'(¢,x)/h. This has as a consequence that

/
iﬁal_ 7w_ﬁai+ﬁ W—ﬁ (191//)—|—h80 191//
ot ot ot
90 o 9 0V 9 9., 0V J575)
_ 2399 -3 i0 OV 99 ; _ 0 oY
_1ﬁate Y+ ihe 5 +ﬁ,ate Y=e 1ﬁ3t

Inserting this into the transformed Schrédinger equation (3.75) we recover the untransformed
Schrodinger equation (3.71). Hence

We conclude that for a gauge transformation of the potentials ¢ and A and using the minimal
coupling as in equation (3.71) on the preceding page, the Schrodinger equation is invariant,
but that the wave function changes from ¢ to eif ¥ where the phase angle is real-valued.
This means that the non-relativistic quantum physical observable |y |2 is unaffected by a
gauge transformation of the classical potentials ¢ and A that appear in the Hamilton operator.
The fact that (¢, x) is coordinate dependent, means that we are dealing with a local gauge
transformation.

End of example 3.3<
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4

FUNDAMENTAL PROPERTIES OF
THE ELECTROMAGNETIC FIELD

In this chapter we explore a number of fundamental properties of the electromag-
netic fields and sources themselves, and of the physical observables constructed
from them. Of particular interest are symmetries that have a striking predictive
power and are therefore essential ingredients of physics. This includes both
geometric symmetries (translation, rotation) and intrinsic symmetries (duality,
reciprocity). Intimately related to symmetries are conserved quantities (constants
of motion) of which our primary interest will be the electromagnetic energy,
linear momentum, and angular momentum. These conserved quantities can carry
information over large distances and are all more or less straightforwardly related
to their counterparts in classical mechanics (indeed in all field theories). But we
will also consider other conserved quantities, where this relation is perhaps not
so straightforward.

To derive useful mathematical expressions for the physical observables that we
want to study, we once again take the microscopic Maxwell-Lorentz equations
(2.1) on page 20 as an axiomatic starting point.

4.1 Charge, space, and time inversion symmetries

Let us investigate how the charge density p, the current density j, and the fields
E and B behave under charge conjugation, i.e., a change of sign of charge
q — q' = —q, called C symmetry; under space inversion, i.e., a change of

51
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sign of the space coordinates X — X’ = —x, called parity transformation or P
symmetry; and under time reversal, i.e., a change of sign of the time coordinate
t —t' = —t, called T symmetry. Recalling that

p g (4.12)
and

. dx (4.1b)

= pV = —_— .1
J=0 p ar 4

the transformation properties follow directly from the Maxwell equations (2.1)
on page 20. Let us study them one by one.

C SYMMETRY, CHARGE CONJUGATION ¢ — ¢/ = —¢ :
IO — I()/ = —p (4'23)
i=i=-i (4.2b)
V-V =V (4.2¢)
b0 _ D )
o or o 4
implying that
E'(t,x) = —E(t.x) (4.32)
B'(t,x) = —B(¢,x) (4.3b)

which means that the Maxwell equations, and hence electrodynamics, is
invariant under charge conjugation.

P SYMMETRY, SPACE INVERSION X — X’ = —X :
p—>p =p (4.42)
i—i=-i (4.4b)
V-V =-V (4.4¢)
d ad 0
- N .4d
or  or  or (449)
implying that
E/(t» X) = E(tv —X) = _E(t’ X) (453)
B'(¢,x) = B(t,—x) = B(z,x) (4.5b)

Since, by assumption, ¢, p and g¢ are ordinary scalars and that, consequently,
p/¢&o is an ordinary scalar, and that radius vector x is the prototype of an
ordinary (polar) vector, we note that j and E are ordinary vectors, whereas
B is a pseudovector (axial vector) as described in Subsection M.1.3.2 on
page 218.
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T SYMMETRY, TIME REVERSAL ¢ — t/ = — :

p—>p =p (4.62)
i—i'=-i (4.6b)
V>V =V (4.6¢)
a ad d
implying that
E'(t,x) = E(~t,x) = E(t,x) (4.72)
B'(t,x) = B(—t,x) = —B(¢,x) (4.7b)

We see that E is even and B odd under time reversal. The Universe as a whole
is asymmetric under time reversal. On quantum scales this is exhibited by the
uncertainty principle and on classical scales by the arrow of time which is
related to the increase of thermodynamic entropy in a closed system.

The CPT theorem states that the combined CPT symmetry must hold for all
physical phenomena. No violation of this law has been observed so far. However,
in 1964 it was experimentally discovered that the combined CP symmetry is
violated in certain meson decays.

4.2 Conservation laws

It is well established that an understanding of the development in time of a
physical system is enhanced by finding the conserved quantities (constants of
motion), of the system, i.e., those observables that do not change with time. In
other words, the task is to find the conservation laws for the physical system

under study, which, according to Noether’s theorem,' is closely related to finding ! AMALIE EMMY NOETHER
(1882-1935) made important
contributions to mathematics and
Consider a certain physical property or ‘substance’, e.g. electric charge, that theoretical physics. Her (first)
theorem, which states that any

. . . . differentiable symmetry of the
this ‘substance’ by ¢ and its flow velocity by v. Let us also introduce a closed  action of a physical system has a

symmetries of the system.
flows, in a time-dependent way, in 3D space. Let us denote the volume density of

volume V, fixed in space enclosed by a perfectly permeable surface S with a ~ corresponding conservation law,
. . . 5 A N is considered to be a fundamental
infinitesimally small directed area element d“x i = dx;dx;n, where dx; and dx;  tool of theoretical physics.
are two coordinates that span the local tangent plane of the surface and 1 is a unit
vector, orthogonal to the tangent plane and pointing outward. In the special case
that the volume V is spherical, it is usually referred to as the control sphere.

The property or ‘substance’ flows into the volume V" at the rate ov per unit area.

This will increase the amount of ‘substance’ in V. We also allow for a production
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of the ‘substance’ inside V' represented by the source density s. Recalling that the
normal vector fi points outward, the following balance equation must then hold:

d .
— | do0 =-@Qdixh-ov + [ d*s 4.8)
dr Jy s 14

Total change within V' Flow into V' Production inside V'

With the help of Gauss’s theorem, formula (F.124) on page 204, this equation can
be rewritten

a
/ d3x (—Q +V-(ov)— s) =0 (4.9)
1% ot
Since this must be true for an arbitrary volume V', we obtain the continuity
equation
0
a_f +V-(ov)=s (4.10)

which expresses, in differential form, the balance between the explicit temporal
change of the density of the ‘substance’, the flow of it across the surface of a
closed volume, and the production of the ‘substance’ in the volume enclosed by
the surface. If the source density vanishes, the equation describes the constancy
of the amount of ‘substance’.

In fact, since V - (V x a) = 0 for any arbitrary, differentiable vector field a,
we can generalise equation (4.10) above to

do

a[+v-(QV+an)=S (4.11)

Furthermore, since the time derivative d/d¢ operating on a scalar, vector or tensor
field, dependent on ¢ and x (%), is

d ad
5—5+V-V (4.12)

according to the chain rule [¢f. equation (1.36) on page 13], and since
V.(v)=0V:-v+v-Vo (4.13)

we can rewrite the equation of continuity as

d
d—f—i—QV-(v—}—an):s (4.14)

where, again, a is an arbitrary, differentiable pseudovector field with dimension

m?2s~!, e.g., the moment of velocity with respect to Xg, i.e., (X —Xg) X V.
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4.2.1 Conservation of charge

When the ‘substance’ density o in equation (4.10) on the preceding page is the
electric charge density p, we exclude any charge-generating mechanisms (s = 0),
and interpret pv as the electric current density j, we obtain the continuity equation

ap(t,X)
ot

which is our first conservation law derived from the microscopic Maxwell equa-

+V.j@,x)=0 (4.15)

tions (2.1) on page 20. This result is, of course, consistent with the fact that
these axiomatic laws were formulated based on the assumption of the validity of
the continuity equation (1.25) on page 10, which describes the fact that electric

charge is conserved, i.e., indestructible.? 2 This was postulated in 1747 by
BENJAMIN FRANKLIN (1706—
1770), printer, scientist, inventor,
philosopher, statesman, and one of

4.2.2 COHSCrVatiOH Of current the founding fathers of the United

States of America.
If we use the notation j° for the current associated with charge transport and

j¢ for the displacement current d(goE)/0¢, equation (2.1d) on page 20 can be
rewritten

1
—VxB=j+j¢ (4.16)
Ho

Taking the time derivative of this, using the Maxwell equation (2.1b) on page 20
and formula (F.108) on page 203, we find the following conservation law for the
total current

13XML(VXE):| =0 (4.17)

which is a rather unusual way of writing the wave equation for the electric field
vector E.

4.2.3 Conservation of energy

The continuity equation (4.15) above contains the divergence of the first-order
vector quantity j. As one example of the divergence of a second order vector
quantity, let us study the divergence of E x B. Using the Maxwell equations (2.1)
on page 20 we obtain the balance equation

V.-(ExB)=B-(VxE)—E.(VxB)

9B : IE
:—B'a—/\LOE°J_SOIJ’OE'§ (418)
d €0

- 2(E-E+czB-B)—|—j-E)

— o
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where formula (F.93) on page 202 was used.
Let us also introduce the electromagnetic field energy density (Jm™3)

ufield — %O(E .E + ¢?B - B) (4.19)
and the electromagnetic energy flux or the Poynting vector (W m™2)

1
S=—E xB =¢yc’E xB (4.20)
Ho
which, with the help of equation (3.21) on page 37, formula (F.98) on page 202,
and, subsequently, formula (F.94) on page 202, can be expressed in terms of the
vector potential A as

S = LE x (VxA) (4.21a)
Ko

= L((VA) -E-E. (VA)) (4.21b)
Ho

= ML((V -E)A + (VA)-E - V- (EA)) (4.210)
0

and can be viewed as the electromagnetic energy current density. Then we can
write the balance equation (4.18) on the previous page as

ou field

ot

+V.S=—j-E (4.22)
i.e., as a continuity equation with a source term
s=—j-E=—pE-v (4-23)

From the definition of E, we conclude that pE represents force per unit volume
(N'm~3) and that pE - v therefore represents work per unit volume or, in other
words, power density (W m~3). It is known as the Lorentz power density and is
equivalent to the time rate of change of the mechanical energy density (Jm~3) of
the current carrying particles

ou mech

ot

=j-E (4-24)

Equation (4.22) can therefore be written

aumech auﬁeld
+
ot ot

+V-S=0 (4.25)

which is the energy density balance equation in differential form.
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Expressing the Lorentz power, | Vd3x j - E, as the time rate of change of the
mechanical energy:

dUmcch
= [ d%j-E 26
a7 /V X (4.26)

and introducing the electromagnetic field energy U™ = U® + U™, where

ve = [ ¢%E.E (4.27)
2 Jy
is the electric field energy and
1
U"=— | d&B-B (4.28)
2o Jv

is the magnetic field energy, we can write the integral version of the balance
equation (4.25) on the preceding page as

dUmech dUﬁeld ¢
+ +@Qdkxh-S=0 (4.29)
dr dr S

This is the energy theorem in Maxwell’s theory, also known as Poynting’s theo-
rem.
Allowing for an EMF and assuming that Ohm’s law

j = o(E +E™) (4.30)
is a valid approximation, or, equivalently, that

E =3 _pgBvF (4.31)
o

we obtain the relation

)
/d3xj ‘E =/d3xj——/d3xj . EEMF (4.32)
|4 Vv |4

o

which, when inserted into equation (4.29) and use is made of equation (4.26)
above, yields

d Uﬁeld ] 2
/d3xj-EEMF= T+9§d2xﬁ-s+[d3x— (4.33)
o
14 . S 14
Supplied electric power Field power  Radiated power Joule heat

This shows how the supplied power (left-hand side, LHS) is expelled in the form
of a time rate change of electric and magnetic field energy, radiated electromag-
netic power, and Joule heat power, i.e., Ohmic losses in the system (right-hand
side, RHS).



Draft version released 3rd June 2010 at 20:10 CET—Downloaded from http://www.plasma.uu.se/CED/Book
Sheet: 80 of 260

58 | 4. FUNDAMENTAL PROPERTIES OF THE ELECTROMAGNETIC FIELD

4.2.4 Conservation of linear momentum

The derivation of the energy conservation formula (4.22) on page 56 introduced
the Poynting (energy flux) vector S(z,x). We now seek a balance equation
involving the time derivative of S and find, using the Maxwell equations (2.1) on
page 20 repeatedly, that

(4-34)
= —e9c?(Ex(VXE)+c¢*Bx (VxB))—c*jxB

A combination of formula (F.98), (F.89), and (F.94) on page 202, and formula
(F.108) on page 203, allows us to write
1
Ex(VxE)=VE-E—-E:.E = EV(E-E)—E.E
1
=-V.(EE) + EV(E -E)+ (V-E)E (4-35)

=-v-(EE- %13(15 ‘E)) + (V-E)E

and similarly for B. Dividing out ¢?, using the Maxwell-Lorentz equations (2.1)
on page 20 once more, and rearranging terms, we can therefore write equation
(4.34) above as

1 dS 1 % 2 —
f+c—25+eov-[§13(E-E+c B-B) - (EE +¢*BB)| =0 (436

where

f = %(EOE XB)—80V- [113(E -E +C2B 'B) - (EE +02BB)]

2
(4.372)
=¢[(V-E)E + c*(V-B)B] + j xB (4.37b)
=pE+ jxB (4.37¢)

is the Lorentz force density (N m™3). According to classical mechanics, this force
density equals the time rate change of the mechanical linear momentum density

gmech = OmV (438)

where oy, is the (volumetric) mass density (kgm™3). In the same vein, we
introduce the electromagnetic linear momentum density g by making the
identification

' S
g™ =k xB = - 4-39)
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or, alternatively,

S = gﬁf:ldc2 (440)

Since the LHS is (energy density) x (velocity) and the RHS is (mass density)
x (velocity) x ¢2, we see that this relation forebodes the relativistic relation
E = mc?, where E is energy and m is mass.

We can now write the linear momentum density balance equation (4.34) on
the facing page in differential form as

agmech agﬁeld

ot +8t

+V.-T=0 (4-41)
where
T= 13%"(1«: -E + ¢?B - B) — £o(EE + ¢?BB) (4.42)

is the linear momentum flux tensor (the negative of the Maxwell stress tensor),
measured in Pa, i.e., Nm~2. T is the linear momentum current density of the
electromagnetic field. In tensor component form, it can be written

1
Ti; = 8;iu — eo E,E; — %BiB,- (4-43)

where the electromagnetic energy density /1€d

is defined in formula (4.19) on

page 56. The component 7j; is the linear momentum in the ith direction that

passes a surface element in the jth direction per unit time, per unit area.
Integration over the entire volume V', enclosed by the surface S, yields the

conservation law for linear momentum

dpmech dpﬁeld ”
dxn.-T=0 .
” + m + 92 (4-44)
where
pmech — / d3x gmech (4453)
|4
pﬁeld — / d3x gﬁeld = & / dSXE x B (445b)
|4 |4
or
d
/d3xf +—80/d3xExB+ 9§d2xﬁ-T =0 (4.46)
14 d " Jy S
Force on the matter Field momentum Linear momentum flow

This is the linear momentum theorem in Maxwell’s theory which describes how
the electromagnetic field carries linear momentum.
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If we assume that we have a single localised charge ¢, i.e., that the charge
density is given by equation (1.8) on page 5, where the sum is over one particle
only, the evaluation of the first integral in equation (4.46) on the previous page
shows that the force on this single charged particle is

F=/d3xf=/d3x(pE—|—ij):q(E+VxB) (4.47)
v v

which is the Lorentz force; see also equation (1.46) on page 14. Note that
equation (4.47) above follows directly from a conservation law, and therefore is
a consequence of a symmetry of the microscopic Maxwell equations (2.1) on
page 20. Hence, the Lorentz force does not have to be presupposed.

Using formula (4.21a) on page 56 in formula (4.45b) on the preceding page,
the Maxwell-Lorentz equation (2.1a) on page 20, and applying the divergence
theorem, we can write the linear momentum of the field as

pield = f d®x pA + g9 [ d* (VA)-E — g fﬁ d*>xn-EA (4.48)
|4 |4 S

For each temporal Fourier mode of the field in free space (vanishing charge
density p, no scalar potential ¢») where EA falls off rapidly, we can neglect the
first and the third term. In the second term we use equation (3.25) on page 38 and
equation (2.48a) on page 30 to find that

0A
TR (4.49)
which allows us to replace A by —iE /w to obtain the cycle averaged field mo-
mentum as
pield — Re {ﬂ / & (VE) - E} (4.50)
2w %4

where we used formula (2.5) on page 21. In complex tensor notation (with
Einstein’s summation convention applied), this can be written

g — f & E*VE; (4.5
2w %4
where we used formula (2.5) on page 21. Using the quantal linear momentum
operator
p = —ihV (4.52)
we see that we can write
€0 ~
pl = 0 [ BB, (4.53)
w Jy

i.e., as a quantum expectation value where the components of the electric field
vector behave as wavefunctions.
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4.2.5 Conservation of angular momentum

From classical mechanics we recall that for a body that carries a mechanical linear

mech the mechanical moment of momentum, or mechanical angular

momentum p
momentum about a moment point X¢ is J™N(xg) = (x — Xg) x p™". For a
closed system of rotating and orbiting bodies, e.g., a spinning planet orbiting a
(non-rotating) star, the total mechanical angular momentum of the system is the

vectorial sum of two contributions
Jmech(xo) — Zmech + Lmech(xo) (454)

where X ™" i5 the intrinsic mechanical spin angular momentum, describing the
spin of the planet around its own axis, and L™ is the extrinsic mechanical
orbital angular momentum, describing the motion of the planet in an orbit around

J mech

the star. As is well known from mechanics, is conserved and to change it

one has to apply a mechanical torque

dJmech(XO)

T(Xg) = —a (4-55)

Starting from the definition of the mechanical linear momentum density g™e",

formula (4.38) on page 58, we define the mechanical angular momentum density
about a fixed moment point X¢ as

h™(xg) = (x —Xq) x g™ (4-56)

Analogously, we define the electromagnetic moment of momentum density or
electromagnetic angular momentum density about a moment point X as

h™(xg) = (x — x¢) x g"! (457)

where, according to equation (4.40) on page 59, gild = ¢oE x B = S/c2.
Now, if f is the Lorentz force density as defined in equation (4.37) on page 58,

then
oh™h(xo) 9 ) 4 dx
ng[(x—xo)xg h]=axg "
9 mech (458)
+(x = X0) X T = (x = Xo) X
is the torque density. Furthermore,
dh " (xo) 9 field dx field dg"el
T_E[(X_XO)Xg ]_EXg + (x —Xxg) X 5

0 1 aS
= go(X — Xp) X E(EXB) = c_z(X_XO)X o

(4-59)
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By introducing the angular momentum flux tensor

K(xo) = (x —=x0) x T (4.60)
the differential form of the balance equation for angular momentum density can
be written

ahmech X 3hﬁeld X

) W) Kxg) = 0 (4.61)

where K(x¢) represents the angular momentum current density of the electro-
magnetic field around x.

Integration over the entire volume V', enclosed by the surface S, yields the
conservation law for angular momentum

dJ mech qJ field
(x0) + (x0) + ¢d2x fi-K(xo) =0 (4.62)
dr dr S
where
Jmeeh(x o) = / d3x h™" (x¢) (4.632)
14
Jﬁeld(xo) — / d3x hﬁeld(xo) — /d3x (X A XO) X gﬁeld
v v (4.63b)
=50/d3x(x—x0)x(ExB)
14
or
3 d 3
dx (x —x9) xf+—¢p | &°x (x —x¢) X (E x B)
v dr 1%
Torqu th tt Field angule tu
orque on the matter eld angular momentum (4_64)
+ 9§d2xﬁ -K(xg) =0
s _

Angular momentum flow

This angular momentum theorem is the angular analogue of the linear momentum
theorem, equation (4.46) on page 59. It shows that the electromagnetic field, like
any physical field, can carry angular momentum.

For a single localised charge ¢ (charge density as given by equation (1.8) on
page 5, summation over one particle only), the evaluation of the first integral in
equation (4.64) above shows that the mechanical torque on this single charged
particle is

T(Xg) = /I;d3x(x—x0)xf=/Vd3x((x—x0)x(pE+ij))

=qg(x—x¢)x (E+vxB)

(4.65)
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We call it the Lorentz torque.
Let us study formula (4.63b) on the facing page a little closer. We immediately
see that it can be written

Jﬁeld(xo) — Jﬁeld(o) — X X €0 / d3XE xB = Jﬁeld(o) —Xg X pﬁeld
|4
(4.66)

where use was made of equation (4.45b) on page 59. With the help of equation
(4.21a) on page 56 we can write

‘ 1
JidQ) = ¢ / drx x (ExB) = = / d*>x xS (4.67)
14 ¢ Jv
=g / d*x x [(VA) - E] — & / d* [x xE - (VA)] (4.68)
|4 |4
Partial integration of this yields

Jﬁeld(o) — 80/d3XE X A +80/d3xX X [(VA) -E]
1% |4

(4.69)
— &0 /Vd3x V-(Ex x A) + &g /Vd3x xxA)(V-E)
By introducing
yfield — ¢, /V d*E x A (4.70a)
and
Lield(Q) = ¢, /V d*xx x [(VA) -E] + /V d®x x x pA (4.70b)

applying Gauss’s theorem, formula (F.124) on page 204, and using the Maxwell-
Lorentz equation (2.1a) on page 20, we find that expression (4.69) above can be
written

Jheld(g) = yfield 4y field () _ oo ﬁdzx n-(Ex xA) (4.71)

If there is no net electric charge density p in the integration volume, the second
integral in the RHS of equation (4.70b) vanishes, and if Ex x A = E(x x A) falls
off sufficiently fast with |x|, the contribution from the surface integral in equation
(4.71) above can be neglected. Furthermore, for a single Fourier component and
in the complex notation, we obtain the expressions

¥ field — —128—2) /Vd3x (E* xE) (4.722)

Lfeld () = —15—("0 /V &y EF (x x V)E; (4.72b)



Draft version released 3rd June 2010 at 20:10 CET—Downloaded from http://www.plasma.uu.se/CED/Book
Sheet: 86 of 260

64 | 4. FUNDAMENTAL PROPERTIES OF THE ELECTROMAGNETIC FIELD

Recalling that in quantum mechanics the spin angular momentum operator is

fjk = —ihe;jrX; (4.73)
which, with the help of the matrix vector expression (M.23) on page 211 can be
written

T =M 4.74)
and the orbital angular momentum operator is

L = —ihx x V = —ihejjpx; 9 X; (4.75)
we can write

3 field _ 2‘% /V &x EXS 1 Ex (4.76a)

Lid(g) = 20 / &y EFLE; (4.76b)

2hw Jy

Hence, under the assumptions made above, we can interpret ¥ field 55 the elec-
tromagnetic spin angular momentum and L as the electromagnetic orbital
angular momentum.

EXAMPLE 4.1 >Spin angular momentum and wave polarisation

Consider a generic temporal Fourier mode of the electric field vector E with (angular)
frequency w of a cicularly polarised wave. According to equation (2.22) on page 25 it can

be written

E(t,x) = E(t,x)hy (4-77)
where

E(t.x) = V2Eg elkx3—wt+81) (4.78)
and

~ ., =

hy = E(xl +iXp) 4-79)

As before, we use the convention that h represents left-hand circular polarisation and h_—
right-hand circular polarisation. Noting that

(he)" x hy = +iz (4.80)
we see that
E*xE = +i|E|?i = +iE% (4.81)

When this is inserted into equation (4.72a) on the preceding page one finds that the spin
angular momentum of a circularly polarised wave is

zﬁe'dzi;—"/d%E” —
o Jy

g/field
Z (4.82)

1)
where UTeld jg the field energy. If the field consists of one single photon, then Ufield = i
which means that the spin is +/. Hence, each photon of a right-hand or a left-hand circular

polarised wave carries a spin angular momentum of /4 or —A, respectively.

End of example 4.1<
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>Orbital angular momentum EXAMPLE 4.2
Recalling that the z component of the orbital angular momentum operator can be written

~ .0
L, = iz (4.83)
2
we note that

LE@ x)el? = el® L E(1,x)lell® (4.84)

OE(@,x)
7
dg
If E(¢, x) is rotationally symmetric around the the z axis, so that E = E(p, z) in cylindrical
coordinates (p, ¢, z), E = E(r, 0) in spherical (polar) coordinates (r, ¢, 0) etc., the first
term vanishes and we obtain

[L,Eel!? = [E¢ll® (4.85)

Hence, by inserting the expression for a rotationally symmetric beam with a phase depen-
dence given by / and the azimuthal phase ¢ into formula (4.72b) on page 63 one finds that
each photon of this beam carries an orbital angular momentum of /7.

End of example 4.2<

>Examples of other conservation laws EXAMPLE 4.3

In addition to the conservation laws for energy, linear momentum and angular momentum, a
large number of other electromagnetic conservation laws can be derived. For instance, in
free space (vacuum) the following conservation law holds:

JB

d 2 E > _
S (E-(VxE) +c B-(VxB))+v-(Ex§+c Bxg)—O (4.86)

which can be easily shown by direct calculation based on the Maxwell-Lorentz equations.

End of example 4.3<

4.2.6 Electromagnetic virial theorem

If instead of vector multiplying the linear momenta g™*" and gi°? by the radius
vector relative to a fix point x¢ as we did in Subsection 4.2.5 on page 61, we
instead scalar multiply, the following differential balance equation is obtained:

a((x _ XO) . gmech) N a((x _ XO) . gﬁeld)

). T) — g ficld
o 5 +V-((x=x0):T)=u

(4.87)

This is the electromagnetic virial theorem, analogous to the virial theorem of

Clausius in mechanics. The quantity (x — xg) - g"cd

is the electromagnetic
virial density. When integrated over space and time averaged, this theorem is a
statement of the partitioning of energy in electrodynamics and finds use in, e.g.,

plasma physics.
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4.3 Electromagnetic duality

We notice that Dirac’s symmetrised version of the Maxwell equations (1.50) on
page 16 exhibit the following symmetry (recall that ggiug = 1/c?):

E —¢B (4.88a)
cB — —E (4.88b)
cp® — p™ (4.88¢)
o — —cp® (4.88d)
cjs— jm (4.88¢)
" —cj (4.88f)

which is a particular case (8 = 7/2) of the general duality transformation, also
known as the Heaviside-Larmor-Rainich transformation (indicated by the Hodge
star operator *)

*E = Ecos6 + cBsinf (4.89a)
¢*B = —Esinf + cBcos 0 (4.89b)
c*p® =cpfcosh + p"sinb (4.89¢)
o™ = —cp®sinf + p™cosH (4.89d)
c*j*=cjccosf + j"sin6 (4.89¢)
M = —cj®sin6 + j™cos (4.891)

which leaves the symmetrised Maxwell equations, and hence the physics they
describe (often referred to as electromagnetodynamics), invariant. Since E and
J¢ are true (polar) vectors, B a pseudovector (axial vector), p° a (true) scalar, then
o™ and 0, which behaves as a mixing angle in a two-dimensional ‘charge space’,
must be pseudoscalars and j™ a pseudovector.

The invariance of Dirac’s symmetrised Maxwell equations under the similar-
ity transformation means that the amount of magnetic monopole density p™ is
irrelevant for the physics as long as the ratio p™/p°® = tan 6 is kept constant. So
whether we assume that the particles are only electrically charged or have also
a magnetic charge with a given, fixed ratio between the two types of charges
is a matter of convention, as long as we assume that this fraction is the same
for all particles. Such particles are referred to as dyons. By varying the mix-
ing angle 6 we can change the fraction of magnetic monopoles at will without
changing the laws of electrodynamics. For 6 = 0 we recover the usual Maxwell
electrodynamics as we know it.
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>Duality of the electromagnetodynamic equations EXAMPLE 4.4

Show that the symmetric, electromagnetodynamic form of Maxwell’s equations (Dirac’s
symmetrised Maxwell equations), equations (1.50) on page 16, are invariant under the duality
transformation (4.89).

Explicit application of the transformation yields

(]
V-*E=V-(Ecosd + cBsinf) = p—cos@ + cpgp™ sin 0
€0
* 40 (4.90)

1 1
— (pecose + -p" sin@) = —
0 ¢ o

V x*E +

*B . d |
V x (Ecosf + ¢Bsinf) + — [ ——Esin6 + Bcos 6
ot ot c

oB 10E
—Mojmcose—gcose—i—cuojesin@—kEW sin @ 4o1)
1 0E

oB
— ——sinf + —cos @ = —ppj™ cos @ + cugj€sin 6
c ot ot
= —po(—cjsin® + j"cos ) = —uo*j"

(3

1
V- B=V.(—-Esinf +Bcosf) = — i
c ceQ

sin@ + pop™ cos 0

(4.92)
= po (—cp®sinb + p™ cos ) = po*p™
1 *E 1 1 d
V x*B— prhrraie V x (——Esinf + Bcos8) — 23 (Ecos 6 + cBsin0)
c c c
1 10B 1 JE
= —poj"sin® + ——cos B + g jcos 6 + — — cos
c ¢ ot c? ot
1OE ., 1B 493)
— ——cosf — ——si
2 ot c ot
1
= uo (7jmsin9 + jecose) = o™ j¢
c
QEDH
End of example 4.4<
>Duality expressed in Majorana representation EXAMPLE 4.5

Expressed in the Riemann-Silberstein complex field vector, introduced in equation (2.6) on
page 22, the duality transformation equations (4.89) on the facing page become

*G =*E +ic*B =Ecosf + cBsinf —iE sin6 + icB cos 6

= E(cos 6 —isinf) + icB(cos§ —isinf) = (E + icB)e_ig = Ge 10 (4.94)
from which it is easy to see that
*G-*G*:|*G|2:Ge_i0-G*ei9:|G|2 (4.95)
while
*G-*G =G - Ge 20 (4.96)

Furthermore, assuming that 6 = 6(¢, x), we see that the spatial and temporal differentiation
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of *G leads to
*G

076 == = ~i(0;0)e %G +¢7193,G (4.972)
3-*G=V-*G=—-ie V-G +e V.G (4.97b)
IX*G=Vx*G=-ie?'VOxG+eVxG (4.97¢)

which means that 9;*G transforms as *G itself only if  is time-independent, and that
V- *G and V x *G transform as *G itself only if 6 is space-independent.

End of example 4.5<

EXAMPLE 4.6 >Faraday’s law derived from the conservation of magnetic charge

POSTULATE 4.1 (INDESTRUCTIBILITY OF MAGNETIC CHARGE) Magnetic charge ex-
ists and is indestructible in the same way that electric charge exists and is indestructible. In
other words we postulate that there exists an equation of continuity for magnetic charges:

ap™(t,x
L) +V-j"t,x)=0
ot

Use this postulate and Dirac’s symmetrised form of Maxwell’s equations to derive Faraday’s
law.

The assumption of the existence of magnetic charges suggests a Coulomb-like law for
magnetic fields:

—x/ 1
leat(x) — ﬂ d3x/ pm(x/) X—X N _ﬂ d3)C/ pm(xl)v -
4m Jyr Ix —x/|? dm Jyr Ix — x| 4.98)
_ B0y [ P 7
o _E v’ * |X — X/|

[cf: equation (1.7) on page 4 for ES**!] and, if magnetic currents exist, a Biot-Savart-like law
for electric fields [¢f. equation (1.17) on page 8 for BS%!]:

ot —x/ 1
Estdt(x) - _@ d3x/jm(xl) x X—X N — @ d3x/jm(xl) x V( )
4 Jyr |x —x/| 4 Jyr |x —x/|
_ g, [ g AmO)
47 v [x —x’|
(4.99)
Taking the curl of the latter and using the operator ‘bac-cab’ rule, formula (F.96) on page 202,
we find that
im /!
V x E%(x) = Mgy (vx / a3’ 70 )
4 ’ |x —x’|
1 1
— @ d3x/jm(x/)v2 } _ @/ d3x/ [jm(x/) . V/]V/ -
4 Vv’ |X—X | 4 174 |X_X |
(4.100)

Comparing with equation (1.20) on page 8 for E*® and the evaluation of the integrals there,
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we obtain

V x B (x) = —pg /V/d3x'jm(x’) S(x —x') = —poj™(x) (4.101)

It is intriguing to note that if we assume that formula (4.99) on the preceding page is valid
also for time-varying magnetic currents, then, with the use of the representation of the Dirac
delta function, equation (F.119) on page 203, the equation of continuity for magnetic charge,
equation (1.52) on page 16, and the assumption of the generalisation of equation (4.98) on
the facing page to time-dependent magnetic charge distributions, we obtain, at least formally,

VxE(@,x) = —Mo/ a3 j™ (e, x")8(x — x')
V/

d 1
— @—/ a3’ pm(t,x')V'< ) (4.102)
V/

47 Ot [x —x’|

. i
= —Hoj"(t.x) = o-B(1.%)

[¢f equation (1.26) on page 10] which we recognise as equation (1.50b) on page 16. A
transformation of this electromagnetodynamic result by rotating into the ‘electric realm’ of
charge space, thereby letting j™ tend to zero, yields the electrodynamic equation (1.50b) on
page 16, i.e., the Faraday law in the ordinary Maxwell equations. This process would also
provide an alternative interpretation of the term dB /0t as a magnetic displacement current,
dual to the electric displacement current [cf. equation (1.28) on page 11].

By postulating the indestructibility of a hypothetical magnetic charge, and assuming a
direct extension of results from statics to dynamics, we have been able to replace Faraday’s
experimental results on electromotive forces and induction in loops as a foundation for the
Maxwell equations by a more fundamental one. At first sight, this result seems to be in
conflict with the concept of retardation. Therefore a more detailed analysis of it is required.
This analysis is left to the reader.

End of example 4.6<
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5

FIELDS FROM ARBITRARY CHARGE
AND CURRENT DISTRIBUTIONS

While the electric and magnetic fields from prescribed sources can, in principle,
be calculated from the Maxwell-Lorentz equations given at the beginning of
Chapter 2, or from the wave equations later in the same chapter, it is often
technically easier and physically more lucid to calculate the fields from the
electromagnetic potentials derived in Chapter 3. In this chapter we use potentials
from prescribed but completely arbitrary charges and currents to derive resulting
exact analytic expressions for the retarded electric and magnetic fields. As
we shall see, these fields comprise several components, characterized by their
direction and their fall-off with distance from the source. This means that different
components dominate in amplitude in different regions in free space (the near
zone, the intermediate zone, and the far zone, respectively) away from the source
region. Those field components that have the slowest fall-off as a function of
distance from the source and therefore dominate in the far zone, are referred to
as the far fields. Because of their importance, a special analysis of the far fields
is given at the end of the chapter. However, as will be shown in Chapter 6, the
contribution to certain physical far-zone observables come from a combination of
far fields and near-zone and intermediate zone fields. That is why we include a
derivation of approximate expressions for all field components, dominant as well
as sub-dominant, valid at large distances from the source.

We recall that in order to find the solution (3.48) on page 42 for the generic
inhomogeneous wave equation (3.32) on page 40, we presupposed the existence

71
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of a Fourier transform pair (3.33) on page 40 for the generic source term

ft,x) = /_ do f,(x)e ! (5.12)
fo(x) = %/_Oo dr f(t,x)e®! (5.1b)

That such transform pairs exist is true for most physical variables which are neither
strictly monotonically increasing nor strictly monotonically decreasing with time.
For charge and current densities that vary in time we can therefore, without
loss of generality, work with individual Fourier components p,,(x) and j (x),
respectively. Strictly speaking, the existence of a single Fourier component
assumes a monochromatic source (i.e., a source containing only one single
frequency component), which in turn requires that the electric and magnetic fields
exist for infinitely long times. However, by taking the proper limits, we may still
use this approach even for sources and fields of finite duration.

This is the method we shall utilise in this chapter in order to derive the electric
and magnetic fields in vacuum from arbitrary given charge densities p(¢, x) and
current densities j(Z, x), defined by the temporal Fourier transform pairs

pex) = [ dopu(oe (5.28)

po0) = 5 [~ arpiexy (s:2b)
and

0.0 = [~ dojume (5.30

000 = 5 [ arjex e (5.3b)

respectively. The derivation will be completely general except we make the
reasonable assumption that only retarded potentials produce physically acceptable
solutions and that the source region is at rest relative to the observer.

The temporal Fourier transform pair for the retarded scalar potential can then
be written

$(1.x) = / 00 o (x) " (5.49)
00 ik|x—x’|

1 : 1
do(x) = —f dr ¢(t,x) e = / A pe (x') (5.4b)
2w —00 47‘[80 4 |X - X/|

where in the last step, we made use of the explicit expression for the temporal
Fourier transform of the generic potential component W, (x), equation (3.45) on
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page 42. Similarly, the following Fourier transform pair for the vector potential

must exist:
Oo .
R (5.50
—0Q
1 [e9) ) o ik|x—x'|
Ay,(x) = 2—/ dr A(t,x) e = 4—/ A jo(x)) - (5.5b)
T J - T Jy [x — x|

Similar transform pairs exist for the fields themselves.
In the limit that the sources can be considered monochromatic containing only
one single frequency wg, we have the much simpler expressions

p(t,X) = po(x)e 0! (5.6a)
j(6.x) = jo(x)e™ " (5.6b)
¢(1.X) = do(x)e " (5.6¢)
A(t,x) = Ag(x)e 0! (5.6d)

where again the real-valuedness of all these quantities is implied. As discussed
above, we can safely assume that all formula derived for a general temporal
Fourier representation of the source (general distribution of frequencies in the
source) are valid for these simple limiting cases. We note that in this context, we
can make the formal identification p, = pod(w — @), jo = jod(w — wy) etc.,
and that we therefore, without any loss of stringency, let pp mean the same as the
Fourier amplitude p,, and so on.

5.1 The retarded magnetic field

Let us now compute the magnetic field from the vector potential, defined by
equation (5.5a) and equation (5.5b) above, and formula (3.21) on page 37:

B(t,x) = V x A(¢,x) (5.7)

The computations will be considerably simplified if we work in @ space and,
at the final stage, inverse Fourier transform back to ordinary ¢ space. We are
working in the Lorenz-Lorentz gauge and note that in w space the Lorenz-Lorentz
condition, equation (3.30) on page 40, takes the form

k
V-Aw—i; w =0 (5-8)

which provides a relation between (the Fourier transforms of) the vector and
scalar potentials.
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Using the Fourier transformed version of equation (5.7) on the preceding page
and equation (5.5b) on the previous page, we obtain

ik|x—x'|

Bu(x) = Vx Ao = K0V x [ a4 o x) (59

x — x|

Utilising formula (F.95) on page 202 and recalling that j, (x’) does not depend
on X, we can rewrite this as

ik|x—x'|
B, (x) = _&/ & jo(x) x | V [ —
4z Jy |x — x’|
Mo 3.7 . ’ x —x' ik|x—x’|
=_r d 27
47T|:/V’ wa(x)x( |x—x’|3)e

=X e 1
+/ B o (x) x [ ik giklx=xT) (5.10)
v |x — x| |x — x|
_ o [ / o Jo X x (x = x)

T 4x |x — x’|3
+ [ (i) (X)X x (x ]
X

x —x'?

From this expression for the magnetic field in the frequency (w) domain, we
finally obtain the total magnetic field in the temporal () domain by taking the
inverse Fourier transform (using the identity —ik = —iw/c):

B(7,x) = /oodw B, (x) e i¥?

(o.¢]

o ([, [/ %00 ju(x)e @R D o (x —x)
Bl

e Ix _X/|3

s (/22,00 (<) o ()@ HIXD] o x — x’>}
+ - X
¢ Jyr Ix —x/|?

(5.11)

Comparing with equations (3.477) on page 42, we can identify the exponents of the

exponentials in the integrands as —iw?/,,

and find that the total retarded magnetic
field can be written as the sum of two terms

B(t,x) = Ho 3 j(lrlet, X/) X (X — X/)
5 - 47'[ Vv’ |X . X,|3

Retarded induction field

+ lu’() / d?,x/ j(tr/e[’X/) X (X - X/)

drce |X—X/|2

(5-12)

Far field
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where

3t x (5-13)

def

) ( ot )t:t[et
The first term, the retarded induction field that dominates near the current source
but falls off rapidly with distance from it, is the electrodynamic version of the
Biot-Savart law in electrostatics, formula (1.17) on page 8. The second term, the
far field, dominates at large distances. The spatial derivatives (V) gave rise to
a time derivative (") so this term represents the part of the magnetic field that is
generated by the time rate of change of the current, i.e., accelerated charges, at
the retarded time.

In infinitesimal differential form, formula (5.12) on the preceding page be-
comes

aB(1.x) = 10 ( 1) x |—"+ Laivr, x ;") (5.14)

x| [x — x|

—x/| /e!
infinitesimal Biot-Savart law, equation (1.16) on page 7 to which it reduces in the

where 1, =t — |x This is the dynamic generalisation of the static

static limit.

5.2 The retarded electric field

In order to calculate the retarded electric field, we use the temporally Fourier
transformed version of formula (3.25) on page 38, inserting equations (5.4b) and
(5.5b) as the explicit expressions for the Fourier transforms of ¢ and A:

Ey(x) = — V¢w(X) + iwAy(X)

V/d pw(x) -~

1k|x x|

+ 0 [ )
4 4 |X — X/|
1 o (X/)eiklx—x’l(X —x')
d3 /
4meg (/V, .
i [ o (X)X (x — x)
— 1
x —x'[?

1k|x x|
X’I)

1k\x x|

47‘[8

(5-15)

x —x/f?

+ ik - /d ]w(X)

|75

! Here we exclude the possibility
that advanced time £,
t 4+ |x —x’| /¢ may contribute to
dB.
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Taking the inverse Fourier transform of this expression in an analogous manner
to what was done to obtain equation (5.12) on page 74, the following expression
for the retarded electric field is obtained:

1 t’ , R
E(Z,X):_/ a3’ p(ret X)2 X—X
47'[80 ’ |X—X/| |X—X/|
1 Pt x') x —x'
d3 / ret? »
471806/, x Ix —x'| |x —x/| (5.16)
- : [ d3_x/ M
4eoc? Jyr Ix — x/|
The corresponding infinitesimal differential form is
1 —
dE(t,x) = ;— (dq’a:et) k.
dmeg Ix — x/|
‘ x-x' 1 (5-17)
Ly <,
4G e~ (’m)m)

which in the static limit reduces to the infinitesimal Coulomb law, formula (1.5)
2 Equation (5.12) and equation on page 4.2
(5.16) seem to have been first We shall now further expand equation (5.16). To this end we first note that the
introduced by Panofsky and . o )
Phillips. Later they were given by ~ Fourier transform of the continuity equation (1.25) on page 10
Jefimenko and they are therefore

somet‘imes called the Jefimenko Vv . jw(X/) —iwpe (X/) =0 (5.18)
equations.

can be used to express p,, in terms of j,, as follows

po(X) = ==V’ jo(x') (5.19)
w

Doing so in the last term of equation (5.15) on the preceding page, and also using
the fact that k = w/c, we can rewrite this equation as

ik |x—x’| -
Ew(x) = ;[[/d%c/ Pa)(x )e (X X)

4meg |x — X/|3
1 V. / — ik|x—x’|
y _/ d3x/ [ .](D(X )](X X ) _ ikjw(x/) €
c Jyr |x — x| |x — x’|
I,
(5.20)

The last vector-valued integral can be further rewritten in the following way:

roi M (x — x! ik |x—x'|
[ (= g ) <

[x — x| |x — x|

97 X7 — x' . eiklx—}i{’l
[ (Gt ki)
V/

ox;), |x —x/| |x — x|

I,

(5.21)
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But, since
O (. X=X gxex) _ [ Vem ) X=X kxex’
7 | JomT———— 3¢ =\ )T o 2¢
ax!, |x — x| Iy, /) Ix —x/| (5.22)
ny J X — X ik[x—x/|
wm ax;n |X —x/ 2

we can rewrite I, as

(5-23)

where, according to Gauss’s theorem, the last term vanishes if j,, is assumed to
be limited and tends to zero at large distances. Further evaluation of the derivative
in the first term makes it possible to write

U U e
o=~ ) (He i op
2 . ’ N ik [Xx—X/|
+—— [Jo - (x —x)] (x —x")e

Ix —x/|
ik|x—x'|

[— / —_— /
_ lk d3x/ ( [.]Cl) (X X )] (X X ) 1k|x x| + jwe / )
v Ix —x/|? |x — x|

(5-24)

Using the triple product ‘bac-cab’ formula (F.72) on page 201 backwards, and
inserting the resulting expression for I, into equation (5.20) on the facing page,
we arrive at the following final expression for the Fourier transform of the total E

field:
1k|X—x" 1 ) eik\X—X’\
Ea)(x) — d pw(x ) =+ M_O/ d3x/ jw(X/)
X/| 4 V' |X _ X/|
= ;[/ a3/ ’O“’(X/)elklx ¥l(x —x')
4reg , X — x’|3
.1 f iy b (x — x))(x — x')
¢ 4 |X _ X/|4

1 s LoD > x (x = x)] x (x —x))
+C//dx |X—X/|4
_ﬁ/ By o () Xx(x—x)]x(x—x)]

¢ x —x'|?

(5-25)
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Taking the inverse Fourier transform of equation (5.25) on the previous page,
once again using the vacuum relation @ = kc, we find, at last, the expression in
time domain for the total electric field:

E(. x) = /ooda) E,(x)e !

(o, 0]
_ 1 [ Pl X')(x —X')
4]'[80 ’ |X — X/|3
Retarded Coulomb field
L[ g ) X016 =)
degpe % |X — X/|4

(5.26)

Intermediate field
L / o e X) x (x = x] x (x = x)

4mepc |x —x’|4

Intermediate field
L f o e X)X (x = x)] x (x —x')
dreoc? Jy Ix —x'|?

Far field

where, as before

: def Bj
i) € (5)
ret

Here, the first term represents the retarded Coulomb field and the last term
represents the far field which dominates at very large distances. The other two
terms represent the intermediate field which contributes significantly only to the
fields themselves in the near zone and must be properly taken into account there.

With this we have achieved our goal of finding closed-form analytic expres-
sions for the electric and magnetic fields when the sources of the fields are
completely arbitrary, prescribed distributions of charges and currents. The only
assumption made is that the advanced potentials have been discarded; recall the
discussion following equation (3.48) on page 42 in Chapter 3.

EXAMPLE 5.1 D>Alternative expressions for E and B

The formule for the fields E and B expressed directly in integrals of generic source terms,
can be rewritten in several ways.

For instance, by introducing the vector
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p(t',x") x—x'

®(t’,x’,x) =
|X —x/|2 |X —X/|
1 . x—x"\ x—x’
clx —x/| x —x/| ) |x —x/|
, , (527)
4 1 (j(t/x/)xx_x)xx_x
clx —x/)? ' Ix —x/| Ix —x/|
1 P x —x’ x —x’
—_ 1,X') X X
T x| (J( )X =x) X x=x|
where
’ / |X _X/|
U=ty =t——— (5.28)
c
one can write the electric field as
1
E(t,x) = —/ a3’ e, x',x) (5.29)
dmeg Jyr
and the magnetic field as
1 3. X=X ’ oot
B(t,x)=—5 [ dx x O, x',x) (5-30)
dregc? Jyr [x —x’|

End of example 5.1<

5.3 The fields at large distances from the sources

For many purposes it is convenient to have access to approximate expressions for
the electric and magnetic fields that are valid in the far zone, i.e., very far away
from the source region. Let us therefore derive such expressions.

As illustrated in Figure 5.1 on the next page we assume that the sources are
located near a point X inside a volume V'’ that is not moving relative to the ob-
server and has such a limited spatial extent that sup |x’ — x¢| < inf [x — x’|, and
the integration surface S, centred on Xy, has a large enough radius |x — xo| >
sup |x’ — X¢|. Then one can make the usual

klx=x'|=k-(x—x) =k-(x —x) — k- (x' —X)

(5-31)
~ k|x —xo| — k- (x' —Xp) >3
in the phases (exponentials) and the cruder approximation
x —x'| & [x — x| (5.32)

in the amplitudes in equation (5.10) on page 74, equation (5.15) on page 75,
and equation (5.25) on page 77, and get the following expression, valid at far
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Figure 5.1: Relation between the
surface normal and the kK vector for
fields generated at source points X’
near the point X¢ in the source vol-
ume V’. At distances much larger
than the extent of V', the unit vec-
tor A, normal to the surface S which
has iAts centre at X, and the unit vec-
tor k of the k vector from x’ are
nearly coincident.

distances from the limited source volume:

o eiklx—xol o 4
Bo(x) ~ - —— [ d’ o (x)e IO k (5-332)
g |X — X()| |4
ik|x—xg]| ) , R
7ol Ry (RN jo(x")e k- &=x0) y g (5.33b)

4 |X —Xol v’
ie.,

eik\x—xol

1 o N
B, (x) ~ ‘3 (— — lk) _ a3’ jw(x’)e—‘k'(x —X0) y k ,
4 \ |x — Xo] |x —xo| Jy
sup |X/ —X0| < |X —X/‘ , inf|x — X¢| > sup |X/ —X0|
(5-34)
and

1 eik\x—xol
E,(x) ~

/V,d3x’ Po(x)e K& X0l (5.352)

1 eik|x—xo|

4eo |x — Xo?

P / A3 [jo(x')e k& %0 K]k (5:35b)
47[8()(,' |X — X0| Vv’

1 eiklx—xol

— / & [jo (x)e O x k] xk  (5.350)

dreoc |x —xgol° Jv

ik ik|x—xg| ) , . .

- | @ ()R xR xk (5.350)
drege |X —Xol| Jyr
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ie.,

1 eik\x—}u{ol
Ey(x) =

/ &' py (x')e kX0 (5.362)
V/

1 eiklx—xol

4o [x —Xo?

— / & [jo(x)e XKk (5.36b)
4regc X — Xo| v

1 1 eiklx—xol
T ( _ ik) _
dmege |X—X0| |x—x0|

X / A [jo (x)e X0 y K] x k (5.36¢)
V/

At a field (observation) point x located sufficiently far away from the source
volume V'’ such that sup |x’ — x¢| < |x — x’|, and inf |x — X¢| >> sup X' — X¢,
and when the paraxial approximation

bSO Sk (5.37)

Ix —x’ - X —Xo
is used, the total retarded E and B fields can be approximated by

1 eik|x—x0|

E(t,x) ~ / d*' p(t', x")h
V/

1 E:ik\x—xol

dmeg |X — X0|2

/ dX/[j(',x) - n]h
V/

4reoc |xX — xo|?

38
U (5:38)
& — / d>'[j(t',x") x ] x h
dreoc |x —xol° Jv7
1 eik|X—X0| .
— | &' [j(’.x)) xhA]xh
dmeoc? |x — x| Sy
and
ik|x—xg|
B(t,x) ~ Ko 6—2/ dX j(',x') x h
4 |X — XO| 44
: (5-39)
o e1k|x—x0| .
- = | & j¢’.x)xh
dre |Xx —Xol| Jy-
respectively, where
k-(x'—x
Py = ¢+ X TX0)
1)
(5-40)
klx—x'|  k|x-— X —x'|—|x —x
o KX =X] kXl X=X =[x = xol

w w C
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5.3.1 The far fields

When |x — x¢| — oo and the source region is of small or finite extent, the only
surviving components in expression (5.12) on page 74 and expression (5.26) on
page 78 are the far fields

[ j (1 X') x (x = x')

Mo
B™(,x) = —
(z,x) x <

dmce

(5.41)

and

1 : ¢! , / I R
Efar(t,x) — 1 5 / d3x/ [.]( ret> X ) X|(X )f|2] X (X X ) (5'42)
TTEYC ’ X — X

In the frequency (temporal Fourier) domain, these far fields are represented by
g 1 [ i
Bii(x) = — / dr B (1,x) '
27 J oo

— kb2 [ a o ()M (x = x')

- 4 |X _ X/|2 (5'43)
= —lk&/ d3x/ jw(x/)eikl}i‘_)(/| X k
4 Jy [x —x/|
and
) = = [ diER(.x) e
@ 27 J oo
S Lo (x)Hx " x (x = x)] x (x =X
47T80€ v’ |X _ X,|
i [ e Liw(x)e X x k] x k
4egc Jyr [x —x/|
(5-44)
respectively.

Within the approximation (5.31) on page 79, the expressions (5.43) and (5.44)
for the far fields can be simplified to

. o eik\x—x0| 5 - .
B;I(X) ~ —lka m V/d X/ [jw(x')e_‘ “(x'=x0) X k] (5453)
1 eik\x—xol keox! . .
Efx) v —ik—— ———— [ & [jo(x)e K& X0 x k] x k
drrege |X —xo| Jyr

(5-45b)
Inverse Fourier transforming the above expressions into # domain, we find that
. eiklx—xol . .
Bu(rx)~ 0 S [ @) x) xk (5.462)
dre |X —Xol Jyr
1 eik|X—X0|

E™ (1, x) ~ a3 [j('(x'), x") x K] x k (5.46b)

drwegc? |x —xo| Jyr
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where ¢’ is given by the approximate equation (5.40) on page 81.

In conclusion, if sup |x’ — x| < |x — x|, then the far fields behave as spher-
ical waves multiplied by dimensional and angular factor integrals, where the
integrands contain only points in the source region. The magnitudes of the fields
are directly proportional to the magnitude of the time derivative of the current.
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6

RADIATION AND RADIATING
SYSTEMS

In Chapter 3 we were able to derive general expressions for the scalar and
vector potentials from which we later (in Chapter 5) derived exact analytic
expressions for the total electric and magnetic fields generated by completely
arbitrary distributions of charge and current sources at that are located in regions
which are not moving. The only limitation in the calculation of the fields was that
the advanced potentials were discarded on—admittedly weak—physical grounds.

In Chapter 4 we showed that the electromagnetic energy, linear momentum,
and angular momentum are all conserved quantities and in this chapter we will
show that these quantities can be radiated all the way to infinity and therefore
be used for wireless communications over long distances and for observing very
remote objects in Nature, including electromagnetic radiation sources in the
Universe. Radiation processes are irreversible in that the radiation does not return
to the radiator but is detached from it forever. However, the radiation can, of
course, be sensed by other charges and currents that are located in free space,
possibly very far away from the sources. This is precisely what makes it possible
for our eyes to observe light from extremely distant stars and galaxies. This
consequence of Maxwell’s equations, with the displacement current included,
was verified experimentally by HEINRICH RUDOLF HERTZ about twenty years
after Maxwell had made his theoretical predictions. Hertz’s experimental and
theoretical studies paved the way for radio and TV broadcasting, radar, wireless
communications, radio astronomy and a host of other practical applications and
technologies.

85
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Thus, one can, at least in principle, calculate the radiated fields, flux of energy,
linear momentum and angular momentum, as well as other electromagnetic
quantities for an arbitrary charge and current density Fourier component of the
source and then add these Fourier components together to construct the complete
electromagnetic field at any time at any point in space. However, in practice, it
is often difficult to evaluate the source integrals unless the current has a simple
distribution in space. In the general case, one has to resort to approximations. We
shall consider both these situations.

6.1 Radiation of linear momentum and energy

We saw in Chapter 5 that at large distances r from the source, the leading order
contributions to the E and B fields are purely transverse and fall off as 1/r. Hence,
at large distances r, the dominating component of the Poynting vector, S™, falls
off as 1/r? and is purely radial there. Consequently, when S™" is integrated over
a large spherical shell (centred on the source) for which the directed area element
isd>f = r2dQf = r2sin6df dg t [cf. formula (F.51) on page 200], the total
integrated power, as given by the surface integral in equation (4.29) on page 57,
tends to a constant at infinity, showing that energy U "' and electromagnetic
linear momentum p'€! is carried all the way to infinity and is irreversibly lost
there. This means that the p and U"€!¢ can be transmitted over extremely long
distances. The force action (time rate of change of p/i'Y) on charges in one region
in space can therefore cause a force action on charges in a another region in space.
Today’s wireless communication technology, be it classical or quantal, is based
almost exclusively on the utilisation of this translational degree of freedom of the
charges (currents) and the fields.

Let us consider the linear momentum and energy that is carried in the far fields
B, equation (5.43), and E®, equation (5.44) on page 82. Signals with limited
lifetime and hence finite frequency bandwidth have to be analysed differently
from monochromatic signals.
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6.1.1 Monochromatic signals

If the source is strictly monochromatic, we can obtain the temporal average of
the radiated power P directly, simply by averaging over one period so that

1 1 1 ) )
(S) = — (ExB) = —Re{E xB*} = —Re {E,e ™' x (B,e7*")*}
Ho 2,U/0 2[1,0
1 it 1
=% Re {E, x B} e e} = —2M0Re {E, xB}}

(6.1)
From formula (F.50) on page 200 and formula (F.51) on page 200 we see that
d% = |x — x0|?d2 = |x — X¢|*sin 0 dO dg

We also note from Figure 5.1 on page 80 that k and # are nearly parallel. Hence,
we can approximate

k - d%ch d2 .
xXn _ X k-ﬁ

= dQk - f ~ dQ (6.2)
X —xo|> |x —xg?
Using the far-field approximations (5.45a) and (5.45b) for the fields and the

fact that 1/c = ./gglo, and also introducing the characteristic impedance of

vacuum

Ry Y ? ~ 3767 (6.3)
0

for the vacuum resistance R, we obtain

2 —Xo

far\ __ 1 1
(S )_ 327T2 0 |X—X()|2

(6.4)

f d3x/ (ja) x k)e—ik-(x/—xo)
Vv’

X — Xol
Consequently, the amount of power per unit solid angle dS2 that flows across an
infinitesimal surface element r2dQ = |x — x0|2 dQ2 of a large spherical shell
with its origin at X¢ and enclosing all sources, is

dpr 2

— —_— R 6.
aQ  3q2 0 (6.5)

/ d3x/ (ja) X k)e—ik-(x’—XO)
V/

This formula is valid far away from the sources and shows that the radiated
power is given by an expression wich is resistance (Rg) times the square of
the supplied current (the integrated current density j), as expected. We note
that the emitted power is independent of distance and is therefore carried all the
way to infinity. The possibility to transmit electromagnetic power over large
distances, even in vacuum, is the physical foundation for the extermely important
wireless communications technology. Besides determining the strength of the
radiated power, the integral in formula (6.5) above also determines the angular
distribution.
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6.1.2 Finite bandwidth signals

A signal with finite pulse width in time () domain has a certain spread in
frequency (@) domain. To calculate the total radiated energy we need to integrate
over the whole bandwidth. The total energy transmitted through a unit area is the
time integral of the Poynting vector:

o 1 o0
[ dS@) =— [ di(ExB)
oo "10 o - ' (6.6)
= — da)/ da)’f dt (B, x Byy) e i@Fe)t
Ko J—o00 —00 —00

If we carry out the temporal integration first and use the fact that

o0
/ dt e @+ = 27 8(w + o) (6.7)

—0o0

equation (6.6) can be written [cf. Parseval’s identity]

foodt S(t) = 2—n/00da) (Ew xB_,)

—00 Ho J—o0o
2 0o 0
= ,U~_ / do (Ey xB_y) + / do (E, x B_y)
o \Jo s
DA 4
= — (/ dow (E, x B_y) —/ dw (E, x B_w))
;‘7‘1’ oy o 6.8)
= ,U~_ (/ dow (E, x B_y) —|—/ dw (E—_y x Bw))
o \Jo 0
2 o0
= u_]; do (Ey X B_y + E_y X By)
0
2 o0
_ M—’Z | do By x B+ B} xB,)

where the last step follows from physical requirement of real-valuedness of E,,
and B,,. We insert the Fourier transforms of the field components which dominate
at large distances, i.e., the far fields (5.43) and (5.44). The result, after integration
over the area S of a large sphere which encloses the source volume V”, is

1 o0
U=—‘/&¢dzxﬁ-/ dw
4 o JS 0

Inserting the approximations (5.31) and (6.2) into equation (6.9) above, intro-

jo xk - al? -
/ a3 Jo X K x| 6.9)
’ |X—X|

ducing the spectral energy density U,, via the definition

def [
U= / dwU, (6.10)
0
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and recalling the definition (6.3) on page 87, we obtain

du, 1
—wdw A —RO

2
aQ 4n /V,d3x’ (jo x ke HX=x0| 4 (6.11)

which, at large distances, is a good approximation to the energy that is radiated
per unit solid angle dS2 in a frequency band dw. It is important to notice that
Formula (6.11) includes only source coordinates. This means that the amount of
energy that is being radiated is independent on the distance to the source (as long
as it is large).

6.2 Radiation of angular momentum

Not only electromagnetic linear momentum (Poynting vector) can be radiated
from a source and transmitted over very long distances, but the same is also true
for electromagnetic angular momentum J i, Then torque action (the time rate
of change of J %) in one region causes torque action on charges. The use of this
rotational degree of freedom of the fields has only recently been put to practical
use even if it has been known for more than a century.

6.3 Radiation from a localised source volume at rest

In the general case, and when we are interested in evaluating the radiation far
from a source at rest and which is localised in a small volume, we can introduce
an approximation which leads to a multipole expansion where individual terms
can be evaluated analytically. Here we use Hertz’s method, which focuses on the
physics rather than the mathematics, to obtain this expansion.

6.3.1 Electric multipole moments

Let us assume that the charge distribution p determining the potential in equation
(3.49a) on page 43 has such a small extent that all the source points x’ can be
assumed to be located very near a point x. At a large distance |X — X¢|, one can
then, to a good approximation, approximate the potential by the Taylor expansion
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[¢f: Example 3.1 on page 35]

t 1 X — Xg)j
b(1.x) = 4(t) (1, x0) S 2
dmeg |X—X0| IX—X0| |X_X0|
1 3 (X — X())i (X — X())j 1 )
4+ —0;(t,x — — =8| +...
a2 (SR e 2
(6.12)
where
q(t) = / d* p(t). X') (6.13a)
V/
is the total charge or electric monopole moment,
d(t,x9) = / ' (x' = x0) p(tl X') (6.13b)
V/
with components d;, i = 1,2, 3 is the electric dipole moment vector, and
Qe:x0) = [ &' (X = x0)x' ~x0) Pl X) (6.130)
V/

with components Q;;, i, j = 1,2,3 (Einstein’s summation convention over i
and j is implied), is the electric quadrupole moment tensor.

The source volume is so small that internal retardation effects can be neglected,

!/

i.e., that we can set 7,

~t — |Xx —Xp| /c. Then

t =1t(t,) ~ t}, + Const (6.14)

ret

where

Const = @ (6.15)
Hence the transformation between ¢ and 7., is a trivial. In the subsequent analysis
in this Subsection we shall use ¢ to denote this approximate ..

For a normal medium, the major contributions to the electrostatic interactions
come from the net charge and the lowest order electric multipole moments induced
by the polarisation due to an applied electric field. Particularly important is the
dipole moment. Let P denote the electric dipole moment density (electric dipole
moment per unit volume; unit: C m_z), also known as the electric polarisation,
in some medium. In analogy with the second term in the expansion equation
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(6.12) on the preceding page, the electric potential from this volume distribution
P (¢,x’) of electric dipole moments d at the source point x’ can be written

/

1 X —X
daltx) = o [ @k 220
dreg Jyr |x — x|
1 1
= _47'[80 //dSXIP(l/,X/) . V(m) (616)

1 1
/ dX'P@E . x) -V
dreg Jyr |x — x’|

Using expression (M.101) on page 224 and applying the divergence theorem, we
can rewrite this expression for the potential as follows:

1 P, x') V' -P{' x')
¢, — d3 /V/_ I d3 R S i
Palt.x) 4meg [/;// . ( |x — x/| ) // . |x — x|

_ 1 ¢ 2R P, x’) _/ &y V' .P@,x)
dreg / [x — x| / |x — x’|
(6.17)

where the first term, which describes the effects of the induced, non-cancelling

dipole moment on the surface of the volume, can be neglected, unless there is a
discontinuity in i - P at the surface. Doing so, we find that the contribution from
the electric dipole moments to the potential is given by

/ o~V P )

x — x|

$a(t,x) = (6.18)

4meg

Comparing this expression with expression equation (3.49a) on page 43for the
potential from a charge distribution p(¢,x), we see that —V - P (¢, x) has the
characteristics of a charge density and that, to the lowest order, the effective
charge density becomes p(¢,x) — V - P(¢,x), in which the second term is a
polarisation term that we call pP°'(z, x).

6.3.2 The Hertz potential

In Section 6.3.1 we introduced the electric polarisation P(#, x) such that the
polarisation charge density

ppol =_-V-P (619)

If we adopt the same idea for the ‘true’ charge density due to free charges and
introduce a vector field 7 (¢, x), analogous to P (¢, x), but such that

oM =-V.x (6.20a)
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which means that the associated ‘polarisation current’ now is the true current:

87{ true

— = 6.20b

o 9 ( )
As a consequence, the equation of continuity for ‘true’ charges and currents [cf:
expression (1.25) on page 10] is satisfied:

true
W—{—V-j”ue(ux)z—%v-n—kv-%—?=0 (6.21)
The vector & is called the polarisation vector because, formally, it treats also the
‘true’ (free) charges as polarisation charges. Since in the microscopic Maxwell-
Lorentz equation (2.1a) on page 20, the charge density p must include all charges,

we can write this equation
0 ptrue+ppo]__v.n_v.P

V.E=L = = (6.22)
o o) o

i.e., in a form where all the charges are considered to be polarisation charges.
We now introduce a further potential II¢ with the following property

V.- = —¢ (6.232)
1 oII®

where ¢ and A are the electromagnetic scalar and vector potentials, respectively.
As we see, II® acts as a ‘super-potential’ in the sense that it is a potential
from which we can obtain other potentials. It is called the Hertz vector or
polarisation potential . Requiring that the scalar and vector potentials ¢ and A,
respectively, satisfy their inhomogeneous wave equations, equations (3.29) on
page 39, one finds, using (6.20) and (6.23), that the Hertz vector must satisfy the
inhomogeneous wave equation

1 92 n

me— Ve = — 6.
c2 012 €0 (6.24)

DZHe —

Assume that the source region is a limited volume around some central point
X far away from the field (observation) point x illustrated in Figure 6.1 on the
facing page. Under these assumptions, we can expand the Hertz vector, expression
x') in the
vicinity of X, in a formal series. For this purpose we recall from potential theory
that

ik [x—x’| eik|(x—x0)—(x"—x0)|

(6.29) on the next page, due to the presence of non-vanishing 7 (¢,

X—x|  |(x—X0) — (X' —xo)|

o0
=ik » (21 + 1) Py(cos ©) jiu(k [x" = x0|)h" (k [x — Xol)
n=0

(6.25)
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Figure 6.1: Geometry of a typical
multipole radiation problem where
the field point X is located some dis-
tance away from the finite source
volume V' centred around x¢. If
klx' —xo| € 1 K k|x—xg,
then the radiation at X is well ap-
proximated by a few terms in the
multipole expansion.

where (see Figure 6.1)
eiklx—x’l
is a Green function or propagator
x —x'|
© is the angle between x’ — x¢ and X — X
Py, (cos ®) is the Legendre polynomial of order n
Jn(k |X’ —Xo |) is the spherical Bessel function of the first kind of order n

h,(f)(k |x — x¢|) is the spherical Hankel function of the first kind of order n

According to the addition theorem for Legendre polynomials

n
P, (cos®) = Z (=)™ P} (cos 0) P, ™ (cos 0")em@—¢") (6.26)
m=—n
where P)" is an associated Legendre polynomial of the first kind, related to the
spherical harmonic Y," as

2n+1 (n —m)! ;
Ynm(e,(p) = \/ 471 m PJ”(COS@)GM(‘D

and, in spherical polar coordinates,
x'—xo = (\X/ - X0| 0, ¢") (6.27a)
X —Xo = (lX - X0| 5 97 (p) (627b)

This equation is of the same type as equation (3.32) on page 40, and has
therefore the retarded solution

[/ !
/ B Pl X) (6.28)

X — x|

e, x) =

47'[8()

with Fourier components

1 N nik|x—x|
HZ(X) = —/ d3x/ % (629)
dreg Jyr |x — x’|
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If we introduce the help vector C such that

C=VxII° (6.30)
we see that we can calculate the magnetic and electric fields, respectively, as
follows

1 aC
B = o (6.31a)
E=VxC (6.31b)

Clearly, the last equation is valid only if V - E = 0 i.e., if we are outside the
source volume. Since we are mainly interested in the fields in the so called far
zone, a long distance from the source region, this is no essential limitation.

Inserting equation (6.25) on page 92, together with formula (6.26) on the
previous page, into equation (6.29) on the preceding page, we can in a formally
exact way expand the Fourier component of the Hertz vector as

ik

e =
4megy

[0

37 @n+ DDAk x = xol) P (cos 6) e

n=0m=—n
X [ & 7, (x) ju(k |x" —Xo]) P, (cos 6) e"imy’
V/
(6.32)

We notice that there is no dependence on X — X inside the integral; the integrand
is only dependent on the relative source vector X’ — Xgq.

We are interested in the case where the field point is many wavelengths away
from the well-localised sources, i.e., when the following inequalities

k|x"—xo| € 1 < k|x —xof (6.33)

hold. Then we may to a good approximation replace h,(f) with the first term in its
asymptotic expansion:
eik\x—xol
hD Gk [x = xol) ~ (=" ——— (6:34)
k|x —Xo|
and replace j, with the first term in its power series expansion:
2"n!

m (k |X/ — X()’)n (635)

Jn(k ‘X/ - XO’) ~

Inserting these expansions into equation (6.32) above, we obtain the multipole
expansion of the Fourier component of the Hertz vector

o0
o, ~ » I (6.362)
n=0
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=

Figure 6.2: If a spherical polar co-
ordinate system (r, 8, ) is chosen
X3 A Blar such that the electric dipole moment
X d (and thus its Fourier transform

d,,) is located at the origin and di-
Efar rected along the polar axis, the cal-
culations are simplified.

VS

X1 ~

where

1 elklx=xol mp)

l-[e(n) — (—i)"
o = ) e K —xol @)

X / d>x' m, (x') (k X" —Xo[)" Pn(cos®) (6.36b)
V/

This expression is approximately correct only if certain care is exercised; if many
Hz)(”) terms are needed for an accurate result, the expansions of the spherical
Hankel and Bessel functions used above may not be consistent and must be
replaced by more accurate expressions. Furthermore, asymptotic expansions as
the one used in equation (6.34) on page 94 are not unique.

Taking the inverse Fourier transform of II{, will yield the Hertz vector in time
domain, which inserted into equation (6.30) on the facing page will yield C. The
resulting expression can then in turn be inserted into equations (6.31) on the
preceding page in order to obtain the radiation fields.

For a linear source distribution along the polar axis, ® = 6 in expression
(6.36b), and P,(cos 8) gives the angular distribution of the radiation. In the
general case, however, the angular distribution must be computed with the help
of formula (6.26) on page 93. Let us now study the lowest order contributions to
the expansion of the Hertz vector.
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6.3.3 Electric dipole radiation

Choosing n = 0 in expression (6.36b) on the preceding page, we obtain

ik|x—xg| 1 ik|x—xg|
0 € 3./ ’ €
o= | &r,x)=

= 6.
ey |X — X0l Sy (6-37)

dreg |x —xo| ¢

Since & represents a dipole moment density for the ‘true’ charges (in the same
vein as P does so for the polarised charges), d, = fV,d3x’ 7, (x') is, by defini-
tion, the Fourier component of the electric dipole moment

d(t,xo) = / dX' z(t',x") = / d>’ (x' —xo)p(t',x) (6.38)
v/ v/

[¢f: equation (6.13b) on page 90]. If a spherical coordinate system is chosen with
its polar axis along d,, as in Figure 6.2 on the preceding page, the components of
me© are

1 eik|X—X0|

>

def
m=eEn®.¢=— 4 0 6.
;= IO, trer ix—xa] 0 (6:302)

1 eiklx—xol

D>

def e (0
g =me®.

——— ————d,sinf (6.39b)
dreg |X — Xo|

meEm®.¢=0 (6.39¢)

Evaluating formula (6.30) on page 94 for the help vector C, with the spherically
polar components (6.39) of l'[fo(o) inserted, we obtain

1 1 eik|X—X0|
Co=C0 ¢ = k)4, sin0 6 (6.40)
34 dmeg \|X — Xo| |x — Xo

Applying this to equations (6.31) on page 94, we obtain directly the Fourier
components of the fields

1 ik|x—xq]|
B, — K0 k) S 4, sin0 $ (6.412)
47 |x — Xo| |x — Xg]

1 1 ik -
E, = 2( 5 — ! )cos@ X~ Xo
4dreg |x — X |x — Xo] |x — Xo|

1 ik . ik|x—xg|
+( 5 = ! —kz)sinG() e—dw
Ix —xo|* X —Xol Ix —Xo|

(6.41b)

Keeping only those parts of the fields which dominate at large distances (the
radiation fields) and recalling that the wave vector k = k(x — X¢)/ |X — Xo¢]
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where k = w/c, we can now write down the Fourier components of the radiation
parts of the magnetic and electric fields from the dipole:

ik|x—xXol ik|x—Xol
B(ff,“= _Who € dyksin® ¢ = _%e—(dw x k) (6.42a)
47 |x — X 4 |x —Xo
) 1 ik|x—xq| . 1 ik[x—xo|
Bl — ¢ dok?sin6 = ° [(do x k) x K]

4reg [x — Xo| 4meg |x — Xo]
(6.42b)

These fields constitute the electric dipole radiation, also known as EI radiation.

>Linear and angular momenta radiated from an electric dipole in vacuum——— EXAMPLE 6.1

The Fourier amplitudes of the fields generated by an electric dipole, d,, oscillating at the
angular frequency w, are given by formula (6.41) on the preceding page. Inverse Fourier
transforming to the time domain, and using a spherical coordinate system (r, 8, ¢), the
physically observable fields are found to be

1 k
B(z,x) =%d‘u sin 0 (r—2 sin(kr — wt’) — m cos(kr — a)t')) ¢ (6.432)

1 1 k k2 -
E(t,x) = dy sinf | — cos(kr —wt’) + — sin(kr — wt’) — — cos(kr —wt’) | 0
deg r3 r2 r
1 1 L nY s
4+ ——dycosf | — cos(kr —wt’) + — sin(kr —wt') | ¢ (6.43b)
2meq r3 r2
where t’ =t — r/c is the retarded time.
Applying formula (4.39) on page 58 for the electromagnetic linear momentum density to the
fields from a pure electric dipole, equations (6.43) above, one obtains
A 1
gheld — ¢ )E x B = _Lﬂodi sin 6 cos 8] — sin(kr — wt’) cos(kr — wt’)
82 r

k k2 .
+ —4[sin2(kr —ot') — cos?(kr — a)t’)] -= sin(kr — wt’) cos(kr — wt') ;0
r r

Wi . .
62 d?2 sin” 6 { = sin(kr — wt’) cos(kr — wt”)
k. 5 ’ 2 ’ k* , /
+ —[sin®(kr — wt’) — cos® (kr — wt')] — 2— sin(kr — wt’) cos(kr — wt’)
r r
k3
+ = cos?(kr — a)t’)}f' (6.44)
Using well-known trigonometric relations, this can be put in the form
; 1 k
gheld — _ 10)6/7/;02 d2 sin 6 cos 6 [r—s sin[2(kr — wt’)] — 2r—4 cos2(kr — wt’)]
k? .
— —3 sin[2(kr — wt/)]]e
,

w[Lo
3272

1 k
+ d2 sin26|:—5 sin2(kr — 1)) — 2— cos[2(kr — wt’)]
r r

k2 k3
—2— sin[2(kr — wt")] + — (1 + cos[2(kr — wt’)])]f' (6.45)
r r



Draft version released 3rd June 2010 at 20:10 CET—Downloaded from http://www.plasma.uu.se/CED/Book
Sheet: 120 of 260

98 | 6. RADIATION AND RADIATING SYSTEMS

which shows that the linear momentum density, and hence the Poynting vector, is strictly
radial only at infinity.

Applying formula (4.57) on page 61 for the electromagnetic angular momentum density
with the momentum point chosen as xg = 0, i.e.,

hﬁeld =X X gﬁeld (646)

and using equation (6.45) on the previous page, we find that for a pure electric dipole

1
pfield — _ %d(g sin 6 cos 9|:r—4 sin(kr — wt’) cos(kr — wt’)
k 2 l 2 4 k* ’ nla
+ —3[sin (kr —wt’) — cos“(kr — wt )] - — sin(kr — wt’) cos(kr — wt )]¢
r r
(6.47)
or
. 1
pfield — _ ;UJ:TOZ daz) sin 0 cos 6 [rj sin2(kr — wt’)]
k k?
—2— cos[2(kr — wt)] — — sin2(kr — wl/)]](f) (6.48)
r r
The total electromagnetic linear momentum is (cf. formula (4.45b) on page 59)
pfeld — /;//d3x/gﬁeld(t/’x/) (6.49)

and the total electromagnetic angular momentum is (cf. formula (4.63b) on page 62)
jield _ / &3 hfeld(/ x') 6.50)
V/

In order to get a total net Ji¢19, it is convenient to superimpose several individual dipoles of
(possibly) different strengths and relative phases. Perhaps the most common configuration
yielding a total net Jf€!d is two orthogonal co-located dipoles with 77/2 phase shift between
them.

We note that in the far zone the linear and angular momentum densities tend to

k3
gheldfar vy ~ 1a>6,u02 daz,—2 sin? 6 cos?(kr — wt’)f
T r
W 2k3 .2 N1\ 2
=3 5 g — sin” (1 + cos[2(kr — wt")])# (6.51)
b r

and

. wo
hﬁeld,fd.r £.X) A

(t,x) )

w0

k2
_ 2 N . _ INT A
= Ton2 a’w—r2 sin 6 cos 6 sin[2(kr — wt")]|@

k2
d2 — sinf cos O sin(kr — t) cos(kr — wt)
r

(6.52)
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respectively. Le., to leading order, both the linear momentum density g€ and the angular

momentum density hfi€!d fall off as ~ 1/r2 far away from the source region. This means
that when they are integrated over a spherical surface o 2 located at a large distance from
the source [cf. the last term in the LHS of formula (4.29) on page 57], there is a net flux so
that the integrated momenta do not fall off with distance and can therefore be transported all
the way to infinity.

End of example 6.1<

6.3.4 Magnetic dipole radiation

The next term in the expression (6.36b) on page 95 for the expansion of the
Fourier transform of the Hertz vector is forn = 1:
eik\x—x0|

me®W=—i— | &k X" — Xo| e (x") cos ©
dreg |x —xo| Jyr p
1 oiklx—xol (6.53)
— ik [ I x0) - (6 - X0 )
47'[8() |X — X0| Vv’
Here, the term [(x — Xg) + (X’ — X¢)] 7, (X’) can be rewritten
[(x = Xo0) + (X" = X0)] e (X) = (xi — X0,i) (X} — X0,1) T (X') (6.54)
and introducing
Ni = Xi = Xo,i (6.552)
N = Xj — Xo,i (6.55b)
the jth component of the integrand in HZ(I) can be broken up into
1
{[(x —xo) - (x" — x0)] 70 (x)}; = 57 (w.j M + Tw.in;)
(6.56)

1
—= Eni (ﬂw,ﬂﬁ _nw,in})

i.e., as the sum of two parts, the first being symmetric and the second antisym-
metric in the indices 7, j. We note that the antisymmetric part can be written

as
%m (7w, i1 — Tw,inj) = %[”w,j (ing) — 1 (Ni 7,)]
= %[”w(’? ) =1 (- 7)) 6.57)
= % {(x —x0) x [0 x (x' = x0)]},

The utilisation of equations (6.20) on page 91, and the fact that we are consid-
ering a single Fourier component,

n(t,X) = mpe ! (6.58)
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allow us to express 7, in j,, as

Ty = ide (6.59)
w

Hence, we can write the antisymmetric part of the integral in formula (6.53) on
the previous page as

1
—(x —Xg) X / d*' 7, (x') x (X' —Xg)
2 V/
1
—is(x—x0) x [ o) x (= x0) (6.60)
2(,() %44
1
= —i—(X —Xg) X m,,
a)

where we introduced the Fourier transform of the magnetic dipole moment

1
m, = —/ d3’ (X' —Xg) X jo(x)) (6.61)
2 V/
The final result is that the antisymmetric, magnetic dipole, part of 1'[2)(1) can
be written

k eiklx—xo\
5> (X —Xo) x my (6.62)

l-[e, antisym(l) _
o =
dregw |x — Xo|

In analogy with the electric dipole case, we insert this expression into equation
(6.30) on page 94 to evaluate C, with which equations (6.31) on page 94 then
gives the B and E fields. Discarding, as before, all terms belonging to the near
fields and transition fields and keeping only the terms that dominate at large
distances, we obtain

ik|x—xg|
Bo(x) = -2° (m,xk)xk (6.632)
4 |x — Xg|
) k ik|x—xq|
Ef(x)= — - m,xk (6.63b)

drege |X — Xo|

which are the fields of the magnetic dipole radiation (M1 radiation).

6.3.5 Electric quadrupole radiation

The symmetric part IT; sym(1) of the n = 1 contribution in the equation (6.36b)
on page 95 for the expansion of the Hertz vector can be expressed in terms of the
electric quadrupole tensor, which is defined in accordance with equation (6.13c)
on page 90:

Q(.xo) = /V @ ( — x0) (¢ — x0)plf. X) (6.64)
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Again we use this expression in equation (6.30) on page 94 to calculate the fields
via equations (6.31) on page 94. Tedious, but fairly straightforward algebra
(which we will not present here), yields the resulting fields. The components of
the fields that dominate in the far field zone (wave zone) are given by

. ik|x—xq|

BL(x) = L2 (k-Q,) xk (6.652)
8 |x — X
i eiklx—xol

E¥(x) = — —— [(k-Q,) x k] x k (6.65b)

8mep |x — X

This type of radiation is called electric quadrupole radiation or E2 radiation.

6.4 Radiation from an extended source volume at rest

Certain radiating systems have a symmetric geometry or are in any other way
simple enough that a direct (semi-)analytic calculation of the radiated fields and
energy is possible. This is for instance the case when the radiating current flows
in a finite, conducting medium of simple geometry at rest such as in a stationary
antenna.

6.4.1 Radiation from a one-dimensional current distribu-
tion

Let us apply equation (6.5) on page 87 to calculate the radiated EM power from a
one-dimensional, time-varying current. Such a current can be set up by feeding
the EMF of a generator (e.g., a transmitter) onto a stationary, linear, straight, thin,
conducting wire across a very short gap at its centre. Due to the applied EMF, the
charges in this thin wire of finite length L are set into linear motion to produce
a time-varying antenna current which is the source of the EM radiation. Linear
antennas of this type are called dipole antennas. For simplicity, we assume that
the conductor resistance and the energy loss due to the electromagnetic radiation
are negligible.

Choosing our coordinate system such that the x3 axis is along the antenna
axis, the antenna current can be represented, in complex notation, by j (', x’) =
8(x7)8(x5)J(¢', x5) X3 (measured in A m~2) where J(#', x}) is the current (mea-
sured in A) along the antenna wire. Since we can assume that the antenna wire
is infinitely thin, the antenna current must vanish at the endpoints —L /2 and
L/2. At the midpoint, where the antenna is fed across a very short gap in the
conducting wire, the antenna current is, of course, equal to the supplied current.
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Figure 6.3: A linear antenna used sin[k(L/2 — |Xg |)]
for transmission. The current in the

feeder and the antenna wire is set

up by the EMF of the generator (the

transmitter). At the ends of the wire,

the current is reflected back with a

180° phase shift to produce a an-

tenna current in the form of a stand- __ __

ing wave. L i (ZT,.X )

|~

For each Fourier frequency component wy, the antenna current J (¢, x5) can
be written as 1(x}) exp(—iwot’) so that the antenna current density can be repre-
sented as j(¢',x’) = jo(xX') exp(—iwpt’) [cf. equations (5.6) on page 73] where

Jo(x') = 8(x1)8(x)1(x3) (6.66)

and where the spatially varying Fourier amplitude /(x}) of the antenna current
fulfils the time-independent wave equation (Helmholtz equation)
d?r1
dx%

+k2I(xy) =0, I(=L/2)=1I(L/2)=0, 1(0)= I, (6.67)

This second-order ordinary differential equation with constant coefficients has

the well-known solution

sinfk(L/2 — |x4])]
sin(kL/2)

I(x%) = 1o (6.68)
where [ is the amplitude of the antenna current (measured in A), assumed to be
constant and supplied by the generator/transmitter at the antenna feed point (in
our case the midpoint of the antenna wire) and 1/ sin(k L /2) is a normalisation
factor. The antenna current forms a standing wave as indicated in Figure 6.3.

When the antenna is short we can approximate the current distribution formula
(6.68) above by the first term in its Taylor expansion, i.e., by Io(1 — 2|x5|/L).
For a half-wave antenna (L = A/2 < kL = m) formula (6.68) simplifies to
Ip cos(kx}). Hence, in the most general case of a straight, infinitely thin antenna
of finite, arbitrary length L directed along the x} axis, the Fourier amplitude of
the antenna current density is

sin[k(L/2 — }x’3|)] <
sin(kL/2)

Jo(x") = Io8(x1)8(x3) (6.69)
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Figure 6.4: We choose a spheri-
cal polar coordinate system (r =
Ix|, 6, @) and arrange it so that the
linear electric dipole antenna axis
(and thus the antenna current den-
sity j ) is along the polar axis with
the feed point at the origin.

Jo(x)

X1

N[

For a half-wave dipole antenna (L. = A/2), the antenna current density is simply

Jo(x) = To8(x})8(x5) cos(kxy) (6.70)

while for a short antenna (L < A) it can be approximated by

Jo(x') = Lo8(x7)8(x3)(1 —2|x3] /L) (6.71)

In the case of a travelling wave antenna, in which one end of the antenna is
connected to ground via a resistance so that the current at this end does not vanish,
the Fourier amplitude of the antenna current density is

Jo(x') = Tod(x1)8(x3) exp(kx3) (6.72)

In order to evaluate formula (6.5) on page 87 with the explicit monochromatic
current (6.69) inserted, we use a spherical polar coordinate system as in Figure 6.4
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to evaluate the source integral

2

/ d3x/ jO x ke—ik~(X’—X0)
v’

2

L

2 sinf[k(L/2 — |x} iy ,

= / dxglo [ ( / | 3|)]ksinee—lkx3005961kxocose
-L sin(kL/2)

2
2

, k% sin? 0

®sin?(kL)
_a2 cos[(kL/2) cos 0] — cos(kL/2)\>
e sin @ sin(kL/2)

‘ ikxq cos 6

L
7
2/ dx} sin(k L /2 — kx%) cos(kx} cos 0)
0

(6.73)

Inserting this expression and d2 = 2 sin 6 df into formula (6.5) on page 87
and integrating over @, we find that the total radiated power from the antenna is

P(L) = R012L § 46 (COS[(kL/Z) cos 0] — cos(kL/2)

2
inf (6.
%47 Jo sin @ sin(k L /2) ) sin@ - (6.74)

One can show that

w (L 2
lim P(L)= — | =) Rol? )
Jigh (L) 12(1) ol (6.75)

where A is the vacuum wavelength.

The quantity
gy = 2B P pow (L “e197(EY (6.76)
Tz T Iz % \x) T 7

is called the radiation resistance. For the technologically important case of a
half-wave antenna, i.e., for L = A/2 or kL = 7, formula (6.74) reduces to

1 [ (5 cost
p(A/z)zROIOZEfO dgw

sin @ ©.77)

The integral in (6.77) can always be evaluated numerically. But, it can in fact also
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be evaluated analytically as follows:

/” cos? (% cos 0) 46 = [cos 0 —> u] = /‘1 cos® (Zu) 4y —
0

sin 6 -1 1—u?
cos? <£u> _ 1 + cos(mu)
2 2

1/1 1 + cos(mu)
du

2 ) T+ w1 —u)
1 /1 1 + cos(mu) 1 /1 1 + cos(mu)
Lt A | L i it

i il Ty ™

4, a+w MG

1 11
:_/ Mdu=[1+u—>3]
2 —1 (1+u) T

1 (2™ 1- 1
=—f ST gy = [y + In27% — Ci2n))]
2 0 v 2

~1.22

(6.78)
where in the last step the Euler-Mascheroni constant y = 0.5772... and the

cosine integral Ci(x) were introduced. Inserting this into the expression equation
(6.77) on the preceding page we obtain the value R™(1/2) ~ 73 Q.

>Radiation from a two-dimensional current distribution EXAMPLE 6.2

As an example of a two-dimensional current distribution we consider a circular loop antenna
and calculate the radiated fields from such an antenna. We choose the Cartesian coordinate
system x1x2x3 with its origin at the centre of the loop as in Figure 6.5 on the following
page.

According to equation (5.45a) on page 82 the Fourier component of the radiation part of the
magnetic field generated by an extended, monochromatic current source is

ipgeiklx]

Bfar —
@ 47 |x|

/V /d3x’ e kx5 xk (6.79)

In our case the generator produces a single frequency @ and we feed the antenna across
a small gap where the loop crosses the positive x; axis. The circumference of the loop is
chosen to be exactly one wavelength A = 27¢/w. This means that the antenna current
oscillates in the form of a sinusoidal standing current wave around the circular loop with a
Fourier amplitude

jo = Iocos¢'8(p" —a)8(z")§’ (6.80)
For the spherical coordinate system of the field point, we recall from Subsection F.4.1 on
page 200 that the following relations between the base vectors hold:

F = sin 6 cos X1 + sin 6 sin X, + cos HX3
6 = cos 6 cos X1 + cos 0 sin X5 — sin X3

@ = —singXy + cos Xy
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Figure 6.5: For the loop antenna
the spherical coordinate system
(r, 8, ¢) describes the field point X
(the radiation field) and the cylindri-
cal coordinate system (o’, ¢’,z’)
describes the source point X’ (the
antenna current).
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Jo(X)

X1

and
X1 = sinf cos gf + cos O cos ph — sin
Ko = sin 0 sin f + cos 0 singh + cos g
%3 = cos OF — sin 0

With the use of the above transformations and trigonometric identities, we obtain for the
cylindrical coordinate system which describes the source:

p’ = cos@'R1 +sinp'%,

o (6.81)
= sin @ cos(¢p’ — @)F + cos 6 cos(¢’ — ¢)® + sin(¢p’ — )P
A/ . 15 15
@ = —sIn@ Xj] + Cosy X2
A . (6.832)
= —sin 6 sin(p’ — @)f — cos @ sin(¢’ — )0 + cos(¢’ — @)
2 = X3 = cos OF —sin 06 (6.33)
This choice of coordinate systems means that k = kf and x’ = ap’ so that
k -x" = kasinf cos(¢’ — ¢) (6.84)
and
¢’ x k = k[cos(¢' — ¢)® + cos 0 sin(¢’ — ¢) @] (6.85)

With these expressions inserted, recalling that in cylindrical coordinates d3x’ = p’dp/de’dz’,
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the source integral becomes

2w

/ a3y e—ik-x’ jo xk = a/ d(p/ e—ika sin9cos(¢/—¢)10 cos (P/ ‘f’/ x k
|4 0
2T . , .
— I()ak/ e—lkll sin @ cos(¢’—¢@) COS((p/ — ) Cos<p/dgo’(-) (6.86)
0

2w . . ,
+ Igak cos @ / g~ikasing cos(¢’—¢) sin(p’ — @) cos ¢’ dp’ §
0

Utilising the periodicity of the integrands over the integration interval [0, 277], introducing
the auxiliary integration variable ¢” = ¢’ — ¢, and utilising standard trigonometric identities,
the first integral in the RHS of (6.86) can be rewritten

2” k H 9 <!’

/ e—l asmu cos @ Cos(p//c()s(go/l +(p)d(p”
0
2n . . p
=cos ¢ / e ikasinfcose” (2 ) 4y + a vanishing integral
0

_ i —ika sin 6 cos ¢”’ 1 1 ” "
=cos¢ e 3 + 3 cos2¢” | do (6.87)
0

1 2 —ikasin6 cosp” 7 1
= 5 o8¢ e ¢ de
0

2
Analogously, the second integral in the RHS of (6.86) can be rewritten

1 27 . ) ,
+ = cosg / e—lka sin 0 cos ¢” COS(ZQDN) d(p//
0

2w
/ e—ikasinfcosp” @" cos(p” + @) dg”
0

1 2 ks "
= —sin (,0/ e—lka sin 0 cos @ dgo” (6.88)
2 0
1 2T as ”
_ 5 sin(p/ e—1ka sin 0 cos @ O 2¢// d(p”
0

As is well-known from the theory of Bessel functions,

Jn(_é) = (_l)n-]n(é)

—n T . —n 2 . (6,89)
Jn(—§) = 17/ e—lEcosw cosngdp = " 4 e i€ cose cosng dg

T 0 2 0

which means that

27 . ) .
/ e—lkﬂ sin 6 cos @ d(p” = 2 Jo(kasin §)
0

o (6.90)
/ o—ikasinBcosg” . o 29" d¢" = —27Js(ka sin )
0
Putting everything together, we find that
/V/d3xl e kX, xk=Tp0 + T, ¢
_ ooy : A (6.91)
= Ipakm cos ¢ [Jo(kasinO) — Jr(kasin0)] 0

+ Tpaksw cos O sing [Jo(ka sin @) + Jo(ka sin0)] ¢
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so that, in spherical coordinates where |x| = r,
; ikr
f; —ipge' A .
Bl () = —— (19 b+, (p) (6.92)

To obtain the desired physical magnetic field in the radiation (far) zone we must Fourier
transform back to ¢ space and take the real part:

_iMOe(ikr—wl’)

B (¢,x) = Re (Ieé + Iy @)

4rr
= MO Gintkr — wt) (Igé +1, @)
dmr (6.93)
_ Toakpg . , . . N
=~ sin(kr —wt’)| cos¢ [Jo(kasin@) — Ja(kasin6)] 6
’

~+ cos O sin [Jo(ka sin 0) + J,(ka sin 0)] (f))

From this expression for the radiated B field, we can obtain the radiated E field with the help
of Maxwell’s equations.

End of example 6.2<

6.5 Radiation from a localised charge in arbitrary mo-
tion

The derivation of the radiation fields for the case of the source moving relative to

the observer is considerably more complicated than the stationary cases that we

have studied so far. In order to handle this non-stationary situation, we start from
the retarded potentials (3.49) on page 43 in Chapter 3

! / P Pl X (15))
V/

4reg X (1) — X/ (ter) |

Mo 3y j(tr/el’x(tr/et))
A(t, = = o' ——M——— 6.94b
6= /V X0 — X ()] (6:040)

and consider a source region with such a limited spatial extent that the charges

P(1.x) =

(6.942)

and currents are well localised. Specifically, we consider a charge ¢’, for instance
an electron, which, classically, can be thought of as a localised, unstructured and
rigid ‘charge distribution’ with a small, finite radius. The part of this ‘charge
distribution” dg’ which we are considering is located in dV’ = d3’ in the sphere
in Figure 6.6 on the facing page. Since we assume that the electron (or any
other other similar electric charge) moves with a velocity v/ whose direction is
arbitrary and whose magnitude can even be comparable to the speed of light, we
cannot say that the charge and current to be used in (6.94) is [}, d3¢ p(t/,, x")
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and [}, d3 vp(t),,x'), respectively, because in the finite time interval during
which the observed signal is generated, part of the charge distribution will ‘leak’
out of the volume element d>x’.

6.5.1 The Liénard-Wiechert potentials

The charge distribution in Figure 6.6 on page 109 which contributes to the field
at x(¢) is located at x’(¢") on a sphere with radius r = |x — x| = ¢(¢t — t’). The
radius interval of this sphere from which radiation is received at the field point x
during the time interval (¢/,¢" + dt’) is (r/, ¥’ + dr’) and the net amount of charge
in this radial interval is

(x —x)-v'(t')

dq" = pltye, x') dS"dr’ — p(ty,, X") x— x|

ds’dr’ (6.95)
where the last term represents the amount of ‘source leakage’ due to the fact that
the charge distribution moves with velocity v'(¢") = dx’/dt’. Since dt' = dr’/c
and dS’ dr’ = d3’ we can rewrite the expression for the net charge as

(X_X/)'V/ 3./
clx —x’|

x—x").v
= p(t, X) (1 - ) d¥

clx —x/|

dg" = p(tyy, x") &' = p(1},, X')
(6.96)

| 109

Figure 6.6: Signals that are observed
at the field point X at time ¢ were
generated at source points X’ (¢”) on
a sphere, centred on X and expand-
ing, as time increases, with veloc-
ityc = —c(x —x’)/ |x — x’| out-
ward from the centre. The source
charge element moves with an arbi-
trary velocity v/ and gives rise to a
source ‘leakage’ out of the source
volume dV’ = d3x’.
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or
dq’
,O(tr/e[,X/) d3 = W (6~97)
c|x—x’|

which leads to the expression

th, x' dq’
Pl X)) oy L (6.98)
Ix — x| |X—X'|_w

This is the expression to be used in the formule® (6.94) on page 108 for the
retarded potentials. The result is (recall that j = pv)

1 dq’ 6
l1.x) = 4meo J |x —x/| — (X—ré’)-v’ (6.992)
Ho v/ dg’
At =42 | (6.99b)
( _ /), 7
4 |X — X/| — X)Z—V

For a sufficiently small and well localised charge distribution we can, assuming
that the integrands do not change sign in the integration volume, use the mean
value theorem to evaluate these expressions to become

1 1 q/ 1
h= dg' = — - 6.
¢ x) 4reo |x —x/| — (x—:zf)-v’/ q 4ey s (6.100a)
1 V/ q/ V/
AL, x) = _,,,/dq’z v
478062 x — x| - & i)_v dmeoc? s (6.100b)
v
= c_2¢
where
— /lJ . /t/
SZS(I/’X):|X_X/U/)|—[X X)) (6.1012)
c
x—X() V()
=|x—x'()|(1—- . Loib
|X x'( )‘( Ix —x'(1')] c ) (6.101b)
x—x'(t) v'(t)
= [X—X’(I/)]'(|X_X,(t/)| - ¢ ) (6.101¢)

is the retarded relative distance. The potentials (6.100) are the Liénard-Wiechert

! These results were derived potentials.! In Section 7.3.2 on page 147 we shall derive them in a more elegant
independently by ALFRED- . PR . .

MARIE LIENARD in 1898 and and general way by using a.relatwlstlcall.y covarlan.t fo.rmahsm.

EMIL JOHANN WIECHERT in It should be noted that in the complicated derivation presented above, the
1900.

observer is in a coordinate system which has an ‘absolute’ meaning and the
velocity v is that of the localised charge ¢’, whereas, as we shall see later in the
covariant derivation, two reference frames of equal standing are moving relative
to each other with v’.
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Figure 6.7: Signals that are observed

at the field point X at time ¢ were

generated at the source point X’ (¢).

After time ¢’ the particle, which

moves with nonuniform velocity,

V/(t ') has followed a yet unknown trajec-

= tory. Extrapolating tangentially the

trajectory from X’ (¢”), based on the

velocity v/(¢’), defines the virtual
simultaneous coordinate X (¢).

X —Xp

x(1)

The Liénard-Wiechert potentials are applicable to all problems where a spa-
tially localised charge in arbitrary motion emits electromagnetic radiation, and
we shall now study such emission problems. The electric and magnetic fields are
calculated from the potentials in the usual way:

B(t,x) = VxA(t,x) (6.102a)
0A(1,Xx)

E(1.x) =~V (1.x) — =

(6.102b)

6.5.2 Radiation from an accelerated point charge

Consider a localised charge ¢’ and assume that its trajectory is known experimen-
tally as a function of retarded time

x' = x'(t) (6.103)

(in the interest of simplifying our notation, we drop the subscript ‘ret’ on ¢ from
now on). This means that we know the trajectory of the charge ¢’, i.e., x’, for all
times up to the time ¢" at which a signal was emitted in order to precisely arrive
at the field point x at time ¢. Because of the finite speed of propagation of the
fields, the trajectory at times later than ¢’ cannot be known at time ¢.

The retarded velocity and acceleration at time ¢’ are given by

, dx’
v = o (6.104a)
) dv/  d?x/
a'(t)=v() = Fr i (6.104b)

As for the charge coordinate x’ itself, we have in general no knowledge of the
velocity and acceleration at times later than ¢/, and definitely not at the time of
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observation ¢! If we choose the field point x as fixed, the application of (6.104)
to the relative vector x — x’ yields

d

@[X =x'(t)] = -v'(t) (6.1052)
d2
d?[x =x'(t"] = —v'(t) (6.105b)

The retarded time ¢’ can, at least in principle, be calculated from the implicit
relation

—x'(t
=tt,x)=t— Ix =X @) (6.106)
C

and we shall see later how this relation can be taken into account in the calcula-
tions.

According to formule (6.102) on the previous page, the electric and magnetic
fields are determined via differentiation of the retarded potentials at the obser-
vation time ¢ and at the observation point X. In these formula the unprimed V,
i.e., the spatial derivative differentiation operator V = X;d/dx; means that we
differentiate with respect to the coordinates x = (x1, X2, x3) while keeping ¢
fixed, and the unprimed time derivative operator d/d¢ means that we differentiate
with respect to ¢ while keeping x fixed. But the Liénard-Wiechert potentials ¢
and A, equations (6.100) on page 110, are expressed in the charge velocity v'(¢')
given by equation (6.104a) on page 111 and the retarded relative distance s(¢’, x)
given by equation (6.101) on page 110. This means that the expressions for the
potentials ¢ and A contain terms that are expressed explicitly in ¢/, which in turn
is expressed implicitly in ¢z via equation (6.106). Despite this complication it
is possible, as we shall see below, to determine the electric and magnetic fields
and associated quantities at the time of observation ¢. To this end, we need to
investigate carefully the action of differentiation on the potentials.

6.5.2.1 The differential operator method

We introduce the convention that a differential operator embraced by parentheses
with an index x or # means that the operator in question is applied at constant x
and ¢, respectively. With this convention, we find that

d TN P x —x’ . i o
(g)x |x—x(t)| _p—|x—x’|2_1’ (8[’)X (X x'(t ))
(x —x)-v'(t')

x =X

(6.107)
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Furthermore, by applying the operator (d/9¢ ) to equation (6.106) on the preced-
ing page we find that

(&) =1 (2) bexwen)
ot ) ot )4 c
:1_[(1) |X_X/|](a—t/) (6.108)
a' )y ¢ ar ),

=1+ x=x) Vi) (8_[/)

c|x —x/| ot
This is an algebraic equation in (d¢’/d¢)x that we can solve to obtain
at’ |x — x/| |x — x’|
) = = 6.10
(ar ) XX = —x) V(e s .

where s = s(¢/, x) is the retarded relative distance given by equation (6.101) on
page 110. Making use of equation (6.109) above, we obtain the following useful
operator identity

8 . a_t/ i B |X _X/| i
(E)x N (at )X (Bt/)x - Ky (at/)x (6.110)

Likewise, by applying (V); to equation (6.106) on the facing page we obtain

x —x/(t'(¢,x)) X —x’
V)it = —(V), XX (@) x)
c clx —x/| 6.111)
X —x’ x —x')-v/(t '
_ L OV o
c|x —x’| clx — x|
This is an algebraic equation in (V); ¢’ with the solution
_ !/
(V)1 = _x~x (6.112)
cs

which gives the following operator relation when (V); is acting on an arbitrary
function of ¢ and x:

(V) = [(V)i'] (%) b (V) =X (i) (V)  (6.113)

cs at’

With the help of the rules (6.113) and (6.110) we are now able to replace ¢ by ¢’

in the operations that we need to perform. We find, for instance, that

V=9 =V (- 1)

deg s
_ q x—x" v/(t) x-—x'[0s
T 4mees? |:|x —x| ¢ cs (W)X]
0A A 0 (o q'v' (1)
5_(5),(_5(5 s )

q . s
= dmoec®s? |:}x —x/|sv'(t) — |x = x| V(1) (W)J

(6.114a)

(6.114b)
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Utilising these relations in the calculation of the E field from the Liénard-Wiechert
potentials, equations (6.100) on page 110, we obtain

E(r,x) = —V¢(t,x) — B%A(t,x)
q {[x —x/(t)] =[x = x'(t)| V(1) /e

- dmegs?(t’,x) Ix —x/(1)]
[x — x’([’)] —|x - X/(l‘/)| V/(Z/)/C (85([/,)()) (6.115)

cs(t',x) at’

X =x'@)] w(z/)}

c2

Starting from expression (6.101a) on page 110 for the retarded relative distance
s(t’,x), we see that we can evaluate (ds/dt")x in the following way

(ﬁ) _(i) (|X_X,|_(x—x’)-v’<z/))
at’ ), \ar ), c

d 'y
B 8_1‘; |Xa_[xx_(l;jlt/)] av/(t/) (61 16)
_;(T-V/(t’)+[x—x’(t’)]- 5 )
_(X _ X/(Z/)) . V/(t/) N Ulz(l/) B (X _ X/(l/)) . ",/(t/)
Ix —x"(¢")] ¢ ¢

where equation (6.107) on page 112 and equations (6.104) on page 111, respec-
tively, were used. Hence, the electric field generated by an arbitrarily moving
charged particle at x’(¢) is given by the expression

E(x)=—9 ([x —x/(¢)] - W) (1 B v/z(f’))

dmegs3 (1, x) c2

Coulomb field when v — 0

¢ x=x() [([X XY - M#) x v’(ﬂ)}

dmegs3(t,x) 2

Radiation (acceleration) field

(6.117)

The first part of the field, the velocity field, tends to the ordinary Coulomb field
when v’ — 0 and does not contribute to the radiation. The second part of the
field, the acceleration field, is radiated into the far zone and is therefore also
called the radiation field.

From Figure 6.7 on page 111 we see that the position the charged particle
would have had if at ¢’ all external forces would have been switched off so that
the trajectory from then on would have been a straight line in the direction of
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the tangent at x'(¢') is X¢(¢), the virtual simultaneous coordinate. During the
arbitrary motion, we interpret X — Xo(¢) as the coordinate of the field point x
relative to the virtual simultaneous coordinate x¢(#). Since the time it takes for a
signal to propagate (in the assumed vacuum) from x’(¢’) to x is |[x — x’| /¢, this
relative vector is given by

x =x'(t)|v'(1)

X —Xo(1) =x—x’(t’)—f (6.118)

This allows us to rewrite equation (6.117) on the facing page in the following
way

/ 12 (4!
E(,x) = #Oﬁ[(x —xo(t))(l _Y C(; ))

(x —xo(7)) x V/(t’)]

c2

(6.119)
+ (x —x'(t)) x

In a similar manner we can compute the magnetic field:

B(,x) = VXA X) = (V); xA = (V) x A — = ;SX' X (i) A

q x —x’ , X —x’ 0A
=- XV ——— x| —
degc?s? |x — x| c|x —x/| ar )y

where we made use of equation (6.100) on page 110 and formula (6.110) on

(6.120)

page 113. But, according to (6.114a),

x —x’ q x —x’/ ,
e =x1 XV = et = <Y (120
so that
X —x’ 0A
B(t,x) = —— x|=(V¢): — |
clx —x/| ar )
14! (6.122)
_ X=X x E(z,x)
T oclx —x/(1)] '

The electric far field is obtained from the acceleration field in formula (6.117)
on the preceding page as

E®™(,x) = lim E(,x)
|[x—x’|—>00

¢ (x —x') x |:((x —x') — |X_—X/|V/) X \"’i|

4dmegc2s’3

c
= S X X (= xa 0] X V)

(6.123)
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where in the last step we again used formula (6.118) on the preceding page. Using
this formula and formula (6.122) on the previous page, the radiation part of the
magnetic field can be written

x —x'(t')

Bfar [, —
(t,%) cIx —x'(1)]

x Ef (¢, x) (6.124)

6.5.2.2 The direct method

An alternative to the differential operator transformation technique just described
is to try to express all quantities in the potentials directly in # and x. An example
of such a quantity is the retarded relative distance s(¢’, x). According to equation
(6.101) on page 110, the square of this retarded relative distance can be written

21, x) =[x =x' () = 2|x = x'(t)| LN X/(t;)] Al

6.
(e W))z (6125)
c
If we use the following handy identity
(x—x")-v/ 2+ (x —x) xv'\?
c ¢
2 2
= = v? cos2 6 + x=x7v" v? sin? @’ (6.126)
o2
12,2 V)
_ le v (cos? @’ +sin*0’) = x=x|"v” le v
c c
we find that
(X—X/)-V/ 2 |X_X/2v/2 (X—X/)XV/ 2
= > — (6.127)
c c c

Furthermore, from equation (6.118) on the previous page, we obtain the identity
x —x'(t)] xv =[x —xo()] x Vv’ (6.128)

which, when inserted into equation (6.127), yields the relation

) v\ 2 /12,2 — "2
((x X)V) :|X x'|7v _((X XO)XV) (6.129)

c c? c
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Inserting the above into expression (6.125) on the preceding page for s2, this
expression becomes

(X—X/)-V/+|X—X/|2v/2 ((x—xo)xv/)2

c c? c

_ ((X_X,)_ |x—x’|v’)2_((X—Xo)xv’)2
c ¢

— (x—xoP - (M)

§2 = |X—x’|2—2|x—x/|

Cc

[x — Xo(1)] x v'(r’))2

C

— x — xo(1)2 —(
(6.130)

where in the penultimate step we used equation (6.118) on page 115.

What we have just demonstrated is that if the particle velocity at time ¢ can be
calculated or projected from its value at the retarded time ¢/, the retarded distance
s in the Liénard-Wiechert potentials (6.100) can be expressed in terms of the
virtual simultaneous coordinate X¢(?), viz., the point at which the particle will
have arrived at time ¢, i.e., when we obtain the first knowledge of its existence at
the source point x’ at the retarded time ¢/, and in the field coordinate x = x(¢),
where we make our observations. We have, in other words, shown that all
quantities in the definition of s, and hence s itself, can, when the motion of the
charge is somehow known, be expressed in terms of the time ¢ alone. I.e., in this
special case we are able to express the retarded relative distance as s = s(, X)
and we do not have to involve the retarded time ¢’ or any transformed differential
operators in our calculations.

Taking the square root of both sides of equation (6.130) above, we obtain the
following alternative final expressions for the retarded relative distance s in terms
of the charge’s virtual simultaneous coordinate x¢(¢) and velocity v'(¢'):

1+ 2
s(t',x) = \/|x —xo()? - ([X y X"(’C)] x v )) (6.1312)
= |x —x¢(?)] \/1 — v’zc(zt’) sin? By () (6.131b)
12 (41 1M\ 2
_ \/|x —xo(1)[? (1 _re )) + ([" —XoO) v ))
c c
(6.131¢)

If we know what velocity the particle will have at time #, expression (6.131) for s
will not be dependent on ¢’.
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Using equation (6.131c) on the previous page and standard vector analytic
formulae, we obtain

/" N\ 2
Vs2=V|:|x—xo|2(1—1;—22)+(_(X_?Zo)'V) :|

2 /!
=2 |:(x —Xog) (1 - 1;_2) + VC;’ c(x — Xo)] (6.132)

=2|:(X—Xo)+V—/X(V—/X(X—X0))]
c c

We shall use this result in Example 6.3 for a uniform, unaccelerated motion of

the charge.

EXAMPLE 6.3 >The fields from a uniformly moving charge

2 This problem was first solved by ~ In the special case of uniform motion,? the localised charge moves in a field-free, isolated
OLIVER HEAVISIDE in 1888. space and we know that it will not be affected by any external forces. It will therefore move
uniformly in a straight line with the constant velocity v’. This gives us the possibility to
extrapolate its position at the observation time, x’(¢), from its position at the retarded time,
x’(¢t"). Since the particle is not accelerated, v/ = 0, the virtual simultaneous coordinate
xo will be identical to the actual simultaneous coordinate of the particle at time ¢, i.e.,
xo(t) = x/(¢). As depicted in Figure 6.7 on page 111, the angle between x — xg and v’ is
0o while then angle between x — x’ and v’ is §’.
In the case of uniform velocity v/, i.e., a velocity that does not change with time, any
physical observable f(¢,x) has the same value at time ¢ and position X as it has at time
t + dt and position x + v’dz. Hence,

f,x) = f(t +dt,x +v'dt) (6.133)

Taylor expanding f(¢ + d¢, x + v’dr), keeping only linear terms in the infinitesimally small
dt, we obtain

[t +dt,x +v/dt) = f(t,x) + % dr + v/ - Vf dr + O((d)?) (6.134)

From this we conclude that for uniform motion

af

_— = — /.
o v -Vf (6.135)

Since f is an arbitrary physical observable, the time and space derivatives must be related
in the following way when they operate on any physical observable dependent on x (¢) [cf.
equation (1.36) on page 13]:

— =_vy'.V (6.136)

Hence, the E and B fields can be obtained from formula (6.102) on page 111, with the
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potentials given by equations (6.100) on page 110 as follows:

A 1L ov'¢ v/ 09
=Vo- g =Ve-a = V-
/ V/ V/v/
— v+ (L.ve)=—(1 v
¢+ c (c ¢) ( ) ) ¢ (6.137a)
vy
e
V/ ! !
B=VxA VX(C—ng) V¢ x 2——2xV¢
!/ !/ / / !
=V—2x[(v— v¢)——v¢] V—Zx(%—u)-v(p (6.137b)
c c c
V/
:C2xE

Here 13 = X;X; is the unit dyad and we used the fact that v/ x v/ = 0. What remains is just
to express V¢ in quantities evaluated at ¢ and Xx.
From equation (6.100a) on page 110 and equation (6.132) on the facing page we find that

/ 1 /
Vo =1 V(f)=— 1 vs2

4meg s 8mwegs3

= _471Z0s3 |:(x —Xg) + V? X (V? x (x —xo))]

When this expression for V¢ is inserted into equation (6.137a) above, the following result

V/V/ q/ V/V/ 5
E([,X) = ( C2 _13) 'V¢ = —W (CT _13) - Vs

= {(x—xo)—}—x(‘;x(x—xo))

(6.138)

47r£0s3

v (L (x —Xo)) V/Z/ . [L/ x (L, x (x —Xo))] %
c C Cc Cc Cc

4 l 2
= [(x—xmv(V-(x—xw)—(x—xo)vz
c C C

4ne0s3

( S(x - Xo)) :I
_ 4 _v?
- 4ﬂ80s3( ~ o) (1 c? )

obtains. Of course, the same result also follows from equation (6.119) on page 115 with
v/ = 0 inserted.

From equation (6.139) above we conclude that E is directed along the vector from the
simultaneous coordinate X (#) to the field (observation) coordinate x(#). In a similar way,
the magnetic field can be calculated and one finds that

(6.139)

72
1
B(z, )—M(l—zz)v’x(x—xo)=czv'xE (6.140)
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From these explicit formulae for the E and B fields and formula (6.131b) on page 117 for s,
we can discern the following cases:

1. v — 0 = E goes over into the Coulomb field ECoulomb
2. v’ — 0 = B goes over into the Biot-Savart field

3. v/ = ¢ = E becomes dependent on 6

4. v/ > ¢, sinfg ~ 0= E — (1 — v/%/¢2)ECoulomd

5

. v > c,sinf ~ 1= E — (1 —v/2/c2)~1/2ECoulomb

End of example 6.3<

6.5.2.3 Small velocities

If the charge moves at such low speeds that v'/c « 1, formula (6.101) on
page 110 simplifies to

/|_ (x—x").v/

s=|x—x ~[x=x], Ve (6.141)

4

and formula (6.118) on page 115

|x — x| v/

X—Xo=(x—-x')— ~x—x, vV<Kc (6.142)

4

so that the radiation field equation (6.123) on page 115 can be approximated by

/

d s (x—x)x[(x—x)xV], v <c (6.143)

EM(x) = ————
dregc? |x — x|

from which we obtain, with the use of formula (6.122) on page 115, the magnetic
field

/

d SV x(x—x)], v < (6.144)

B (1 x) = ————
deged |x — x|

It is interesting to note the close correspondence that exists between the non-
relativistic fields (6.143) and (6.144) and the electric dipole field equations (6.42)
on page 97 if we introduce the electric dipole moment for a localised charge [cf.
formula (6.38) on page 96]

d =g'x'(t)) (6.145)
and at the same time make the transitions

gv =d - —0?d, (6.146a)
X—Xx =X—Xp (6.146b)
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The energy flux in the far zone is described by the Poynting vector as a function
of E™ and B™, We use the close correspondence with the dipole case to find that
it becomes

2.

far __ l"l’oq/ (vl)2 ) X — X/
S 5 sin
| [x — x|

= (6.147)

1672%¢ |x — x’ 7
where 0 is the angle between v’ and x — x¢. The total radiated power (integrated
over a closed spherical surface) becomes

3 Moq/Z(‘;/)z 3 q/21-)/2

P =
6mc 6megc’

(6.148)

which is the Larmor formula for radiated power from an accelerated charge. Note
that here we are treating a charge with v’ < ¢ but otherwise totally unspecified
motion while we compare with formule derived for a stationary oscillating
dipole. The electric and magnetic fields, equation (6.143) on the preceding page
and equation (6.144) on the facing page, respectively, and the expressions for
the Poynting flux and power derived from them, are here instantaneous values,
dependent on the instantaneous position of the charge at x’(¢"). The angular

distribution is that which is ‘frozen’ to the point from which the energy is radiated.

6.5.3 Bremsstrahlung

An important special case of radiation is when the velocity v’ and the acceleration
v’ are collinear (parallel or anti-parallel) so that v/ x v/ = 0. This condition (for
an arbitrary magnitude of v’) inserted into expression (6.123) on page 115 for the
radiation field, yields

/

q

E*(r.x) = dregc2s’

x=x)x[(x—x)x V], vV (6.149)

| 121

Figure 6.8: Polar diagram of the en-
ergy loss angular distribution fac-
tor sin2 8/(1 — v cos 6/c)” during
bremsstrahlung for particle speeds
v = 0,v = 0.25c, and v/ =
0.5c¢.
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from which we obtain, with the use of formula (6.122) on page 115, the magnetic
field

q'|x —x/|

B (1, x) = WV x(x—x)], v |V (6.150)

4egc3s3
The difference between this case and the previous case of v/ < ¢ is that the
approximate expression (6.141) on page 120 for s is no longer valid; instead we
must use the correct expression (6.101) on page 110. The angular distribution of
the energy flux (Poynting vector) far away from the source therefore becomes

2. .
far oq'“v"? sin? @ X —x’

" 16n2elx — X (1 - ¥ cos9)° X=X

(6.151)

It is interesting to note that the magnitudes of the electric and magnetic fields are
the same whether v’ and v’ are parallel or anti-parallel.

We must be careful when we compute the energy (S integrated over time).
The Poynting vector is related to the time ¢ when it is measured and to a fixed
surface in space. The radiated power into a solid angle element d€2, measured
relative to the particle’s retarded position, is given by the formula

durd(g 12 12 in2 6
AdQ:S-(x—x')|x—x/|dQ=M0q v o dQ
dr 16m2¢ (1 — ¥ cos)°

c
(6.152)
On the other hand, the radiation loss due to radiation from the charge at retarded
time ¢
dUrad dUrad ot
dQ = — | dQ 6.
dr’ d (aﬂ)x (6.153)
Using formula (6.109) on page 113, we obtain
dUrad dUrad s
Q= dQ =S-.(x —x")sdQ 6.
o i X =¥ (x —x')s (6.154)

Inserting equation (6.151) for S into (6.154), we obtain the explicit expression
for the energy loss due to radiation evaluated at the retarded time
dUrad(Q) _ Moq/zblz sinZ 6

dt’ ds2 = 1672¢ v 5
(1- L cos )

dQ (6.155)

The angular factors of this expression, for three different particle speeds, are
plotted in Figure 6.8 on the previous page.

Comparing expression (6.152) with expression (6.155) above, we see that
they differ by a factor 1 — v’ cos /¢ that comes from the extra factor s/ [x — x’|
introduced in (6.154). Let us explain this in geometrical terms.
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During the interval (z/,¢" + d¢’) and within the solid angle element dS2 the
particle radiates an energy [dU™4(0)/dt'] dt’d2. As shown in Figure 6.9 this
energy is at time ¢ located between two spheres, one outer with its origin at x/ (¢')
and radius ¢ (¢ —t’), and one inner with its origin at x5 (¢ +dt') = x| (t') + v’ dt’
and radius c[t — (¢’ + dt’)] = c(t — ¢/ — dt’).

From Figure 6.9 we see that the volume element subtending the solid angle

element
d2
Q=" (6.156)
|X — x’2|
is
& = ddr = |x —x5|% dQdr (6.157)

Here, dr denotes the differential distance between the two spheres and can be
evaluated in the following way

-
dr = |x —x5| + cdt’ — |x—x/2}—x—xlz-v/ dr’
|x —x5|
v’ cos 0 (6.158)

/
X —X cs
= c——/z-v’ dt' = ———dt’
x —x}| |x — x5
where formula (6.101) on page 110 was used in the last step. Hence, the volume
element under consideration is

& = d2rdr = —— d? cdt’ (6.159)
x — x5

| 123

Figure 6.9: Location of radiation
between two spheres as the charge
moves with velocity v/ from X’1 to
x/ during the time interval (¢/, ¢’ +
dt’). The observation point (field
point) is at the fixed location X.
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We see that the energy that is radiated per unit solid angle during the time interval
(t',t" + dt’) is located in a volume element whose size is # dependent. This
explains the difference between expression (6.152) on page 122 and expression
(6.155) on page 122.

Let the radiated energy, integrated over €2, be denoted Ud After tedious, but
relatively straightforward integration of formula (6.155) on page 122, one obtains

(6.160)

dﬁrad Moq/ZﬁIZ 1 ) q/Zi)/z v'2 -3
" 6nc (l B ﬁ)3 N §4n80c3( B c_z)
c2
If we know v’(¢), we can integrate this expression over ¢’ and obtain the total
energy radiated during the acceleration or deceleration of the particle. This way
we obtain a classical picture of bremsstrahlung (braking radiation, free-free
radiation). Often, an atomistic treatment is required for obtaining an acceptable
result.

>Bremsstrahlung for low speeds and short acceleration times

Calculate the bremsstrahlung when a charged particle, moving at a non-relativistic speed, is
accelerated or decelerated during an infinitely short time interval.

We approximate the velocity change at time ¢’ = ¢ by a delta function:

V(i) = AV (1t —tg) (6.161)
which means that
o0
AV (to) =/ dr’ v/ (6.162)
—00

Also, we assume v/c¢ < 1 so that, according to formula (6.101) on page 110,

S A |xfx/’ (6.163)
and, according to formula (6.118) on page 115,

X —XgA~X—X (6.164)
From the general expression (6.122) on page 115 we conclude that E L B and that it suffices

to consider E = ‘Efar|. According to the ‘bremsstrahlung expression’ for Ef", equation
(6.149) on page 121,

s 0/
E=—17 AvSG —10) (6.165)
drgpc? |x —x/|

In this simple case B = |Bfar| is given by

B=— (6.166)
c

Beacuse of the Dirac § behaviour in time, Fourier transforming expression (6.165) on the
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preceding page for E is trivial, yielding

q'sinf 1 /‘°° JAVS( —10) e
Ep =117 SV —h),
dwegc? 2w [x —x/(1")|
4 sind’ (6.167)
= AV (19) €0

8m2gpc? |x — x/(tp)] (f0)

We note that the magnitude of this Fourier component is independent of w. This is a
consequence of the infinitely short ‘impulsive step’ §(t" — o) in the time domain which
produces an infinite spectrum in the frequency domain.

The total radiation energy is given by the expression

- dead B
U“‘d:/ - / dzsﬁdz“’ (Ex—)
—00 dr 4 Ko

1 2./ 1 2./ *° ! 2
d% dt EB=— (@ d*& dt' E (6.168)
S’ Hoc Js’ —00
:socgg dz’/ dt’ E?

According to Parseval’s identity [cf. equation (6.8) on page 88] the following equality holds:

o0 o0
/ di’' E? = 471/ do |Ey|? (6.169)
—00 0

which means that the radiated energy in the frequency interval (@, w + dw) is

0Lf)addw = 4megc (¢ d%’ |Ew|2) dw (6.170)
S/

For our infinite spectrum, equation (6.167) above, we obtain

/2 n2 20/
~ AV) sin“ 6
Ordde — L1 56 2’ d
© 0= T6n3e9c3 Jor Ix —x/|? ¢
2 n2 2:1
A
-1 (Av) / / d@’ sin 0’ sin? 6’ dw (6.171)
1673¢g9c3

_q 2 AV dw
- 3mege c 2
We see that the energy spectrum Ucff‘d is independent of frequency w. This means that if we

would integrate it over all frequencies w € [0, 00), a divergent integral would result.

In reality, all spectra have finite widths, with an upper cutoff limit set by the quantum
condition

1 1
hwmax = Em(v/ ar AU/)Z — Emv/z (6.172)

which expresses that the highest possible frequency wmax in the spectrum is that for which
all kinetic energy difference has gone into one single field quantum (photon) with energy
hwmax. If we adopt the picture that the total energy is quantised in terms of N, photons
radiated during the process, we find that

Urdda

= dNy (6.173)
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or, for an electron where ¢’ = — |e|, where e is the elementary charge,
2 2 (A do 1 2 (A do
de—moﬁcg(c) ;~ﬁ§(c) " (6-174)

where we used the value of the fine structure constant o = e /(4meghc) ~ 1/137.

Even if the number of photons becomes infinite when w — 0, these photons have negligible
energies so that the total radiated energy is still finite.

End of example 6.4<

6.5.4 Cyclotron and synchrotron radiation (magnetic
bremsstrahlung)

Formula (6.122) and formula (6.123) on page 115 for the magnetic field and the
radiation part of the electric field are general, valid for any kind of motion of the
localised charge. A very important special case is circular motion, i.e., the case
vi LV,

With the charged particle orbiting in the x;x; plane as in Figure 6.10 on the
next page, an orbit radius a, and an angular frequency wg, we obtain

o(t') = wot’ (6.1752)
x'(t") = a[X1 cos p(t’) + X sin @(¢')] (6.175b)
v/(1") = X'(t') = awo[—X 1 sing(t") + X3 cos p(t')] (6.175¢)
v = |V’| = awy (6.175d)
V(') = X'(t") = —awd[X1 cos p(t') + X sinp(t')] (6.175€)
v = V| = awg (6.175%)

Because of the rotational symmetry we can, without loss of generality, rotate our
coordinate system around the x3 axis so the relative vector x — x’ from the source
point to an arbitrary field point always lies in the x,x3 plane, i.e.,

X —x = |X—X’|(§(25ina+§(3cosa) (6.176)

where « is the angle between x — x’ and the normal to the plane of the particle
orbit (see Figure 6.10). From the above expressions we obtain

(x—x')-v = |x —=x'|v/sina cos g (6.177a)

(x—x)-v =—|x —x/| isinasing = |x —x'| ¥’ cos (6.177b)

where in the last step we simply used the definition of a scalar product and the
fact that the angle between v’ and x — x’ is 6.
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RN (t',x")
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=10 o
X3

The energy flux is given by the Poynting vector, which, with the help of
formula (6.122) on page 115, can be written

/
1 2 X—X

1
S=—(ExB)=—|E| p (6.178)
Ho Clo Ix —x/|
Inserting this into equation (6.154) on page 122, we obtain
dU™(a, @) |x —X/|s
= E[? (6.179)

dr’ c o

where the retarded distance s is given by expression (6.101) on page 110. With
the radiation part of the electric field, expression (6.123) on page 115, inserted,
and using (6.177a) and (6.177b) on the facing page, one finds, after some algebra,
that

’ 2 7
dU™ (2, 9)  poq'>0 (1 — % sina cos <p) — (1 — ’2—22) sin? o sin” @
a’  lém%c

(1 — Y sino cos (p)s
(6.180)

The angles 6 and ¢ vary in time during the rotation, so that  refers to a moving
coordinate system. But we can parametrise the solid angle dS2 in the angle ¢ and
the angle o so that dS2 = sin @ do dg. Integration of equation (6.180) above over
this d€2 gives, after some cumbersome algebra, the angular integrated expression

d@rad 3 Moqlzi)/z 1

dr’ 6mc ( _%)2 (6.181)
C

Draft version released 3rd June 2010 at 20:10 CET—Downloaded from http://www.plasma.uu.se/CED/Book

| 127

Figure 6.10: Coordinate system for
the radiation from a charged particle
at X’(t’) in circular motion with ve-
locity v/(¢) along the tangent and
constant acceleration v/ (¢”) toward
the origin. The x1 x> axes are cho-
sen so that the relative field point
vector X —X’ makes an angle & with
the x3 axis, which is normal to the
plane of the orbital motion. The ra-
dius of the orbit is a.
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In equation (6.180) on the preceding page, two limits are particularly interest-
ing:

1. v'/c <« 1 which corresponds to cyclotron radiation.

2. v'/c < 1 which corresponds to synchrotron radiation.

6.5.4.1 Cyclotron radiation

For a non-relativistic speed v’ < c¢, equation (6.180) on the previous page reduces
to

dUmd(Ol,(p) B /1«0‘]/27:)/2 )

& = enic (1 — sin? a sin® @) (6.182)

But, according to equation (6.177b) on page 126
sin? & sin ¢ = cos? (6.183)

where 6 is defined in Figure 6.10 on the previous page. This means that we can
write

dUrad(Q) B Moq/2i)/2 ,uoq/zi/z

29y _ - 2
e = onic (1 —cos“6) = TonZe sin” 0 (6.184)

Consequently, a fixed observer near the orbit plane (¢ ~ m/2) will observe
cyclotron radiation twice per revolution in the form of two equally broad pulses
of radiation with alternating polarisation.

6.5.4.2 Synchrotron radiation

When the particle is relativistic, v/ < ¢, the denominator in equation (6.180)
on the preceding page becomes very small if sinocos¢ = 1, which defines
the forward direction of the particle motion (¢ ~ /2, ¢ &~ 0). The equation
(6.180) on the previous page becomes

dU™(/2,0)  pog*v? 1
dr’ 167w (1-2)°

c

(6.185)

which means that an observer near the orbit plane sees a very strong pulse
followed, half an orbit period later, by a much weaker pulse.

The two cases represented by equation (6.184) and equation (6.185) above
are very important results since they can be used to determine the characteristics
of the particle motion both in particle accelerators and in astrophysical objects
where a direct measurement of particle velocities are impossible.
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Figure 6.11: When the observation
point is in the plane of the particle
orbit, i.e., @ = /2 the lobe width
is given by A6.

X1

X3

In the orbit plane (¢ = 7/2), equation (6.180) on page 127 gives

’ 2 72 .
dU™(7/2, 9) B 10g"2 0" (1 — = cos (p) — (1 — ‘;—2) sin?

= (6.186)
d’ 1 2 / 5
4 b6rc (I =% cosp)
which vanishes for angles ¢ such that
/
cos g = v (6.187a)
c
2
singo = /1 - — (6.187b)
c

Hence, the angle ¢ is a measure of the synchrotron radiation lobe width A9; see
Figure 6.11. For ultra-relativistic particles, defined by

1 U/2
y = —=>1, 1-— <1, (6.188)
02 c

l_C_2

one can approximate
) v/2 1
©o ~ sin@y = 1——2=— (6.189)
¢ 14
Hence, synchrotron radiation from ultra-relativistic charges is characterized
by a radiation lobe width which is approximately

1
AO ~ — (6.190)
14
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This angular interval is swept by the charge during the time interval

A6
At = — (6.191)
wo
during which the particle moves a length interval
AB
Al' =V At = v — (6.192)
wo

in the direction toward the observer who therefore measures a compressed pulse

width of length
Al ‘At /
Ar=Ar— 28 A Y =(1—U—)At’
C C C
_(1 v’)AG (1 v’) 1 _(1—%)(1+"?) 1
¢ ) wo ¢ ) Yo 1+ U_/ Y @o
c (6.193)
~ 2

v’ 1 11
c 2ywe  2y° wyp
N——
1/y?

Typically, the spectral width of a pulse of length Az is Aw < 1/Af. In the

ultra-relativistic synchrotron case one can therefore expect frequency components
up to

1
Omax ¥ 7= = 2y3wy (6.194)

A spectral analysis of the radiation pulse will therefore exhibit a (broadened) line
spectrum of Fourier components nwg fromn = 1 up ton ~ 2y3.

When many charged particles, N say, contribute to the radiation, we can have
three different situations depending on the relative phases of the radiation fields
from the individual particles:

1. All N radiating particles are spatially much closer to each other than a typical
wavelength. Then the relative phase differences of the individual electric and
magnetic fields radiated are negligible and the total radiated fields from all
individual particles will add up to become N times that from one particle. This
means that the power radiated from the N particles will be N2 higher than for
a single charged particle. This is called coherent radiation.

2. The charged particles are perfectly evenly distributed in the orbit. In this case
the phases of the radiation fields cause a complete cancellation of the fields
themselves. No radiation escapes.
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3. The charged particles are somewhat unevenly distributed in the orbit. This
happens for an open ring current, carried initially by evenly distributed charged
particles, which is subject to thermal fluctuations. From statistical mechanics
we know that this happens for all open systems and that the particle densities
exhibit fluctuations of order ~/N. This means that out of the N particles,
VN will exhibit deviation from perfect randomness—and thereby perfect
radiation field cancellation—and give rise to net radiation fields which are
proportional to V/N. As aresult, the radiated power will be proportional to N,
and we speak about incoherent radiation. Examples of this can be found both
in earthly laboratories and under cosmic conditions.

6.5.4.3 Radiation in the general case

We recall that the general expression for the radiation E field from a moving
charge concentration is given by expression (6.123) on page 115. This expression
in equation (6.179) on page 127 yields the general formula

rad 2x —x’ —x'| v/ ?
U™ (0. ¢) _ prog’> x x|(x_x/)x[((x_x/)_u)”,]
c

de’ 1672c¢s?
(6.195)
Integration over the solid angle 2 gives the totally radiated power as
~ 22,
U= = pog 02 1= 2_2 sin’ ¢ (6.196)
dr’ 6mc ( o2 )3 '
Tz

where ¥ is the angle between v’ and v'.

If v/ is collinear with v’, so that sinyy = 0, we get bremsstrahlung. For
v/ L v/, sinyy = 1, which corresponds to cyclotron radiation or synchrotron
radiation.

6.5.4.4 Virtual photons

Let us consider a charge ¢’ moving with constant, high velocity v’(z’) along the
x1 axis. According to formula (6.139) on page 119 and Figure 6.12 on the next
page, the perpendicular component along the x3 axis of the electric field from
this moving charge is

/ v/2 .
E| =FE; = (1 — C_z) (X —Xo) * X3 (6197)

Utilising expression (6.131) on page 117 and simple geometrical relations, we
can rewrite this as
q’ b
L= dmeo y2 [(v'1')2 + b2/y2]3/2

(6.198)
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Figure 6.12: The perpendicular elec-
tric field of a charge ¢’ moving with
velocity vV = v'X is E | Z.

E X3

This represents a contracted Coulomb field, approaching the field of a plane wave.
The passage of this field ‘pulse’ corresponds to a frequency distribution of the
field energy. Fourier transforming, we obtain

1 [ : q bw bw
E = — dt E| (1) = ———— Ki|— 6.
@t 2n /_oo e Am2eobv’ [(v’y) 1 (v’y)} (©:199)

Here, K is the Kelvin function (Bessel function of the second kind with imagi-

nary argument) which behaves in such a way for small and large arguments that

q’ p b
Ep,1 ~ m, bo KV'y & Ww <1 (6.200a)
b
Ep1~0, bo>vy & —o>1 (6.200b)
vy

showing that the ‘pulse’ length is of the order b/(v'y).
Due to the equipartitioning of the field energy into the electric and magnetic
fields, the total field energy can be written

bmax oo
U = s / dx E? = 80/ db an/ dtv'E? (6.201)
|4 —00

'min

where the volume integration is over the plane perpendicular to v/. With the use
of Parseval’s identity for Fourier transforms, formula (6.8) on page 88, we can
rewrite this as

oo - Dmax o
/ dw U, = 471801)’/ db 271b/ dw E} |
0

bmin 0
’

q/z %) v'y/w db
~ 2712801)’/ da)/ b
—o0 'mi

n

U

(6.202)
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p2 P>

P1 p’l

from which we conclude that

5 q/2 U’V
U, ~ 1 6.
2 2n2g00! n(bminw) (6.203)

where an explicit value of by, can be calculated in quantum theory only.

As in the case of bremsstrahlung, it is intriguing to quantise the energy into
photons [cf. equation (6.173) on page 125]. Then we find that

2 d
N, do ~ —“1n( 24 ) b (6.204)
s 'min(® w

where o = e?/(4meohc) ~ 1/137 is the fine structure constant.

Let us consider the interaction of two (classical) electrons, 1 and 2. The result
of this interaction is that they change their linear momenta from p; to p} and p,
to p5, respectively. Heisenberg’s uncertainty principle gives byin ~ h/ }pl -p) |
so that the number of photons exchanged in the process is of the order

dw

(0]

2
Ny do ~ ;m(ﬂ pl—p’1|)

o (6.205)

Since this change in momentum corresponds to a change in energy iw = E; — E]
and E; = moyc?, we see that

2 Er lepr—ep! ]\ d
N, do ~ o [ = eps Itl| aad (6.206)
F1d moc? Ey— E] 1))

a formula which gives a reasonable semi-classical account of a photon-induced
electron-electron interaction process. In quantum theory, including only the
lowest order contributions, this process is known as Mgller scattering. A dia-
grammatic representation of (a semi-classical approximation of) this process is
given in Figure 6.13.

| 133

Figure 6.13: Diagrammatic rep-
resentation of the semi-classical
electron-electron interaction (Mgller
scattering).
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RELATIVISTIC
ELECTRODYNAMICS

We saw in Chapter 3 how the introduction of electrodynamic potentials led, in a
most natural way, to the existence of a characteristic, finite speed of propagation
of electromagnetic fields (and related quantities) in free space (vacuum) that
equals the speed of light ¢ = 1/.,/eg 4o and which can be considered a constant
of Nature. To take this finite speed of propagation of information into account,
and to ensure that our laws of physics be independent of any specific coordinate
frame, requires a treatment of electrodynamics in a relativistically covariant
(coordinate independent) form. This is the objective of this chapter.!

The technique we shall use to study relativity is the mathematical apparatus
developed for non-Euclidean spaces of arbitrary dimensions, here specialised to
four dimensions. It turns out that this theory of Riemannian spaces, derived for
more or less purely mathematical reasons only, is ideal for a formal description
of relativistic physics. For the simple case of the special theory of relativity,
the mathematics is quite simple, whereas for the general theory of relativity it
becomes more complicated.

7.1 The special theory of relativity

An inertial system, or inertial reference frame, is a system of reference, or rigid
coordinate system, in which the law of inertia (Galileo’s law, Newton’s first
law) holds. In other words, an inertial system is a system in which free bodies
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U The Special Theory of Relativity,
by the physicist and philosopher
DAVID BOHM, opens with the
following paragraph:

“The theory of relativity

is not merely a scientific
development of great
importance in its own right.
It is even more significant
as the first stage of a
radical change in our basic
concepts, which began

in physics, and which is
spreading into other fields
of science, and indeed,
even into a great deal of
thinking outside of science.
For as is well known, the
modern trend is away

from the notion of sure
‘absolute’ truth, (i.e., one
which holds independently
of all conditions, contexts,
degrees, and types of
approximation efc.) and
toward the idea that a given
concept has significance
only in relation to suitable
broader forms of reference,
within which that concept
can be given its full
meaning.’
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Figure 7.1: Two inertial systems X
and X/ in relative motion with ve-
locity v along the x = x’ axis. At
time ¢t = ¢t/ = 0 the origin O’ of
¥’ coincided with the origin O of
X. At time ¢, the inertial system
¥’ has been translated a distance v¢
along the x axis in 3. An event
represented by P(¢,x,y,z) in X
is represented by P(t’,x’,y’,z’)
in X/,

move uniformly and do not experience any acceleration. The special theory of
relativity describes how physical processes are interrelated when observed in
different inertial systems in uniform, rectilinear motion relative to each other and
is based on two postulates:

POSTULATE 7.1 (Relativity principle; POINCARE, 1905) All laws of physics
(except the laws of gravitation) are independent of the uniform translational
motion of the system on which they operate.

POSTULATE 7.2 (EINSTEIN, 1905) The velocity of light in empty space is in-
dependent of the motion of the source that emits the light.

A consequence of the first postulate is that all geometrical objects (vectors,
tensors) in an equation describing a physical process must transform in a covariant
manner, i.e., in the same way.

7.1.1 The Lorentz transformation

Let us consider two three-dimensional inertial systems ¥ and ¥’ in free space.
They are in rectilinear motion relative to each other in such a way that X’ moves
with constant velocity v along the x axis of the 3 system. The times and the
spatial coordinates as measured in the two systems are ¢ and (x, y, z), and ¢’
and (x’,y’,z’), respectively. At time ¢ = ¢t = 0 the origins O and O’ and
the x and x’ axes of the two inertial systems coincide and at a later time ¢ they
have the relative location as depicted in Figure 7.1, referred to as the standard
configuration.
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For convenience, let us introduce the two quantities

p=" (7.1)
C
1

y=—F—= (7-2)
V1-p?

where v = |v|. In the following, we shall make frequent use of these shorthand
notations.

As shown by FEinstein, the two postulates of special relativity require that
the spatial coordinates and times as measured by an observer in ¥ and X/,
respectively, are connected by the following transformation:

ct' = y(ct —xp) (7.3)
x'=y(x —vr) (7.3b)
yi=y (7.30)
7=z (7.3d)

Taking the difference between the square of (7.3a) and the square of (7.3b) we
find that

A2t? —x" = y? (*1? = 2xcft + x* B — x% + 2xvt —v??)

U T Vo, ¥
B v? [ct (1 cz) 4 (1 c? (7.4)

-z

=c%? —x?

From equations (77.3) above we see that the y and z coordinates are unaffected by
the translational motion of the inertial system X’ along the x axis of system X.
Using this fact, we find that we can generalise the result in equation (7.4) to

2 2

R B g

_ xl2 _ y/2 _ Z/2 (75)

which means that if a light wave is transmitted from the coinciding origins O and
O’ attime ¢t = ¢’ = 0 it will arrive at an observer at (x, y, z) at time ¢ in ¥ and an
observer at (x/, y’, z’) at time ¢’ in ¥’ in such a way that both observers conclude
that the speed (spatial distance divided by time) of light in vacuum is c¢. Hence,
the speed of light in X and X’ is the same. A linear coordinate transformation
which has this property is called a (homogeneous) Lorentz transformation.

7.1.2 Lorentz space

Let us introduce an ordered quadruple of real numbers, enumerated with the help
of upper indices u© = 0, 1, 2, 3, where the zeroth component is ct (c is the speed
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of light and ¢ is time), and the remaining components are the components of the
ordinary R radius vector x defined in equation (M.1) on page 207:

1

xt = (% x %% x%) = (et, x, y,2) = (et,x) (7.6)

In order that this quadruple x* represent a physical observable, it must transform
as (the component form of) a radius four-vector in a real, linear, four-dimensional

2 The British mathematician and vector space.”> We require that this four-dimensional space be a Riemannian

philosopher ALFRED NORTH space, i.e., a metric space where a ‘distance’ and a scalar product are defined. In

WHITEHEAD writes in his book . .

The Concept of Nature: this space we therefore define a metric tensor, also known as the fundamental
‘I regret that it has been tensor, which we denote by gy .

necessary for me in this
lecture to administer

a large dose of four- 7.1.2.1 Radius four-vector in contravariant and covariant form
dimensional geometry. I do
not apologise, because I am The radius four-vector x* = (x°, x!, x2, x3) = (ct, x), as defined in equation

really not responsible for
the fact that Nature in its
most fundamental aspect is a vector in contravariant component form). To every such vector there exists a
four-dimensional. Things
are what they are. ...’

(7.6), is, by definition, the prototype of a contravariant vector (or, more accurately,

dual vector. The vector dual to x* is the covariant vector Xy, obtained as

Xy = g;wXU 7.7

where the upper index p in x* is summed over and is therefore a dummy index
and may be replaced by another dummy index v, say. This summation process is
an example of index contraction and is often referred to as index lowering.

7.1.2.2 Scalar product and norm

The scalar product of x* with itself in a Riemannian space is defined as
Tt = i (7-8)

This scalar product acts as an invariant ‘distance’, or norm, in this space.

In order to put the physical property of Lorentz transformation invariance,
described by equation (7.5) on the previous page, into a convenient mathematical
framework, we perceive this invariance as the manifestation of the conservation
of the norm in a 4D Riemannian space.

7.1.2.3 Metric tensor

In L one can choose the metric tensor guv to take the simple form

1 ifu=v=0
1,2,3 (7.9)

N
Il
.
I

Guw =N =3—-1 ifu=v=i
0 ifuz#v
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or, in matrix representation,

1 0 0 0
0O -1 0 0

(nuv) “lo o -1 0 (7.10)
0 O 0 -1

i.e., a matrix with a main diagonal that has the sign sequence, or signature,
{+,—, —, —}, the index lowering operation in our flat 4D space L* becomes
nearly trivial:

In matrix representation the lowering of the indices of x* becomes

Xo 1 0 0 O x90 x0
X1 0 -1 0 o0 x! —x!
w| o o -1 o |27 |2 7:10)
X3 0 0 0 -1/ \x3 —Xx

I four-tensor notation, this can be written
X = Nuvx” = (ct, —X) (7.12)

Hence, if the metric tensor is defined according to expression (7.9) on the facing
page, the covariant radius four-vector x,, is obtained from the contravariant radius
four-vector x* simply by changing the sign of the last three components. These
components are referred to as the space components; the zeroth component is
referred to as the time component.

As we see, for this particular choice of metric, the scalar product of x* with
itself becomes

xpxt = (ct,x) - (ct,—x) = c*t? —x* — y? - 22 (7.13)

which indeed is the desired Lorentz transformation invariance as required by
equation (7.13) above. Without changing the physics, one can alternatively
choose a signature {—, 4+, +, +}. The latter has the advantage that the transition
from 3D to 4D becomes smooth, while it will introduce some annoying minus
signs in the theory. In current physics literature, the signature {4+, —, —, —} seems
to be the most commonly used one. Note that our space, regardless of signature
chosen, will have an indefinite norm, i.e., a norm which can be positive definite,
negative definite or even zero. This means that we deal with a non-Euclidean
space and we call our four-dimensional space (or space-time) with this property
Lorentz space and denote it L*. A corresponding real, linear 4D space with a
positive definite norm which is conserved during ordinary rotations is a Euclidean
vector space. We denote such a space R*.

The LL* metric tensor equation (7.9) on the facing page has a number of
interesting properties: firstly, we see that this tensor has a trace Tr(r] M,,) =2
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whereas in R*, as in any vector space with definite norm, the trace equals the
space dimensionality. Secondly, we find, after trivial algebra, that the following
relations between the contravariant, covariant and mixed forms of the metric
tensor hold:

Nuv = Mo (7.142)
" = Nuv (7.14b)
Mo =y = 8 (7.14¢)
NN =1n, =38, (7.14d)

Here we have introduced the 4D version of the Kronecker delta 85, a mixed

four-tensor of rank 2 that fulfils
1 ifu=v
&y =6, = , (7-15)
0 ifu#v

Clearly, the matrix representation of this tensor is

1 000
01 00

Sy = 16

(83) 001 0 (7.16)
000 1

i.e., the 4 x 4 unit matrix.

7.1.2.4 Invariant line element and proper time

The differential distance ds between the two points x* and x* + dx* in L* can
be calculated from the Riemannian metric, given by the quadratic differential
form

ds? = npdx’dx” = dx,dx* = (dx°)? — (dx')? — (dx?)? — (dx?)?
(7.17)

where the metric tensor is as in equation (7.9) on page 138. As we see, this
form is indefinite as expected for a non-Euclidean space. The square root of this
expression is the invariant line element

N 2 ~ N
d a1 1 dx n dx n dx
s=c - — — — —
c? dr dr dr

L, )2 (7.18)

=cdl\/1—c—2[(vx) + (vy) +(vz)]=cdt l—c—2

de
=cdt\/1-p?>=c— =cdr
14
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where we introduced

dr =dt/y (7.19)

Since dt measures the time when no spatial changes are present, i.e., by a clock
that is fixed relative the given frame of reference, it is called the proper time. As
equation (7.19) shows, the proper time of a moving object is always less than the
corresponding interval in the rest system. One may say that moving clocks go
slower than those at rest.

Expressing the property of the Lorentz transformation described by equations
(7.5) on page 137 in terms of the differential interval ds and comparing with
equation (7.17) on the facing page, we find that

ds? = c2dt? — dx? — dy? — dz? (7.20)

is invariant, i.e., remains unchanged, during a Lorentz transformation. Conversely,
we may say that every coordinate transformation which preserves this differential
interval is a Lorentz transformation.

If in some inertial system

dx? +dy? + dz? < c2dr? (7.21)
ds is a time-like interval, but if

dx? +dy? +dz? > ¢2dr? (7.22)
ds is a space-like interval, whereas

dx? +dy? + dz? = ¢2ds? (7.23)

is a light-like interval; we may also say that in this case we are on the light
cone. A vector which has a light-like interval is called a null vector. The
time-like, space-like or light-like aspects of an interval ds are invariant under a
Lorentz transformation. e., it is not possible to change a time-like interval into a
space-like one or vice versa via a Lorentz transformation.

7.1.2.5 Four-vector fields

Any quantity which relative to any coordinate system has a quadruple of real
numbers and transforms in the same way as the radius four-vector x* does, is
called a four-vector. In analogy with the notation for the radius four-vector we
introduce the notation a* = (a°, a) for a general contravariant four-vector field
in L* and find that the ‘lowering of index’ rule, formula (7.7) on page 138, for
such an arbitrary four-vector yields the dual covariant four-vector field

ap(x) = nuva’ (x<) = (@°(x*), —a(x")) (7:24)
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The scalar product between this four-vector field and another one b* (x*) is
Nuva” (xX)b*(x*) = (a°, —a) - (b°,b) = a’b° —a-b (7.25)

which is a scalar field, i.e., an invariant scalar quantity o(x*) which depends on
time and space, as described by x* = (ct, x, y, z).

7.1.2.6 The Lorentz transformation matrix

Introducing the transformation matrix

y —By 0 0
— 0 0

(A%): g)/ )(; 10 (7.26)
0 0 0 1

the linear Lorentz transformation (7.3) on page 137, i.e., the coordinate transfor-

1

mation x* — x'* = x"*(x%, x!, x2, x3), from one inertial system X to another

inertial system X’ in the standard configuration, can be written

x™" =AM x¥ (7.27)

v

7.1.2.7 The Lorentz group

It is easy to show, by means of direct algebra, that two successive Lorentz
transformations of the type in equation (7.27) above, and defined by the speed
parameters 1 and §,, respectively, correspond to a single transformation with
speed parameter

_ B1+ B2
L+ B1B2

This means that the nonempty set of Lorentz transformations constitutes a closed

B (7.28)

algebraic structure with a binary operation (multiplication) that is associative.
Furthermore, one can show that this set possesses at least one identity element and
at least one inverse element. In other words, this set of Lorentz transformations
constitutes a mathematical group. However tempting, we shall not make any
further use of group theory.

7.1.3 Minkowski space

Specifying a point x* = (x°, x!, x2, x3) in 4D space-time is a way of saying
that ‘something takes place at a certain time = x°/c and at a certain place
(x,y,z) = (x!,x?
for an event as a function of time and space is called a world line. For instance, the

,x3)’. Such a point is therefore called an event. The trajectory
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AX 0 Figure 7.2: Minkowski space can
X0 be considered an ordinary Euclidean
space where a Lorentz transforma-
tion from (x!, X% = ict) to

(x'!, X0 = ict’) corresponds to
an ordinary rotation through an an-
gle 6. This rotation leaves the Eu-
. . 2 2
clidean distance (x1)”+ (X0)” =
X/l 2 2,2 . .
X< — ¢“t* invariant.

w%

NG

Ly

world line for a light ray that propagates in vacuum (free space) is the trajectory

x0 = x1.
Introducing
X% =ix% = ict (7.29a)
X! =x! (7.29b)
X% =x? (7.29¢)
X3=x3 (7.29d)
dS = ids (7-29¢)

where i = v/ —1, we see that equation (7.17) on page 140 transforms into
dS? = (dX%2 4+ (dX 12 + (dX?)? + (dX3)? (7.30)

i.e., into a 4D differential form that is positive definite just as is ordinary 3D
Euclidean space R3. We shall call the 4D Euclidean space constructed in this

way the Minkowski space M* 3 3 The fact that our Riemannian
space can be transformed in this

As before, it suffices to consider the simplified case where the relative motion X X
. way into a Euclidean one means
between X and X’ is along the x axes. Then that it is, strictly speaking, a
pseudo-Riemannian space.
dS? = (dX%)2 4 (dx1? = (dX%)? + (dx1)? (7.31)

1

and we consider the X° and X! = x! axes as orthogonal axes in a Euclidean

space. As in all Euclidean spaces, every interval is invariant under a rotation of
the X°x! plane through an angle 6 into X"%x'!:

X" = —x'sinf + X%cos @ (7.32a)
x'! = x'cosf + X%sin6 (7.32b)

See Figure 7.2.
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Figure 7.3: Minkowski diagram de-
picting geometrically the transfor-
mation (7.33) from the unprimed
system to the primed system. Here
w denotes the world line for an
event and the line x° = x! &
x = ct the world line for a light
ray in vacuum. Note that the event
P is simultaneous with all points on
the x! axis (¢ = 0), including the
origin O. The event P’, which is si-
multaneous with all points on the x”
axis, including O’ = O, to an ob-
server at rest in the primed system,
is not simultaneous with O in the
unprimed system but occurs there at
time [P — P’| /c.
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If we introduce the angle ¢ = —i6, often called the rapidity or the Lorentz
boost parameter, and transform back to the original space and time variables by
using equation (77.29) on the preceding page backwards, we obtain

/

ct’ = —xsinh¢ + ct cosh g

(7.332)
(7-33b)

x" = xcoshg — ct sinh ¢

which are identical to the original transformation equations (7.3) on page 137 if

we let
sinhg = yp (7.342)
coshg =y (7.34b)
tanhg = B (7.34¢)

k)

It is therefore possible to envisage the Lorentz transformation as an ‘ordinary
rotation in the 4D Euclidean space M*. Such a rotation in M* corresponds to a
coordinate change in IL* as depicted in Figure 7.3. equation (7.28) on page 142 for
successive Lorentz transformation then corresponds to the tanh addition formula

tanh ¢; + tanh ¢,
1 + tanh ¢ tanh @,

tanh(g; + ¢2) = (7-35)

The use of ict and M*, which leads to the interpretation of the Lorentz
transformation as an ‘ordinary’ rotation, may, at best, be illustrative, but is not
very physical. Besides, if we leave the flat . space and enter the curved space of
general relativity, the ‘ic?’ trick will turn out to be an impasse. Let us therefore
immediately return to L where all components are real valued.
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7.2 Covariant classical mechanics

The invariance of the differential ‘distance’ ds in L#, and the associated differ-
ential proper time dt [see equation (7.18) on page 140] allows us to define the
four-velocity

dx*
wi= T = ylew) =

v

¢
vz’ v?
-5 31—

which, when multiplied with the scalar invariant m yields the four-momentum

= u%u) (7.36)

M dx* moc moV
pt =mog— =moy(c,v) =

dr U2 U2
-5 V-2

From this we see that we can write

=(’p) (737

p =mv (7.38)
where
mo
m=ymyg=—— (7-39)
2
1— —
c2

We can interpret this such that the Lorentz covariance implies that the mass-like
term in the ordinary 3D linear momentum is not invariant. A better way to look at
this is that p = mv = ymyv is the covariantly correct expression for the kinetic
three-momentum.
Multiplying the zeroth (time) component of the four-momentum p* by the
scalar invariant ¢, we obtain
0 2 moc? 2

cp” = ymoct = ——— =mc (7.40)

v2

11— —
c2

Since this component has the dimension of energy and is the result of a Lorentz-

covariant description of the motion of a particle with its kinetic momentum

described by the spatial components of the four-momentum, equation (7.37)

above, we interpret cp® as the total energy E. Hence,

cp* = (cp®,cp) = (E,cp) (7.41)
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Scalar multiplying this four-vector with itself, we obtain
cpuep = S p” pt = (P = (p')? = (p*)? = (p*)]
= (E.—cp) - (E.cp) = E* — ’p?
(m002)2 U2
= = 1— =)= (moc?)?

c2

(7-42)

Since this is an invariant, this equation holds in any inertial frame, particularly in
the frame where p = 0 and there we have

2

E =moc (7.43)

This is probably the most famous formula in physics history.

7.3 Covariant classical electrodynamics

Let us consider a charge density which in its rest inertial system is denoted by py.
The four-vector (in contravariant component form)

» dx# "

JH=po—g— = pout = poy(c,v) = (pc, pv) (7.44)
with

P = Ypo (7.45)

is the four-current.

The contravariant form of the four-del operator 0" = 9/0dx, is defined in
equation (M.82) on page 221 and its covariant counterpart 9, = 9/dx* in
equation (M.83) on page 221, respectively. As is shown in Example M.6 on
page 223, the d’Alembert operator is the scalar product of the four-del with itself:

ia_z —V?
c? 012

Since it has the characteristics of a four-scalar, the d’ Alembert operator is invariant

0% = 919, = 9,0" = (7.46)

and, hence, the homogeneous wave equation [1? (¢, x) = 0 is Lorentz covariant.

7.3.1 The four-potential

If we introduce the four-potential

AP = (Q,A) (7.47)

c
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where ¢ is the scalar potential and A the vector potential, defined in Section 3.3 on
page 37, we can write the uncoupled inhomogeneous wave equations, equations
(3.31) on page 40, in the following compact (and covariant) way:

DZA“ = ,LL()j'u (748)

With the help of the above, we can formulate our electrodynamic equations
covariantly. For instance, the covariant form of the equation of continuity,
equation (1.25) on page 10 is

I j" = (7-49)
and the Lorenz-Lorentz gauge condition, equation (3.30) on page 40, can be
written

9, A" =0 (7.50)

The Lorenz-Lorentz gauge is sometimes called the covariant gauge. The gauge
transformations (3.26) on page 38 in covariant form are

Af > A = AR 4 0T (x7) (7.51)

If only one dimension Lorentz contracts (for instance, due to relative motion
along the x direction), a 3D spatial volume element transforms according to

1 2
dv =d*% = ;dVO =dVoy/1 = B> =dVp,/1— 2—2 (7.52)

where dV/}y denotes the volume element as measured in the rest system, then from
equation (7.45) on the facing page we see that

i.e., the charge in a given volume is conserved. We can therefore conclude that
the elementary electric charge is a universal constant.

7.3.2 The Liénard-Wiechert potentials

Let us now solve the the inhomogeneous wave equations (3.31) on page 40 in
vacuum for the case of a well-localised charge ¢’ at a source point defined by the
radius four-vector x’* = (x"® = ct’, x!, x'?, x’3). The field point (observation
point) is denoted by the radius four-vector x* = (x* = ¢z, x!, x2, x3).

In the rest system we know that the solution is simply

! 1
o= () ()
c v=0 dmweg ¢ |x — x|,
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where |x — x|, is the usual distance from the source point to the field point,
evaluated in the rest system (signified by the index ‘0’).

Let us introduce the relative radius four-vector between the source point and
the field point:

RM =t —xM = (c(t —1').x —x) (7-55)
Scalar multiplying this relative four-vector with itself, we obtain

RER, = (c(t —1),x —x')+ (et — 1), —(x —=x)) = (1 = 1')? = |x — x|’
(7.56)

We know that in vacuum the signal (field) from the charge ¢ at x"* propagates
to x* with the speed of light ¢ so that

Ix —x'| =c@t—1) (7.57)
Inserting this into equation (7.56), we see that

R*R, =0 (7.58)
or that equation (7.55) above can be written

R* = (|x —x'| ,x =x) (7-59)

Now we want to find the correspondence to the rest system solution, equation
(7.54) on the preceding page, in an arbitrary inertial system. We note from
equation (7.36) on page 145 that in the rest system

") = ; =(c.0) (7.60)
v? v?
\/1 - c_2 \/1 - c_2 v=0
and
(R")o = (]x —x'| . x =x")g = (|x —x'|. (x =X)o) (7.61)

As all scalar products, u* R, is invariant, which means that we can evaluate it
in any inertial system and it will have the same value in all other inertial systems.
If we evaluate it in the rest system the result is:

ut Ry = (u"Ry), = W)o(Ru)o

(7.62)
=(c.0)- (|x = x|, . —(x —=x)o) = ¢ |x — x| e
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We therefore see that the expression

a4

4meg cu¥ R,

(7.63)

subject to the condition R*R,, = 0 has the proper transformation properties
(proper tensor form) and reduces, in the rest system, to the solution equation
(7.54) on page 147. It is therefore the correct solution, valid in any inertial system.

According to equation (7.36) on page 145 and equation (7.59) on the facing

page
u’Ry, =y(c,v)- (|x —=x'|,-(x =x)) =y (c|x = x| = v - (x =x"))
(7.64)
Generalising expression (7.1) on page 137 to vector form:
. def V
B=pr= = (7.65)
and introducing
- . s
sg|x—x’\—¥s\x—x’|—ﬁ-(x—x’) (7.66)
we can write
u'R, = ycs (7.67)
and
ut 1 v
=(—,— .68
cuU'R, (cs czs) (7.68)
from which we see that the solution (7.63) can be written
! 1
AR (x*) = 4 (_ %) = (QA) (7.69)
4meg \cs c?s c

where in the last step the definition of the four-potential, equation (7.47) on
page 146, was used. Writing the solution in the ordinary 3D way, we conclude
that for a very localised charge volume, moving relative an observer with a
velocity v, the scalar and vector potentials are given by the expressions

q 1 q’ 1
[, = 5 — )
$(1.%) 4weg s drrgg |x —X'| =B+ (x —X') (7.70a)
’ v , v
Alt,x) = —2 __ 4 (7:70b)

dregc? s dmegc? |x —x/|— B+ (X — X))

These potentials are the Liénard-Wiechert potentials that we derived in a more
complicated and restricted way in Subsection 6.5.1 on page 109.



Draft version released 3rd June 2010 at 20:10 CET—Downloaded from http://www.plasma.uu.se/CED/Book
Sheet: 172 of 260

150 | 7. RELATIVISTIC ELECTRODYNAMICS

7.3.3 The electromagnetic field tensor

Consider a vectorial (cross) product ¢ between two ordinary vectors a and b:
c=axb=¢jra;bjXg
= (a2b3 — azbz)X1 + (azby — a1b3)Xa + (a1b2 — azb1)X3
(7.71)
We notice that the kth component of the vector ¢ can be represented as
ck =aibj —ajb; =c;jj =—cji, i,j#k (7.72)

In other words, the pseudovector ¢ = a xb can be considered as an antisymmetric
tensor of rank two. The same is true for the curl operator Vx operating on a
polar vector. For instance, the Maxwell equation

JB
VXxE =—— .
5 (7.73)
can in this tensor notation be written
an 8El- BBij
oxi oxi ot 774

We know from Chapter 3 that the fields can be derived from the electromag-
netic potentials in the following way:

B=VxA (7.752)
0A
E=-V¢—— (7.75b)
t
In component form, this can be written
04;  04;
B = 8x; B 8x_; =0;A; — 0; A; (7.762)
dp  04;
P = e s = i — A (7:76b)

From this, we notice the clear difference between the axial vector (pseudovector)
B and the polar vector (‘ordinary vector’) E.

Our goal is to express the electric and magnetic fields in a tensor form where
the components are functions of the covariant form of the four-potential, equation

(7.47) on page 146:
AP = (?,A) (7.77)

c

Inspection of (7.77) and equation (7.76) above makes it natural to define the
four-tensor

04" 04*
~ Oxy, o,

FH = QLAY — §¥ A* (7.78)
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This anti-symmetric (skew-symmetric), four-tensor of rank 2 is called the elec-
tromagnetic field tensor or the Faraday tensor. In matrix representation, the
contravariant field tensor can be written

0 —E;/c —E,/c —E;/c

Ec/c 0 -B B
FMV = X z 7 :
(F"%) EJc B 0 _B, (7-79)
E./c —B, B, 0

We note that the field tensor is a sort of four-dimensional curl of the four-potential
vector A,

The covariant field tensor is obtained from the contravariant field tensor in the
usual manner by index lowering

Fu = HuquF” =0, Ay — v Ay (7.80)
which in matrix representation becomes

0 Ex/c E,/c E;/c
(Fu) = —~Ex/c 0 —B, By
- —~Ey/c B, 0 —B,
~E;/c —B, By 0

(7.81)

Comparing formula (7.81) with formula (7.79) above we see that the covariant
field tensor is obtained from the contravariant one by a transformation E — —E.
That the two Maxwell source equations can be written

B F™ = 10" (7.82)

is immediately observed by explicitly solving this covariant equation. Setting
v = 0, corresponding to the first/leftmost column in the matrix representation
of the covariant component form of the electromagnetic field tensor, F*”, i.e.,
equation (7.79), we see that

oF%  9F10  gpF20 gF30 1 (dEx 0E, OE,
0x0 dx!1 dx2 a3 0+ ¢ \ox + Ay + 0z
. (7.83)
= EV‘E = 1oj° = pocp
or, equivalently (recalling that oo = 1/c?),
v.E=" (7.84)

&0

which we recognise as the Maxwell source equation for the electric field, equation
(1.49a) on page 15.
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For v = 1 [the second column in equation (7.79) on the preceding page],
equation (7.82) on the previous page yields

dFOl gF1l  gF2l  gF3! 1 0E, 0B, 0B,
+ + + =———+ -
0x0 dx! 0x? 0x3 c? ot dy 0z (7.85)
= jtoj ' = [opvx

This result can be rewritten as

0B, 0B, E

_ 7y = i .86
3y 5.~ Eoto Mo Jjx (7.86)
or, equivalently, as
. oE
(V xB)x = pojx + €ofto at" (7.87)

and similarly for v = 2, 3. In summary, we can write the result in three-vector
form as

_ OF
V xB = pgjt,x)+ £010 - (7-88)

which we recognise as the Maxwell source equation for the magnetic field,
equation (1.49d) on page 15.
With the help of the fully antisymmetric pseudotensor of rank 4

1 if v, k, A is an even permutation of 0,1,2,3
et =10 if at least two of W, v, K, A are equal (7.89)
—1 if u, v, k, A is an odd permutation of 0,1,2,3

which can be viewed as a generalisation of the Levi-Civita tensor, formula (M.18)
on page 210, we can introduce the dual electromagnetic tensor

o = Vi, (100
with the further property

* (*F‘w) — _ (7.91)
In matrix representation the dual field tensor is

0 -B. -B, -B.
By 0 E;/c —E,/c
B, —E./c 0 Ey/c
B, EyJc —Exjc 0

(*F*) = (7.92)
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i.e., the dual field tensor is obtained from the ordinary field tensor by the duality
transformation E — ¢B and B — —E/c.
The covariant form of the two Maxwell field equations

B

V-B=0 (7.94)
can then be written
0 F* =0 (7-95)
Explicit evaluation shows that this corresponds to (no summation!)
O Frv + 9y Foe + 0y Fiepu =0 (7.96)

sometimes referred to as the Jacobi identity. Hence, equation (7.82) on page 151
and equation (7.96) above constitute Maxwell’s equations in four-dimensional
formalism.

It is interesting to note that equation (7.82) on page 151 and

0 F* = pojr (7.97)

where j,, is the magnetic four-current, represent the covariant form of Dirac’s
symmetrised Maxwell equations (1.50) on page 16.
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3

ELECTROMAGNETIC FIELDS AND
PARTICLES

In previous chapters, we calculated the electromagnetic fields and potentials from
arbitrary, but prescribed distributions of charges and currents. In this chapter
we first study the opposite situation, viz., the dynamics of charged particles in
arbitrary, but prescribed electromagnetic fields. Then we go on to consider the
general problem of interaction between electric and magnetic fields and electri-
cally charged particles. The analysis is based on Lagrangian and Hamiltonian
methods, is fully covariant, and yields results which are relativistically correct.

8.1 Charged particles in an electromagnetic field

We first establish a relativistically correct theory describing the motion of charged
particles in prescribed electric and magnetic fields. From these equations we may
then calculate the charged particle dynamics in the most general case.

8.1.1 Covariant equations of motion

We will show that for our problem we can derive the correct equations of motion
by using in four-dimensional . a function with similar properties as a Lagrange
function in 3D and then apply a variational principle. We will also show that
we can find a Hamiltonian-type function in 4D and solve the corresponding

155
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Hamilton-type equations to obtain the correct covariant formulation of classical
electrodynamics.

8.1.1.1 Lagrangian formalism

In analogy with particle dynamics in 3D Euclidean space, we introduce a gener-
alised 4D action

Sy = /L4(x"“,u"“) dr 8.1)

where drt is the proper time defined via equation (7.18) on page 140, and L4
acts as a kind of generalisation to the common 3D Lagrangian. As a result, the
variational principle

7
§Sy = 5/ Li(x",u?)dt =0 (8.2)
)

with fixed endpoints tp, ;7 must be fulfilled. We require that L4 is a scalar
invariant which does not contain higher than the second power of the four-velocity
u® in order that the resulting equations of motion be linear.

According to formula (M.113) on page 226 the ordinary 3D Lagrangian is the
difference between the kinetic and potential energies. A free particle has only
kinetic energy. If the particle mass is m¢ then in 3D the kinetic energy is mov?/2.
This suggests that in 4D the Lagrangian for a free particle should be

. 1
Lffee = Emou“uu (8.3)

Again drawing inferences from analytical mechanics in 3D, we introduce a
generalised interaction between the particles and the electromagnetic field with
the help of the four-potential given by equation (77.77) on page 150 in the following
way
1

Ly = Emou’“‘uu + qu, A*(xV) (8.4)
We call this the four-Lagrangian and shall now show how this function, together
with the variation principle, formula (8.2) above, yields Lorentz covariant results
which are physically correct.

The variation principle (8.2) with the 4D Lagrangian (8.4) inserted, leads to

T om
58, = 5/ (%u“uu + qu“AM(x")) dr
)

T d(ut 94
— / [@MMM +q (A,ﬁu“ + uﬂa—‘:&c”)] dr (8.5)

o 2 Jut X

7
= / [mou, Su™ + q (A Sut + utd,A,8x")]dr =0
T

0
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According to equation (7.36) on page 145, the four-velocity is
_dx®
T dr

which means that we can write the variation of u* as a total derivative with

ut (8.6)

respect to T :
dx ™ d
L il — I
Su 8 (dr ) e (6xH) (8.7)

Inserting this into the first two terms in the last integral in equation (8.5) on the
preceding page, we obtain

R d d
88y = / mouy,— (6x*) + qA,— (6xM) + qut9, A,56x" ) dr  (8.8)
z dr dr

0

Partial integration in the two first terms in the right hand member of (8.8) gives

5S4 = /fl (—modu—M(Sx” _ q%&c“ + qu”BVAM&c") dt (8.9)
0 dr dr

where the integrated parts do not contribute since the variations at the endpoints

vanish. A change of irrelevant summation index from p to v in the first two terms

of the right hand member of (8.9) yields, after moving the ensuing common factor

8x"Y outside the parenthesis, the following expression:

R d dA
88, = f (—mo M _ g— + qu“&vAM) §x¥dr (8.10)
%0 dr dr

Applying well-known rules of differentiation and the expression (7.36) for the
four-velocity, we can express dA4, /dt as follows:
dd, 04, dx*
dr  9xK dr

By inserting this expression (8.11) into the second term in right-hand member of

= aMAvuM (8.11)

equation (8.10), and noting the common factor gu** of the resulting term and the
last term, we obtain the final variational principle expression

T
88y = / 1 [_modu_,, + qu* (3 Ay — BMA,,):| 8x" dr (8.12)
@ dr
Since, according to the variational principle, this expression shall vanish and §x"”
is arbitrary between the fixed end points 7y and 71, the expression inside [ ] in
the integrand in the right hand member of equation (8.12) above must vanish. In
other words, we have found an equation of motion for a charged particle in a
prescribed electromagnetic field:

du
mod—: = qu™ (0,4, — 9, Ay) (8.13)
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With the help of formula (7.80) on page 151 for the covariant component form of
the field tensor, we can express this equation in terms of the electromagnetic field
tensor in the following way:
du,
— b
mo— = qu" F, 8.1

0 dz q Vi (8.14)
This is the sought-for covariant equation of motion for a particle in an elec-
tromagnetic field. It is often referred to as the Minkowski equation. As the
reader may easily verify, the spatial part of this 4-vector equation is the covariant
(relativistically correct) expression for the Newton-Lorentz force equation.

8.1.1.2 Hamiltonian formalism

The usual Hamilton equations for a 3D space are given by equation (M.124) on
page 227 in Appendix M. These six first-order partial differential equations are

oH dqi
—_— = 8.
o e (8.152)
oH dpi

=— 8.15b
00 ” (8.15b)

where H(pi,qi,t) = piqi — L(qi.qi,t) is the ordinary 3D Hamiltonian, ¢; is a
generalised coordinate and p; is its canonically conjugate momentum.

We seek a similar set of equations in 4D space. To this end we introduce a
canonically conjugate four-momentum p* in an analogous way as the ordinary
3D conjugate momentum

3Ly

= o, (8.16)

pM

and utilise the four-velocity u*, as given by equation (7.36) on page 145, to
define the four-Hamiltonian

Hy = p'uy — Ly (8.17)

With the help of these, the radius four-vector x*, considered as the generalised
four-coordinate, and the invariant line element ds, defined in equation (7.18) on
page 140, we introduce the following eight partial differential equations:

8H4 dxM
Pl A ] 8.18
apH dt (8.182)
8H4 dplL

=——= 8.18b
oxk dt (8.180)

which form the four-dimensional Hamilton equations.
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Our strategy now is to use equation (8.16) on the facing page and equations

(8.18) on the preceding page to derive an explicit algebraic expression for the

canonically conjugate momentum four-vector. According to equation (7.41) on

page 145, ¢ times a four-momentum has a zeroth (time) component which we

can identify with the total energy. Hence we require that the component p° of

the conjugate four-momentum vector defined according to equation (8.16) on the

preceding page be identical to the ordinary 3D Hamiltonian H divided by ¢ and

hence that this c¢p® solves the Hamilton equations, equations (8.15) on the facing

page.! This later consistency check is left as an exercise to the reader. ! Recall that in 3D, the Hamilto-
Using the definition of Hy, equation (8.17) on the preceding page, and the ~"an eduals the total energy.

expression for L4, equation (8.4) on page 156, we obtain

1
Hy = p*uy — Ly = pHu, — EMOUMMM —qu, A*(x7) (8.19)

Furthermore, from the definition (8.16) of the canonically conjugate four-momen-
tum p#, we see that

L a (1
pt = 814_4 =3 (Emou“uu + unA”“(x”)) = mout + gA*  (8.20)
I I

Inserting this into (8.19), we obtain
1 o1
Hy = moutu, + qA"u, — Emou“uu —qut4,(x") = Emou“uu
(8.21)

Since the four-velocity scalar-multiplied by itself is u*u, = c2, we clearly
see from equation (8.21) above that Hy is indeed a scalar invariant, whose value

is simply
moc?
Hy = (8.22)
2
However, at the same time (8.20) provides the algebraic relationship
1
utt = — (p* —qA") (8.23)
mo
and if this is used in (8.21) to eliminate u*, one gets
H. :@ L(M_ A“)L( — A)
4 2 e 4 q "o Pu—4Aan
1
= —— (pt —gA* —gA 8.2
2 (P —qA") (pp —qAL) (8.24)

1
= o (1" P = 204" p + 4> A Ay)
mo
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That this four-Hamiltonian yields the correct covariant equation of motion can
be seen by inserting it into the four-dimensional Hamilton equations (8.18) and
using the relation (8.23):

3H4 q aAv
Tt v gAY
oxH mo (P —4q )axﬂ
. q » 04y
“me o oxm
0 8.2
oA, (8.25)
i oxk
dpu du,, 04,
Todr o dt 9 oxV "

where in the last step equation (8.20) on the preceding page was used. Rearranging
terms, and using equation (7.80) on page 151, we obtain
m Dty =qu’ (0,4, —3,A,) = qu”

0 az qu ( wy v p,) qu” Fyy (8.26)
which is identical to the covariant equation of motion equation (8.14) on page 158.
We can therefore safely conclude that the Hamiltonian in question yields correct
results.

Recalling expression (7.47) on page 146 for the four-potential, and represent-
ing the canonically conjugate four-momentum as p* = (p°, p), we obtain the
following scalar products:

P"pu = (% - (p)? (8.272)
1

Alp, = ;¢p° —(p-A) (8.27b)
1

Al dy = 59> = (A (8.27¢)

Inserting these explicit expressions into equation (8.24) on the preceding page,
and using the fact that Hy is equal to the scalar value mgc?/2, as derived in
equation (8.22) on the previous page, we obtain the equation

2 1 2 2
Y - [(p")2 —(®) = ~q¢p’ +2q(p - A) + z—2¢2 - qz(A)z]

2 2my
(8.28)

which is a second-order algebraic equation in p°:

2 2
(P")? = =Lgp° ~ [0 = 2qp - A + (W] +5¢> i =0 (8.29)

(p—qA)?
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with two possible solutions

P’ = %«ﬁ + \/(p —qA)* + m§c? (8.30)

Since the zeroth component (time component) p° of a four-momentum vector
p" multiplied by ¢ represents the energy [cf. equation (7.41) on page 145], the
positive solution in equation (8.30) above must be identified with the ordinary
Hamilton function H divided by c. Consequently,

H 56p°=q¢+c\/(p—qA)2+m362 (8.31)

is the ordinary 3D Hamilton function for a charged particle moving in scalar and
vector potentials associated with prescribed electric and magnetic fields.

The ordinary Lagrange and Hamilton functions L and H are related to each
other by the 3D transformation [cf. the 4D transformation (8.17) between L4 and
Hy]

L=p-v—H (8.32)

Using the the explicit expressions given by equation (8.31) and equation (8.32),
we obtain the explicit expression for the ordinary 3D Lagrange function

L=p-v—qﬂﬁ—c\/(p—qA)z+m%c2 (8.33)

and if we make the identification

moVv

v2

I-=

where the quantity mv is the usual kinetic momentum, we can rewrite this
expression for the ordinary Lagrangian as follows:

L =qA-v+mv>—q¢ —c\/mzv2 + m%c2
— 2 2 _ 2
=mv-—q(@—A-v)—mc°=—q¢p +qA-v—moc /1 — —
What we have obtained is the relativistically correct (covariant) expression for

the Lagrangian describing the mechanical motion of a charged particle in scalar
and vector potentials associated with prescribed electric and magnetic fields.
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Figure 8.1: A one-dimensional
chain consisting of N discrete, iden-
§i—1 & Eit1

tical mass points m, connected to
their neighbours with identical, ideal
springs with spring constants k. The
equilibrium distance between the
neighbouring mass points is @ and
&—1(), & (), & +1(¢) are the in- a a a a X
stantaneous deviations, along the x
axis, of positions of the (i — 1)th,
ith, and (i + 1)th mass point, re-
spectively.

8.2 Covariant field theory

So far, we have considered two classes of problems. Either we have calculated
the fields from given, prescribed distributions of charges and currents, or we have
derived the equations of motion for charged particles in given, prescribed fields.
Let us now put the fields and the particles on an equal footing and present a
theoretical description which treats the fields, the particles, and their interactions
in a unified way. This involves transition to a field picture with an infinite number
of degrees of freedom. We shall first consider a simple mechanical problem whose
solution is well known. Then, drawing inferences from this model problem, we
apply a similar view on the electromagnetic problem.

8.2.1 Lagrange-Hamilton formalism for fields and interac-
tions

Consider the situation, illustrated in Figure 8.1, with N identical mass points,
each with mass m and connected to its neighbour along a one-dimensional straight
line, which we choose to be the x axis, by identical ideal springs with spring
constants k (Hooke’s law). At equilibrium the mass points are at rest, distributed
evenly with a distance a to their two nearest neighbours so that the equilibrium
coordinate for the ith particle is Xx; = iaX . After perturbation, the motion of
mass point  will be a one-dimensional oscillatory motion along X. Let us denote
the deviation for mass point i from its equilibrium position by &; (¢)X.

As is well known, the solution to this mechanical problem can be obtained if
we can find a Lagrangian (Lagrange function) L which satisfies the variational
equation

8 / L(&,&,0)dt =0 (8.36)

According to equation (M.113) on page 226, the Lagrangianis L = T — V where
T denotes the kinetic energy and V the potential energy of a classical mechanical
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system with conservative forces. In our case the Lagrangian is

1 N

L =33 |mé? =k — )] (8.37)
i=1
Let us write the Lagrangian, as given by equation (8.37) above, in the following
way:
L= Z a (8.38)
i=1
where

= [ £2 - (é’“a E’)} (8.39)

L If we now let

is the so called linear Lagrange density, measured in Jm™
N — oo and, at the same time, let the springs become infinitesimally short

according to the following scheme:

a — dx (8.40a)
d
n — o 7 linear mass density (8.40b)
a dx
ka —>Y Young’s modulus (8.40c¢)
Siv1—6i _S (8.40d)
a 8x
we obtain
- / Zdx (8.41)
where

% og 1 98\ 2 9\’
L)@ ] e

Notice how we made a transition from a discrete description, in which the
mass points were identified by a discrete integer variablei = 1,2,..., N, toa
continuous description, where the infinitesimal mass points were instead identified
by a continuous real parameter x, namely their position along X.

A consequence of this transition is that the number of degrees of freedom for
the system went from the finite number N to infinity! Another consequence is
that . has now become dependent also on the partial derivative with respect to x
of the ‘field coordinate’ £. But, as we shall see, the transition is well worth the
cost because it allows us to treat all fields, be it classical scalar or vectorial fields,



Draft version released 3rd June 2010 at 20:10 CET—Downloaded from http://www.plasma.uu.se/CED/Book
Sheet: 186 of 260

164 | 8. ELECTROMAGNETIC FIELDS AND PARTICLES

or wave functions, spinors and other fields that appear in quantum physics, on an
equal footing.

Under the assumption of time independence and fixed endpoints, the variation
principle (8.36) on page 162 yields:

S/Ldt
:5//9%(5,%,%)@&

0.7 0.2 (0§ 3L [ 0f
-/ ?“@5(5)*@5(5) L

=0

(8.43)

As before, the last integral can be integrated by parts. This results in the expression

TN o 8
// ai;_a_ 2 922 ssavar =0 (8.44)

) )

where the variation is arbitrary (and the endpoints fixed). This means that the
integrand itself must vanish. If we introduce the functional derivative

s 3y 3 [ oz

— | 7 (8.45)
3& &  ox \ g4 ( % )
we can express this as
8 0 0L
b — — — | =0 (8.46)

£ ofe)

which is the one-dimensional Euler-Lagrange equation.

Inserting the linear mass point chain Lagrangian density, equation (8.42) on
the previous page, into equation (8.46), we obtain the equation of motion for our
one-dimensional linear mechanical structure. It is:

% 0% _ (,L 92 32)

Ham 2 =0 (8.47)

i.e., the one-dimensional wave equation for compression waves which propagate
with phase speed vy = /Y /u along the linear structure.
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A generalisation of the above 1D results to a three-dimensional continuum is
straightforward. For this 3D case we get the variational principle

8/Ldt=8//$d3xdt=5/$(§,£€—i)d4

AN Y \ (8.48)
¥\ (5%)

where the variation 6§ is arbitrary and the endpoints are fixed. This means that

the integrand itself must vanish:

07 0 0.7
0E dxm 3(as)

dxH

=0 (8.49)

This constitutes the four-dimensional Euler-Lagrange equations.
Introducing the three-dimensional functional derivative

82 302 9 0.7

— | — (8.50)
8 ad dax! &
N )
we can express this as
% — d _8.,% =0 (8.51)

[ TE VAT
©r(§)
In analogy with particle mechanics (finite number of degrees of freedom), we
may introduce the canonically conjugate momentum density

0L
a(x") =n(t,x) = —— (8.52)
/(¥
and define the Hamilton density
9 \_ 0§ 9§ 9§
I (n,é, o ,t) = n(‘)t < (’;‘, 5 By (8.53)

If, as usual, we differentiate this expression and identify terms, we obtain the
following Hamilton density equations

o O

FE (549
8H o

SE (8.54b)

The Hamilton density functions are in many ways similar to the ordinary Hamilton
functions for a system of a finite number of particles and lead to similar results.
However, they describe the dynamics of a continuous system of infinitely many
degrees of freedom.
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8.2.1.1 The electromagnetic field

Above, when we described the mechanical field, we used a scalar field £(¢, x).
If we want to describe the electromagnetic field in terms of a Lagrange density
% and Euler-Lagrange equations, it comes natural to express .Z in terms of the
four-potential A#(x").

The entire system of particles and fields consists of a mechanical part, a field
part and an interaction part. We therefore assume that the total Lagrange density
Z'* for this system can be expressed as

gptot gmech + ginter + fﬁeld (855)

where the mechanical part has to do with the particle motion (kinetic energy). It
is given by L4/ V where L4 is given by equation (8.3) on page 156 and V is the
volume. Expressed in the rest mass density ¢, the mechanical Lagrange density
can be written

1
et = EQOMM”;L (8.56)

The .#™™" part describes the interaction between the charged particles and
the external electromagnetic field. A convenient expression for this interaction
Lagrange density is

LN = jr Ay, (8.57)

For the field part .1 we choose the difference between magnetic and electric
energy density (in analogy with the difference between kinetic and potential
energy in a mechanical field). With the help of the field tensor, we express this
field Lagrange density as

1

ghed — ___pwp 8.58
4110 © (8.58)

so that the total Lagrangian density can be written
tot 1 w - (L 1 v
L% = —ooutuy + jH A+ —FMVFy, (8.59)
2 4100

From this we can calculate all physical quantities.

Using .#"" in the 3D Euler-Lagrange equations, equation (8.49) on the pre-
ceding page (with £ replaced by A,), we can derive the dynamics for the whole
system. For instance, the electromagnetic part of the Lagrangian density

. - 1
gEM — _gpinter + gheld — ijv + 4_FILVFMV (860)
o
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inserted into the Euler-Lagrange equations, expression (8.49) on page 165, yields
two of Maxwell’s equations. To see this, we note from equation (8.60) on the
facing page and the results in Example 8.1 that

9 XEM
04,

Furthermore,

2™ 1 5 "
o [a(amn} = G [awv) (F F“)]

- Ly, { 9 [(aKAA — A (9 Ay — BAAK)]}

=Y (8.61)

4“0 a(a,u,Av)
1 9
=3 A9, Ay — A%, A
4110 "{a(aMAv)[ KA A5k (8.62)

— P AD Ay + a*AKaAAKB

1
=9 [ g (SKAABKAA—B"A’XBAAK)}

20 L33 Ay)
But
9 (aKAAa A,1> PV Ay + 0. Ay 9< A>
(0, A40) K 30, 4,) ¢ (0, 4)
3
= 9c4* DAy + 0, A ey B 4
8@, Ay) T g Ty e A
3 3
= ¥4+ DA KBy Ay ——— 0, A
0@, T @A)
3 )
= KA 9 A, +0%AP 9, A
30, An) < T 5 @A)
=20 AV
(8.63)
Similarly,
9
*AY9, A, ) = 20" A 8.6
8(8MA1,)( AAc) (8.64)
so that
9.EM 1 1
Iy | ——— | = —8, (“A¥ — 3" AM) = — 9, F™ (8.65)
2wl Rl e °

This means that the Euler-Lagrange equations, expression (8.49) on page 165,
for the Lagrangian density .#*™ and with A, as the field quantity become
agEM 8$EM

94, " [a(aMAv)

1
]zj”—EE)MF‘“’ =0 (8.66)
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or
O F™ = poj” (8.67)

which, according to equation (7.82) on page 151, is a Lorentz covariant formula-
tion of Maxwell’s source equations.

EXAMPLE 8.1  >Field energy difference expressed in the field tensor

Show, by explicit calculation, that

1 v 1(B? )
— FMFu=-|— —¢sFE (8.68)
4o 2\ Ko

i.e., the difference between the magnetic and electric field energy densities.

From formula (7.79) on page 151 we recall that

0 —Ex/c —Ey/c —E;/c

Ex/c 0 —-B B

nvy — X z y
(F1) EyJc B, 0 —B, (8.69)

Ez/c  —By By 0

and from formula (7.81) on page 151 that
0 Ex/c Ey/c Ez/c
| —Ex/c 0 —B; By

(Fu) = —E,Jc B, 0 —By (8.70)

—E;/c —By By 0

where p denotes the row number and v the column number. Then, Einstein summation and
direct substitution yields

FMVYE,, = FOFgo 4+ FO1 Foy + FO2Fop + FO3 Fo3
+ F1F o+ FI'Fyy + F12F 5 + F13Fy5
+ F2F + F2 ' Fy + F22Fyp + F33 Fp3
+ F3F30 + F3'F31 + F32F3 + F¥ F3
=0—E;/c?—E}/c® —EZ/c?
—E}/c* +0+ B2+ B}
—Ej/c*+ B +0+ B
—EZ/c*+ By + BF+0
= —2E}/c* —2E}/c* —2E}/c* + 2B + 2B} + 2B}
= —2E?%/c? + 2B? = 2(B?> — E?/c?)

8.71)

or [cf. equation (2.9a) on page 22]
1 1 (B2 1 1 ( B2
P Fyy = o [ - B2 | = o [ g2 ) = 2 (E2 - 2B?)
410 2\ o c2uo 2\ o 2
(8.72)

where, in the last step, the identity oo = 1/c? was used. QEDH

End of example 8.1<
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8.2.1.2 Other fields

In general, the dynamic equations for most any fields, and not only electromag-
netic ones, can be derived from a Lagrangian density together with a variational
principle (the Euler-Lagrange equations). Both linear and non-linear fields are
studied with this technique. As a simple example, consider a real, scalar field &
which has the following Lagrange density:

1
2 = 2 (0" —m?8?) (8.73)

Insertion into the 1D Euler-Lagrange equation, equation (8.46) on page 164,
yields the dynamic equation

(@ -m*E =0 (8.74)

with the solution
I e—mlxl
g =k “”)—|X| (8.75)

which describes the Yukawa meson field for a scalar meson with mass m. With

1 0&
- 7 8.76
T="32% (8.76)
we obtain the Hamilton density
1
> =3 [62n2 F(VE? m2§2] 8.77)

which is positive definite.
Another Lagrangian density which has attracted quite some interest is the
Proca Lagrangian

. X 1
gEM — glnter + gheld h ijv + mFltv Fuv + mZAMAM (8.78)
0
which leads to the dynamic equation
A FH —m2A” = poj” (8.79)

This equation describes an electromagnetic field with a mass, or, in other words,
massive photons. If massive photons would exist, large-scale magnetic fields,
including those of the earth and galactic spiral arms, would be significantly modi-
fied to yield measurable discrepancies from their usual form. Space experiments
of this kind on board satellites have led to stringent upper bounds on the photon
mass. If the photon really has a mass, it will have an impact on electrodynamics
as well as on cosmology and astrophysics.
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ELECTROMAGNETIC FIELDS AND
MATTER

The microscopic Maxwell equations derived in Chapter 1, which in Chapter 2
were chosen as the axiomatic basis for the treatment in the remainder of the
book, are valid on all scales where a classical description is good. They provide
a correct physical picture for arbitrary field and source distributions, on macro-
scopic and, under certain assumptions, microscopic scales. A more complete
and accurate theory, valid also when quantum effects are significant, is provided
by quantum electrodynamics. QED gives a consistent description of how elec-
tromagnetic fields are quantised into photons and describes their intrinsic and
extrinsic properties. However, this theory is beyond the scope of the current book.

In a material medium, be it in a solid, fluid or gaseous state or a combination
thereof, it is sometimes convenient to replace the Maxwell-Lorentz equations
(2.1) on page 20 by the corresponding macroscopic Maxwell equations in which
auxiliary, derived fields are introduced. These auxiliary fields, viz., the electric
displacement vector D (measured in C m~2) and the magnetising field H (mea-
sured in A m™1), incorporate intrinsic electromagnetic properties of macroscopic
matter, or properties that appear when the medium is immersed fully or partially
in an electromagnetic field. Consequently, they represent, respectively, electric
and magnetic field quantities in which, in an average sense, the material properties
of the substances are already included. In the most general case, these derived
fields are complicated, possibly non-local and nonlinear, functions of the primary

fields E and B :1 ! An example of this are chiral
media.

171
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D =D(,x;E,B) (9.12)
H=H(t. x;E,B) (9.1b)

A general treatment of these fields will not be included here. Only simplified, but
important and illuminating examples will be given.

9.1 Maxwell’s macroscopic theory

Under certain conditions, for instance for small magnitudes of the primary field
strengths E and B, we may assume that the response of a substance to the fields
can be approximated by a linear one so that

D ~ ¢E (9.2)
H~ u'B (9-3)

i.e., that the electric displacement vector D (¢, x) is only linearly dependent on the
electric field E(¢, x), and the magnetising field H(z, x) is only linearly dependent
on the magnetic field B(¢, x). In this chapter we derive these linearised forms, and
then consider a simple, explicit linear model for a medium from which we derive
the expression for the dielectric permittivity (¢, x), the magnetic susceptibility
u(t,x), and the refractive index or index of refraction n(t,x) of this medium.
Using this simple model, we study certain interesting aspects of the propagation
of electromagnetic particles and waves in the medium.

9.1.1 Polarisation and electric displacement

By writing the first microscopic Maxwell-Lorentz equation (2.1a) on page 20
as in equation (6.22) on page 92, i.e., in a form where the total charge density
o(t,x) is split into the charge density for free, ‘true’ charges, p"™, and the charge
density, pP°', for bound polarisation charges induced by the applied field E, as

p“"al(t,x) B P (7, X) + ppOI(l,X) 3 ptrue(t’x) —V-P(,x)
P - €0 N €0

V-E =
(9-4)
and at the same time introducing the electric displacement vector (C m~2)
D(z,x) = eoE(7,x) + P(z,x) (9.5)
one can reshuffle expression (9.4) above to obtain

V - [eoE(f,x) + P(£,x)] = V- D(t,x) = p"™ (¢, x) (9.6)



Draft version released 3rd June 2010 at 20:10 CET—Downloaded from http://www.plasma.uu.se/CED/Book
Sheet: 195 of 260

9.1. Maxwell’s macroscopic theory | 173

This is one of the original macroscopic Maxwell equations. It is important to
remember that only the induced electric dipole moment of matter, subject to
the field E, was included in the above separation into true and induced charge
densities. Contributions to D from higher-order electric moments were neglected.
This is one of the approximations assumed.

Another approximation is the assumption that there exists a simple linear
relationship between P and E in the material medium under consideration

P(tv X) = ‘SOXe([v X)E(t’ X) (97)

This approximation is often valid for regular media if the field strength |E| is
low enough. Here the variations in time and space of the the material dependent
electric susceptibility, y., are usually on much slower and longer scales than for

E itself. Inserting the approximation (9.7) into equation (9.57) on page 184, we 2 The fact that the relation between
the dipole moment per unit volume
P and the applied electric field E
is local in time and space is yet
D(t,x) = e(t,x)E(t,x) (9-83)  another approximation assumed in
macroscopic Maxwell theory.

can write the latter

where, approximately,

&(1.x) = go[l + ye(t.X)] = eoke(t. X) (9.9)

For an electromagnetically anisotropic medium such as a magnetised plasma or a
birefringent crystal, the susceptibility y. or, equivalently the relative dielectric
permittivity
e(t,x)
)

Ke(t,x) = =14+ ye(t,x) (9.10)

will have to be replaced by a tensor. This would still describe a linear relationship
between E and P but one where the linear proportionally factor, or, as we shall
call it, the dispersive property of the medium, is dependent on the direction in
space.

In general, however, the relationship is not of a simple linear form as in
equation (9.7) above but non-linear terms are important. In such a situation
the principle of superposition is no longer valid and non-linear effects such as

frequency conversion and mixing can be expected.’ 3 The nonlinearity of semiconduc-
tor diodes is used, e.g., in radio
receivers to convert high radio
frequencies into lower ones, or

9.1.2 Magnetisation and the magnetising field into the audible spectrum. These

techniques are called heterodyning
An analysis of the properties of magnetic media and the associated currents shows  and demodulation, respectively.

that three such types of currents exist:

1. In analogy with true charges for the electric case, we may have true currents
j™¢, i.e., a physical transport of true (free) charges.
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2. In analogy with the electric polarisation P there may be a form of charge
transport associated with the changes of the polarisation with time. Such
currents, induced by an external field, are called polarisation currents and are
identified with P /0z.

3. There may also be intrinsic currents of a microscopic, often atomistic, nature
that are inaccessible to direct observation, but which may produce net effects
at discontinuities and boundaries. These magnetisation currents are denoted
M
Magnetic monopoles have not yet been unambiguously identified in exper-

iments. So there is no correspondence in the magnetic case to the electric

monopole moment, formula (6.13a) on page 90. The lowest order magnetic mo-

ment, corresponding to the electric dipole moment, formula (6.13b) on page 90,

is the magnetic dipole moment [cf. the Fourier component expression (6.61) on

page 100]

m() = %/V/d%c/ (x" —x¢0) x j('.x") (9.11)

Analogously to the electric case, one may, for a distribution of magnetic dipole
moments in a volume, describe this volume in terms of its magnetisation, or
magnetic dipole moment per unit volume, M. Via the definition of the vector
potential A one can show that the magnetisation current and the magnetisation is
simply related:

M=VxM (9.12)

In a stationary medium we therefore have a total current which is (approxi-
mately) the sum of the three currents enumerated above:
oP

jtotal - jlrue+ E +VxM (9.13)

One might then, be led to think that the right-hand side (RHS) of the V x B
Maxwell equation (2.1d) on page 20 should be

P
RHS = 110 (j‘“‘e + o +V XM)
However, moving the term V x M from the right hand side (RHS) to the left
hand side (LHS) and introducing the magnetising field (magnetic field intensity,
Ampére-turn density) as
B

H=—-M (9.14)
Ko
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and using the definition for D, equation (9.57) on page 184, we find that

LHS =V xH
oP oD oE

RHS = jtrue + E — jtrue 4 E _SOW

Hence, in this simplistic view, we would pick up a term —egdE /d¢ which makes
the equation inconsistent: the divergence of the left hand side vanishes while the
divergence of the right hand side does not! Maxwell realised this and to overcome
this inconsistency he was forced to add his famous displacement current term
which precisely compensates for the last term the RHS expression. In Chapter 1,
we discussed an alternative way, based on the postulate of conservation of electric
charge, to introduce the displacement current.

We may, in analogy with the electric case, introduce a magnetic susceptibility
for the medium. Denoting it y.,, we can write

H(t,x) = 1! (1. 0)B(t,x) (915)

where, approximately,

Bt %) = poll + (6. 3)] = prokm(t. %) (0.16)
and
N Pl L. ©9.17)

is the relative permeability. In the case of anisotropy, k,, will be a tensor, but it is

4 4 This is the case for the Hall

effect which produces a potential
difference across an electric
conduction current channel,

9.1.3 Macroscopic Maxwell equations orthogonal to this current, in

the presence of an external
Field equations, expressed in terms of the derived, and therefore in principle —magnetic field which is likewise
perpendicular to the current. This
effect was discovered 1879 by the

microscopic equations (2.1) on page 20, by replacing the E and B in the two  US physicist EDWIN HERBERT
HALL (1855-1938).

still only a linear approximation.

superfluous, field quantities D and H are obtained from the Maxwell-Lorentz

source equations by using the approximate relations formula (9.8) on page 173
and formula (9.15) above, respectively:

V.D = p™ (9.18a)
oB
E=— .18b
V x T (9.18b)
V:B = (9.18¢)
oD
VxH=j"+ (9.18d)
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This set of differential equations, originally derived by Maxwell himself, are
called Maxwell’s macroscopic equations. Together with the boundary conditions
and the constitutive relations, they describe uniquely (but only approximately)
the properties of the electric and magnetic fields in matter and are convenient to
use in certain simple cases, particularly in engineering applications. However, the
structure of these equations rely on certain linear approximations and there are
many situations where they are not useful or even applicable. Therefore, these
equations, which are the original Maxwell equations (albeit expressed in their

modern vector form as introduced by OLIVER HEAVISIDE), should be used

5 It should be recalled that Max- with some care.5

well formulated these macroscopic
equations before it was known that
matter has an atomistic structure
and that there exist electrically
charged particles such as electrons
and protons, which possess a quan-
tum mechanical property called
spin that gives rise to magnetism!

9.2 Phase velocity, group velocity and dispersion

If we introduce the phase velocity in the medium as
1 1 c
1) = = =
e JkeBokmito  +/Kekm

where, according to equation (1.13) on page 6, ¢ = 1/./eo/to is the speed of
light, i.e., the phase speed of electromagnetic waves, in vacuum. Associated with

(9-19)

the phase speed of a medium for a wave of a given frequency @ we have a wave
vector, defined as
def , ~ > w Vv
k= kk = kv, = — - (9.20)
Vo Vg

The ratio of the phase speed in vacuum and in the medium

c def
— = Kk = CJEN =n (9.21)
Vg

where the material dependent quantity

n(t,x) o vi = Ve (t,X)km (2, X) (9.22)

4
6 In fact, there exist metamaterials

where K. and ki, are negative. For g called the refractive index of the medium and describes its refractive and
such materials, the refractive index

becomes negative: reflective properties.® In general n is a function of frequency. If the medium
) \/ﬁ _ \/ﬁ is anisotropic or birefringent, the refractive index is a rank-two tensor field.
n=i Kel 1 K . op s . . . . .
¢ s " Under our simplifying assumptions, in the material medium that we consider
= — |Kekm|

n = Const for each frequency component of the fields. In certain materials, the
Such negative refractive index

materials, have quite remarkable
electromagnetic properties. in others, it can be smaller than unity (e.g., plasma and metals at radio and optical

refractive index is larger than unity (e.g., glass and water at optical frequencies),

frequencies).
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It is important to notice that depending on the electric and magnetic properties
of a medium, and, hence, on the value of the refractive index r, the phase speed
in the medium can be smaller or larger than the speed of light:

c o

Vo == 1 (9.23)
where, in the last step, we used equation (9.20) on the preceding page.

If the medium has a refractive index which, as is usually the case, dependent
on frequency w, we say that the medium is dispersive. Because in this case also

k(w) and w(k), so that the group velocity

_ dw
0k
has a unique value for each frequency component, and is different from v,.

Vg (9-24)

Except in regions of anomalous dispersion, v, is always smaller than c. In a gas
of free charges, such as a plasma, the refractive index is given by the expression
2

w
(@) =1-—3 (9.25)
where
Noq?
2 0o
— 26
@y ; pyp— (9-26)

is the square of the plasma frequency wy. Here m, and N, denote the mass and
number density, respectively, of charged particle species o. In an inhomogeneous
plasma, Ny = N, (x) so that the refractive index and also the phase and group
velocities are space dependent. As can be easily seen, for each given frequency,
the phase and group velocities in a plasma are different from each other. If the
frequency w is such that it coincides with w, at some point in the medium, then
at that point v, — oo while v, — 0 and the wave Fourier component at  is
reflected there.

9.3 Radiation from charges in a material medium

When electromagnetic radiation is propagating through matter, new phenomena
may appear which are (at least classically) not present in vacuum. As mentioned
earlier, one can under certain simplifying assumptions include, to some extent, the
influence from matter on the electromagnetic fields by introducing new, derived
field quantities D and H according to

D = ¢(t,x)E = k.(t,x)goE (9.27)
B = p(t.x)H = kn(t. x)oH (9-28)
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9.3.1 Vavilov-Cerenkov radiation

As we saw in Subsection 6.3, a charge in uniform, rectilinear motion in vacuum
does not give rise to any radiation; see in particular equation (6.137a) on page 119.
Let us now consider a charge in uniform, rectilinear motion in a medium with elec-
tric properties which are different from those of a (classical) vacuum. Specifically,
consider a medium where

& = Const > g9 (9.29a)
W= Ho (9-29b)
This implies that in this medium the phase speed is

c 1
Vp = o= <c (9.30)

v EHo

Hence, in this particular medium, the speed of propagation of (the phase planes of)

electromagnetic waves is less than the speed of light in vacuum, which we know
is an absolute limit for the motion of anything, including particles. A medium
of this kind has the interesting property that particles, entering into the medium
at high speeds |v’|, which, of course, are below the phase speed in vacuum, can
experience that the particle speeds are higher than the phase speed in the medium.
This is the basis for the Vavilov-Cerenkov radiation, more commonly known in
the western literature as Cherenkov radiation, that we shall now study.

If we recall the general derivation, in the vacuum case, of the retarded (and
advanced) potentials in Chapter 3 and the Liénard-Wiechert potentials, equations
(6.100) on page 110, we realise that we obtain the latter in the medium by a
simple formal replacement ¢ — ¢/n in the expression (6.101) on page 110 for s.
Hence, the Liénard-Wiechert potentials in a medium characterized by a refractive

index n, are
q' 1 4
¢(t,X)=4 — = - (9.312)
T ‘|X—x/|—n(x_’é )-v dey s
qlvl 1 q/V/
A(t,x) = 1 > — = z (9-31b)
e ‘|x—x’|—n(x_’2 )-v drepc? s
where now
" .v/
s = |jx - x| - n &=V (9.32)
c

The need for the absolute value of the expression for s is obvious in the case
when v’/c > 1/n because then the second term can be larger than the first term;
if v'/c « 1/n we recover the well-known vacuum case but with modified phase
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Figure 9.1: Instantaneous picture of

the expanding field spheres from a

point charge moving with constant

speed v'/c > 1/n in a medium

where n > 1. This generates a

Vavilov-Cerenkov shock wave in the
v form of a cone.

speed. We also note that the retarded and advanced times in the medium are [cf.
equation (3.47) on page 42]

, klx—x
X_X|)=t_—=[_— (9-333)
1) c
k|x —x’ X — X
x —x'|) EPL e S L (9-33b)
1) c

4 4
tret = tret(t’

’ ’
[adv = tadv (t’

so that the usual time interval ¢ — ¢’ between the time measured at the point of
observation and the retarded time in a medium becomes
,Ix=x|n
=t = ——— (9-34)
c
For v’ /¢ > 1/n, the retarded distance s, and therefore the denominators in

equations (9.31) on the facing page, vanish when
/ /
n(x—x’)-v—:|x—x’|ﬂcosec:‘x—x’| (9.35)
c c

or, equivalently, when
c
cos b = — (9.36)
nv
In the direction defined by this angle 6., the potentials become singular. During
the time interval ¢ — ¢’ given by expression (9.34) above, the field exists within a

sphere of radius |x — x’| around the particle while the particle moves a distance

U'=(@—1t)n (9-37)

along the direction of v’.

In the direction 6. where the potentials are singular, all field spheres are tangent
to a straight cone with its apex at the instantaneous position of the particle and
with the apex half angle o defined according to

. c
sinae = cos O, = — (9.38)
nv
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7 The first systematic exploration
of this radiation was made in
1934 by PAVEL ALEKSEEVICH
éERENKOV, who was then a
doctoral student in SERGEY
IVANOVICH VAVILOV’s research
group at the Lebedev Physical
Institute in Moscow. Vavilov wrote
a manuscript with the experimental
findings, put Cerenkov as the au-
thor, and submitted it to Nature. In
the manuscript, Vavilov explained
the results in terms of radioac-
tive particles creating Compton
electrons which gave rise to the
radiation. This was indeed the
correct interpretation, but the paper
was rejected. The paper was then
sent to Physical Review and was,
after some controversy with the
American editors, who claimed the
results to be wrong, eventually pub-
lished in 1937. In the same year,
IGOR’ EVGEN’EVICH TAMM
and ILYA MIKHAILOVICH
FRANK published the theory for
the effect (‘the singing electron’).
In fact, predictions of a similar
effect had been made as early as
1888 by OLIVER HEAVISIDE,
and by ARNOLD JOHANNES
WILHELM SOMMERFELD in
his 1904 paper ‘Radiating body
moving with velocity of light’. On
8 May, 1937, Sommerfeld sent a
letter to Tamm via Austria, saying
that he was surprised that his old
1904 ideas were now becoming
interesting. Tamm, Frank and
Cerenkov received the Nobel Prize
in 1958 ‘for the discovery and the
interpretation of the Cerenkov
effect’ [V. L. Ginzburg, private
communication).
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This is illustrated in Figure 9.1 on the preceding page.

The cone of potential singularities and field sphere circumferences propagates
with speed ¢/n in the form of a shock front. The first observation of this type
of radiation was reported by MARIE SKLODOWSKA CURIE in 1910, but she
never pursued the exploration of it. This radiation in question is therefore called
Vavilov-Cerenkov radiation.” The Vavilov-Cerenkov cone is similar in nature to
the Mach cone in acoustics.

In order to make some quantitative estimates of this radiation, we note that we
can describe the motion of each charged particle ¢’ as a current density:

Jj=gVx' —v'th) =q'v i —v'tH8(y)s(z)x, (9-39)
which has the trivial Fourier transform
q/ . /st
o = A o ()8R0 (9.40)

This Fourier component can be used in the formula derived for a linear current in
Subsection 6.4.1 if only we make the replacements

g0 — & = n’gg
nw
k— —
c

(9.41a)
(9-41b)

In this manner, using j, from equation (9.40) above, the resulting Fourier trans-
forms of the Vavilov-Cerenkov magnetic and electric radiation fields can be
calculated from the expressions (5.10) on page 74) and (5.25) on page 77, respec-
tively.

The total energy content is then obtained from equation (6.8) on page 88
(integrated over a closed sphere at large distances). For a Fourier component one
obtains [cf. equation (6.11) on page 89]

1 ik
URdQ ~ ——— / & (jo x K)e KX| dQ
4megnc ,
e’ ~ " s (9-42)
== exp [ix/ (— — k cos 9)] dx'| sin® 0 dQ
16m3e9c3 | ) _oo v/

where 6 is the angle between the direction of motion, f(’l, and the direction to the
observer, k. The integral in (9.42) is singular of a ‘Dirac delta type’. If we limit
the spatial extent of the motion of the particle to the closed interval [— X, X] on
the x’ axis we can evaluate the integral to obtain

02 nv’ Xo
¢*nw? sin? § Sin [(1 — %= cos 9) A

e (1 2 cos0) 2T

URdQ = ]dsz

(9-43)
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which has a maximum in the direction 6, as expected. The magnitude of this
maximum grows and its width narrows as X — oo. The integration of (9.43)
over €2 therefore picks up the main contributions from 8 ~ 6.. Consequently, we
can set sin? @ & sin’ 6, and the result of the integration is

g
5 = 2 / US40 sin6.d6 = [cos§ = —§| = 2”/
0

1
1 Uy (§) dg

¢ now?sin? 6, ! sin® [(1 + m;/é) }1(;_’]
T 2m2g0c3 /_ @

(9-44)

The integrand in (9.44) is strongly peaked near £ = —c/(nv’), or, equivalently,
near cos 6, = ¢/(nv’). This means that the integrand function is practically zero
outside the integration interval £ € [—1, 1]. Consequently, one may extend the &
integration interval to (—oo, o) without introducing too much an error. Via yet
another variable substitution we can therefore approximate

.2 nv'é\ Xo
1 sin [(1—{—— —,] 2 X [ sin?
sin29cf c)” dgz(1_c_)c_f MY x
_1 —

[(1 + M) 2:|2 n2v/2 wn 0o x2
c v’
2. ¢ . c?
T wn n2v’?

leading to the final approximate result for the total energy loss in the frequency

(9-45)

interval (@, w + dw)

2 2
~mdy . 4 X c
U %dw = Tmeec? (1 — nzv’z) o dw (9.46)

As mentioned earlier, the refractive index is usually frequency dependent.
Realising this, we find that the radiation energy per frequency unit and per unit

length is
U™dde q*w c?
= A L iy (9-47)
2X dregc n?(w)v

This result was derived under the assumption that v'/¢ > 1/n(w), i.e., under
the condition that the expression inside the parentheses in the right hand side is
positive. For all media it is true that n(w) — 1 when w — 00, so there exist
always a highest frequency for which we can obtain Vavilov-Cerenkov radiation
from a fast charge in a medium. Our derivation above for a fixed value of n is
valid for each individual Fourier component.
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9.4 Electromagnetic waves in a medium

In Section 2.3 in Chapter 2 we derived the wave equations for the electric and
magnetic fields, E and B, respectively,

1 3°E v Vo aj

2y —
2oz Y ET T Ty (9480
1 9°B )
i V2B = 110V X j (9.48b)

where the charge density p and the current density j were viewed as the sources
of the wave fields. As we recall, these wave equations were derived from the
Maxwell-Lorentz equations (2.1) on page 20, taken as an axiomatic foundation,
or postulates, of electromagnetic theory. As such, these equations just state what
relations exist between (the second order derivatives of) the fields, i.e., essentially
the Coulomb and Ampere forces, and the dynamics of the charges (charge and
current densities) in the region under study.

Even if the p and j terms in the Maxwell-Lorentz equations are often referred
to as the source terms, they can equally well be viewed as terms that describe
the impact on matter in a particular region upon which an electromagnetic wave,
produced in another region with its own charges and currents, impinges. In order
to do so, one needs to find the constitutive relations that describe how charge and
current densities are induced by the impinging fields. Then one can solve the
wave equations (9.48) above. In general, this is a formidable task, and one must
often resort to numerical methods.

Let us, for simplicity, assume that the linear relations, as given by formula
(9.8) on page 173 and formula (9.15) on page 175, hold, and that there is also
a linear relation between the electric field E and the current density, known as
Ohm’s law:

Jj(t.x) =o(t,x)E(t,x) (9.49)

where o is the conductivity of the medium. Let us make the further assumption
that e = e(x), 4 = u(x), and o (x) are not explicitly dependent on time and are
local in space. Then we obtain the coupled wave equations

oE 0’E
V2E — u(x)o(x)a— — e(x)u(x)w = (VxE)x Vinu(x)
t t ) (9.502)
—V[VIne(x)-E]+ Vg
s oH 0’H .
V°H — ,u,(x)a(x)g — 8(X)/L(x)87 = (VxH) x Vine(x) (9.50b)

—V[VInu(x)-H]+ VIne(x) x (c(X)E) — [Vo(x)] x E
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For the case i = ¢ (no magnetisation) and p = Const in the medium, equations
(9.50) on the facing page simplify to
oE 0’E

V’E — ,uoa(x)g — S(X)MOW = —V[VIne(x) - E] (9.512)

V2B — G(X)a—B —e&(x) 2 = (VxB) x Vineg(x)
Ho ot Hotgz = (9.51b)

+uoVine(x) x (0E) — uo[Vo(x)] x E

Making the further assumption that the medium is not conductive, i.e., that
o = 0, the uncoupled wave equations

9*E
V2E — :—2? = —V{[VIne(x)]- E} (9-52a)
2
V2B — %?TE = (V xB) x [VIne(x)] (9-52b)

are obtained.

9.4.1 Constitutive relations

In a solid, fluid or gaseous medium the source terms in the microscopic Maxwell
equations (2.1) on page 20 must include all charges and currents in the medium,
i.e., also the intrinsic ones (e.g., the polarisation charges in electrets, and atomistic
magnetisation currents in magnets) and the self-consistently imposed ones (e.g.,
polarisation currents). This is of course also true for the inhomogeneous wave
equations derived from Maxwell’s equations.

From now one we assume that p and j represent only the charge and current
densities (i.e., polarisation and conduction charges and currents, respectively)
that are induces by the E and B fields of the waves impinging upon the medium

of interest.g 8 If one includes also the effect

of the charges on E and B, i.e.,

treat p and j as sources for fields,

which is not penetrated by a magnetic field, i.e., the medium is assumed to be  singularities will appear in the

9 theory. Such so called self-force
effects will not be treated here.

Let us for simplicity consider a medium containing free electrons only and

isotropic with no preferred direction(s) in space.

Each of these electrons are assumed to be accelerated by the Lorentz force,

9 Unmagnetised plasma belong

to this category. So do also, to a
wave one can, for reasonably high oscillation frequencies, neglect the force from  good approximation, fluid or solid

formula (4.47) on page 60. However, if the fields are those of an electromagnetic

the magnetic field. Of course, this is also true if there is no magnetic field present. ™Metals.
So the equation of motion for each electron in the medium can be written
d?x dx
mﬁ —I—mvd— =gqE (9.53)
where m and ¢ are the mass and charge of the electron, respectively, v the
effective collision frequency representing the frictional dissipative force from
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the surrounding medium, and E the effective applied electric field sensed by the
electron. For a Fourier component of the electric field E = Eq exp (—iw?), the
equation of motion becomes

2
w?qx(t) —iwvgx(t) = %E (9-54)

If the electron is at equilibrium x = 0 when E = 0, then its dipole moment is
d(r) = gx(¢). Inserting this in equation (9.54) above, we obtain

q2

d=———7F+—"— .
(@2 1 o) (9.55)
This is the the lowest order contribution to the dipole moment of the medium
from each electron under the influence of the assumed electric field. If Nqg(x)
electrons per unit volume can be assumed to give rise to the electric polarisation

P, this becomes

Nag?
P=Nd=——"—— .56
d m(w? + iwv) 9:56)

Using this in formula (9.57), one finds that

D(z.x) = e(x)E(z.x) (9:57)
where

Na(x)g? Na(x)¢> 1

£(x) = € m(w? + iwv) &0 som w2 +iwv 9-58)

The quantity
Na(x)g?
wp(X) = ——— (9:59)
Eom

is called the plasma frequency and

L B P
n(x) = ?— 1 o7 T iov (9.60)

is called the refractive index. At points in the medium where the wave frequency
o equals this plasma frequency and the collision frequency v vanishes, the
refractive index n = 0, and the wave is totally reflected. In the ionised outer
part of the atmosphere called the ionosphere this happens for radio waves of
frequencies up to about 10 MHz. This is the basis for over-the-horizon radio
communications.
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9.4.2 Electromagnetic waves in a conducting medium

We shall now restrict ourselves to the wave equations for the electric field vector
E and the magnetic field vector B in a electrically conductive and neutral medium,
i.e., a volume where there exist no net electric charge, p = 0, no dielectric effects,

EEMF

& = &9, and no electromotive force, = 0. A highly conductive metal is a

good example of such a medium.

9.4.2.1 The wave equations for E and B

To a good approximation, metals and other conductors in free space have a
conductivity o that is not dependent on ¢ or Xx. The wave equations (9.51) on
page 183 are then simplified to

oE 1 0’E
VZE _ - — .6
Ho0 o = 55 (9.61)
JoB 1 9°B
Mo0 - = 553 (9.62)

which are the homogeneous vector wave equations for E and B in a conducting
medium without EMF.

We notice that for the simple propagation media considered here, the wave
equation for the magnetic field B has exactly the same mathematical form as the
wave equation for the electric field E, equation (9.61). Therefore, in this case
it suffices to consider only the E field, since the results for the B field follow
trivially. For EM waves propagating in more complicated media, containing,
e.g., inhomogeneities, the wave equations for E and for B do not have the same
mathematical form.

Following the spectral component prescription leading to equation (2.41)
on page 28, we obtain, in the special case under consideration, the following
time-independent wave equation

2
V?Eg + a)_2 (1 + ii) Eo=0 (9.63)

c 0w
Multiplying by e’ and introducing the relaxation time t = g¢/0 of the

medium in question, we see that the differential equation for each spectral com-
ponent can be written

2 .
Vi@ + 2% (144 ) B =0 (960
c Tw

In the limit of long t (low conductivity o), (9.64) tends to

2 w?
V2E + c_2E =0 (9.65)
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which is a time-independent wave equation for E, representing undamped propa-
gating waves. In the short t (high conductivity o) limit we have instead

V2E + iwuooE = 0 (9.66)

which is a time-independent diffusion equation for E.

For most metals  ~ 10714 s, which means that the diffusion picture is good
for all frequencies lower than optical frequencies. Hence, in metallic conductors,
the propagation term 9%E /c29t? is negligible even for VHF, UHF, and SHF
signals. Alternatively, we may say that the displacement current godE /0t is
negligible relative to the conduction current j = oE.

If we introduce the vacuum wave number

k=— (9:67)
c
we can write, using the fact that ¢ = 1/ /eoo according to equation (1.13) on
page 6,
1 o o 1 o [ng O
_——=— = —— = — —_— = —R '68
tw gw gck k\ g k0 (9-68)

where in the last step we used the characteristic impedance of vacuum defined
according to formula (6.3) on page 87.
9.4.2.2 Plane waves

Consider now the case where all fields depend only on the distance ¢ to a given
plane with unit normal fi. Then the del operator becomes

V= ﬁa% =nV (9.69)
and the microscopic Maxwell equations attain the form
. OE
n- 8_§ =0 (9.70a)
. OE 0B
n x 8_§' = s (9.70b)
n- 8—B =0 (9.70¢)
dg
. 0B ] JE JE
n x T poj(t,x) + foto s = oo E + Eolo - (9.70d)

Scalar multiplying (9.70d) by i, we find that

. (. 0B . 0
O=h.-{ox—)=n- Moa—l—eoMoE E (9.71)
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which simplifies to the first-order ordinary differential equation for the normal
component E, of the electric field

dE o
2B, =0 9.72)
t €0

with the solution
Ep = Epoe 010 = E, e7!/* (9.73)

This, together with (9.70a), shows that the longitudinal component of E, i.e., the
component which is perpendicular to the plane surface is independent of ¢ and
has a time dependence which exhibits an exponential decay, with a decrement
given by the relaxation time t in the medium.

Scalar multiplying (9.70b) by f, we similarly find that

o=d-(AxE)=—a.B (9.74)
= i) = o 9.74
or
. 0B 0 ©75)
ne — = .
Y, 9-75

From this, and (9.70c), we conclude that the only longitudinal component of B
must be constant in both time and space. In other words, the only non-static
solution must consist of transverse components.

9.4.2.3 Telegrapher’s equation
In analogy with equation (9.61) on page 185, we can easily derive a wave equation

o°E E_1PE_ 076)
[ O’— —_——— T .
oz~ H%% T 22 97

describing the propagation of plane waves along ¢ in a conducting medium. This
equation is is called the telegrapher’s equation. If the medium is an insulator
so that 0 = 0, then the equation takes the form of the one-dimensional wave

equation
?’E 1 0’E
2 e (9-77)

As is well known, each component of this equation has a solution which can be
written

Ei=f(C—ct)+gl+ct), i=123 9.78)
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where f and g are arbitrary (non-pathological) functions of their respective
arguments. This general solution represents perturbations which propagate along
¢, where the f perturbation propagates in the positive ¢ direction and the g
perturbation propagates in the negative ¢ direction. In a medium, the general
solution to each component of equation (9.99) on page 190 is given by

Ei = f(§—vpt) + g +vpt), =123 (9.79)

If we assume that our electromagnetic fields E and B are represented by a
Fourier component proportional to exp(—iwt), the solution of equation (9.77) on
the preceding page becomes

E = Eqe (@/*k0) = g el(Fki—on (9.80)
By introducing the wave vector

k=kn=—n=—-Kk (9.81)
this solution can be written as

E = Ege'kx—) (9.82)

Let us consider the lower sign in front of k¢ in the exponent in (9.80). This
corresponds to a wave which propagates in the direction of increasing ¢. Inserting
this solution into equation (9.70b) on page 186, gives

JE
nx — =iwB =ikn xE (9.83)
¢
or, solving for B,
k . 1 1. A
B=-nxE=—kxE=-kxE=guonxE (9.84)
w w c

Hence, to each transverse component of E, there exists an associated magnetic
field given by equation (9.84). If E and/or B has a direction in space which is
constant in time, we have a plane wave.

Allowing now for a finite conductivity o in our medium, and making the
spectral component Ansatz in equation (9.76) on the previous page, we find that
the time-independent telegrapher’s equation can be written

92 e PE
e + goprow”E + ipgowE = o + K°E =0 (9.85)
where

2
K? = gojuow? (1 +ii) =< (1 + ii) — k2 (1 +ii) (9.86)

Eow c? oW Eow
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where, in the last step, equation (9.67) on page 186 was used to introduce the
wave number k. Taking the square root of this expression, we obtain

K=k Jl4+i —a+if (9.87)
Eow

Squaring, one finds that

k? (1 + ii) = (&% — B?) + 2iap (9.88)
o
or
B> =a® —k? (9-89)
k2
af = 5 o (9.90)
o

Squaring the latter and combining with the former, one obtains the second order
algebraic equation (in a?)

k*o?
20,2 12
—k% = .
o (a ) 45202 (9-91)
which can be easily solved and one finds that
2
1+ (%) +1
o = k (9923)
2

2
. 1+ (%) 1 i
p= \ 5 (9:92b)

As a consequence, the solution of the time-independent telegrapher’s equation,
equation (9.85) on the preceding page, can be written

E = Ege #lel@imon (9:93)

With the aid of equation (9.84) on the facing page we can calculate the associated
magnetic field, and find that it is given by

I - 1 1 - .
B=—KkxE=—(kxE)(a+i) = —(kxE)|4|e” (9.94)
) 1) )

where we have, in the last step, rewritten « 4 i in the amplitude-phase form
|A| exp(iy). From the above, we immediately see that E, and consequently also
B, is damped, and that E and B in the wave are out of phase.
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In the limit 9w < 0, we can approximate K as follows:

1 1
z 2
K:k(1+ii) - [11(1—1%)] ~ k(1) =2
Eow gow o 2e0w

L[ o . [poow
= 1 — =11 R,
Veolow( +1),/280w T+ —

In this limit we find that when the wave impinges perpendicularly upon the

(9-95)

medium, the fields are given, inside the medium, by

E = Eoexp{— “ngg}exp%i( “";wg—wz)} (9.963)
B = (14022 4 xE) (9.96b)
2w

Hence, both fields fall off by a factor 1/e at a distance

2

Hoow

§ =

(9-97)

This distance § is called the skin depth.

Assuming for simplicity that the electric permittivity ¢ and the magnetic per-
meability p, and hence the relative permittivity k. and the relative permeability
km all have fixed values, independent on time and space, for each type of material
we consider, we can derive the general telegrapher’s equation [cf. equation (9.76)
on page 187]

0’E JE 9’E
FER TR T =0 (9-98)

describing (1D) wave propagation in a material medium.

In Chapter 2 we concluded that the existence of a finite conductivity, mani-
festing itself in a collisional interaction between the charge carriers, causes the
waves to decay exponentially with time and space. Let us therefore assume that

in our medium o = 0 so that the wave equation simplifies to
9’E 0%E 0 0.90)
_— =& —_— .
2 1 912 9-99

As in the vacuum case discussed in Chapter 2, assuming that E is time-
harmonic, i.e., can be represented by a Fourier component proportional to
exp(—iwt), the solution of equation (9.99) can be written

E = Ege'Kx—01) (9.100)
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where now Kk is the wave vector in the medium given by equation (9.20) on
page 176. With these definitions, the vacuum formula for the associated magnetic
field, equation (9.84) on page 188,

. 1 - 1
B=., /sukxE=—kxE=—kxE (9.101)
Vg 1)
is valid also in a material medium (assuming, as mentioned, that » has a fixed
constant scalar value). A consequence of a k. % 1 is that the electric field will, in
general, have a longitudinal component.

>Electromagnetic waves in an electrically and magnetically conducting medium————— EXAMPLE 9.1
Derive the wave equation for the E field described by the electromagnetodynamic equations
(Dirac’s symmetrised Maxwell equations) [cf. equations (1.50) on page 16]

(&

o

V-E=2 (9.1022)
€0
0B
VxE:—E—uojm (9.102b)
VB = uop™ (9.102¢)
oE e
VxB =c¢eouo— + 1oj (9.102d)

ot

under the assumption of vanishing net electric and magnetic charge densities and in the
absence of electromotive and magnetomotive forces. Interpret this equation physically.

Assume, for symmetry reasons, that there exists a linear relation between the magnetic
current density j™ and the magnetic field B (the magnetic dual of Ohm’s law for electric
currents, j¢ = 0°E)

j"=0"B (9.103)
Taking the curl of (9.102b) and using (9.102d), one finds, noting that g9 = 1/c2, that

d
Vx(VxE):—,roxjm—g(VxB)

3 .« 10E
=—M06mVXB—E(MOJe+C*2§) (9.104)
1 0E JE 1 0°E
— m € _ _ € o
- e (’“’“ Btz az) K0T % ~

Using the vector operator identity V x (V x E) = V(V - E) — V2E, and the fact that
V - E = 0 for a vanishing net electric charge, we can rewrite the wave equation as

o™\ JE 1 9’E
V2E — po (oe + C—Z) w2z u%amaeE =0 (9.105)

This is the homogeneous electromagnetodynamic wave equation for E that we were after.

Compared to the ordinary electrodynamic wave equation for E, equation (9.61) on page 185,
we see that we pick up extra terms. In order to understand what these extra terms mean
physically, we analyse the time-independent wave equation for a single Fourier component.
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Then our wave equation becomes

2 : e o™ a)2 2 _m_e
V<E +iwpo 0"+ — |E+ —SE—pujoc’E
c c
(9.106)
2 e m/.2
1
:V2E+g[(1_2mgmoe)+iw}E:0
c w* &0 gow

Realising that, according to formula (6.3) on page 87, 1o/eo is the square of the vacuum
radiation resistance Ry, and rearranging a bit, we obtain the time-independent wave equation
in Dirac’s symmetrised electrodynamics

2 R2 e my,.2
v2E+‘”2<1—gamae) 1+i—2 +“2/c E=0,
¢ @ g0 (1 - %omae) (9.107)
o # RovoMag®

From this equation we conclude that the existence of magnetic charges (magnetic mono-
poles), and non-vanishing electric and magnetic conductivities would lead to a shift in
the effective wave number of the wave. Furthermore, even if the electric conductivity o©
vanishes, the imaginary term does not necessarily vanish and the wave therefore experiences
damping or growth according as ¢™ is positive or negative, respectively. This would happen
in a hypothetical medium which is a perfect insulator for electric currents but which can
carry magnetic currents.

. . . def L
Finally, we note that in the particular case @ = Ro+/0™0® = wm, the time-independent
wave equation equation (9.106) above becomes a time-independent diffusion equation

2 : € o™
V7E +iopg (0" + — JE=0 (9.108)
c

which in time domain corresponds to the time-dependent diffusion equation

JE

b DV2E— =0 (9.109)

with a diffusion coefficient given by

1
D= ——— (9.110)

Ko (Ge + %")

Hence, electromagnetic waves with this particular frequency do not propagate. This means
that if magnetic charges (monopoles) exist in a region in the Universe, electromagnetic waves
propagating through this region would, in this simplistic model, exhibit a lower cutoff at
® = wp. This would in fact impose a lower limit on the mass of the photon, the quantum of
the electromagnetic field that we shall come across later.

End of example 9.1<
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F

FORMULA

F.1 The electromagnetic field

F.1.1 The microscopic Maxwell equations

vV.E= " (F.1)
€0
V-B=0 (F.2)
JB
E=-2 .
V x o (F.3)
. JE
VxB=puoj+ £ofko - (F.4)

F.1.1.1 Constitutive relations

1

gofo = —5 (F.5)
c

[EC — Ry (~ 376.79) (F.6)

€0

D ~ ¢E (F.7)
B

H~ > (F.8)
w

j~oE (F.9)

P ~ gy xE (F.10)

195
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F.1.2 Fields and potentials

F.1.2.1 Vector and scalar potentials

B=VxA (F.11)

E=-V¢p-— %A (F.12)

F.1.2.2 The Lorenz-Lorentz gauge condition in vacuum

1 0
V.-A+ c_2§¢ =0 (F.13)

F.1.3 Force and energy

F.1.3.1 The Poynting vector in vacuum

1
S=—ExB (F.14)
Ho

F.1.3.2 Electromagnetic field energy density in vacuum
1 2
uziso(E-E+c B-B) (F.15)

F.1.3.3 Linear momentum flux tensor (the negative of the Maxwell
stress tensor)

T=138?0(E.E+CZB.B)—30(EE—|—02BB) (F.16)

1
T'l] ZSIJM_SOElEJ_M_BlB] (F17)
0

F.2 Electromagnetic radiation

F.2.1 Relationship between the field vectors in a plane wave

(F.18)
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F.2.2 The far fields from an extended source distribution

o iklx|
—1 € _ik-x/ -
B, (x) = ?MOW » &x’ e ™ ¥ j, x k (F.19)
i eiklxl o
Ef(x) = yEv—— X X //d3x'e_1 X jo xk (F.20)

F.2.3 The far fields from an electric dipole

ik|x|

o €

Bl = - k F.21
w (X) 4]_[ |X| w X ( )
fi L™ o x k) xk

E™ = — —_ x k) x F.22
B0 =~ o xK) (F.22)

F.2.4 The far fields from a magnetic dipole

1o eI
B(ff;“( )=—"——"(my, x k) xk (F.23)
4 |x|
k eiklxl
EX(x) = k F.
w (X) Imeoc || m,, X (F.24)

F.2.5 The far fields from an electric quadrupole

i a)eiklxl
B(x) = S (k- Q) xk (F25)
i eik|x|
E™*(x) = k-Q,) x k] x k F.26
v (X) Seq [X| [(k - Q) x K] x (F.26)

F.2.6 The fields from a point charge in arbitrary motion

E(x) = 5 [(x—xO) (1—12—:) +(x—x/)x("%g)”’]

4egs3
(F.27)
E(z,x)

B(t,x) = (x —x') x ——~ (F.28)
clx —x/|
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V/
s=x—x|-(x=-x)-— (F.29)
c
v/
Xx—Xg=(x—-x)—|x—x'|— (F.30)
c
at’ [x —x’| (F31)
) =271 31
ot )4 s 3

F.3 Special relativity

F.3.1 Metric tensor for flat 4D space

1 0 0 0
0 -1 0 0
) =1o o _1 o (F32)
0 0 0 —1
F.3.2 Covariant and contravariant four-vectors
Uy = nuvvv (F.33)
F.3.3 Lorentz transformation of a four-vector
XM= A XY (F.34)
y —vp 00
vB v 00
AR) = :
0 0 01
= : (F.36)
ey 3
v
B=- (F.37)
c

F.3.4 Invariant line element

dt
ds =c— =cdr (F.38)
14
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F.3.5 Four-velocity
dx®
ut = 3 e (F.39)

F.3.6 Four-momentum

P =mout = (% p) (F.40)
F.3.7 Four-current density

JH* = pou” (F.41)

F.3.8 Four-potential

At = (f A) (F.42)

Cc

F.3.9 Field tensor

FMY = M A — ¥ AM (F.43)

0 —E./e, —Ey/c —Epfc

Ey/c 0 —B B

FHYY — x z y F.

( ) Ey/c BZ 0 _Bx ( 44)
E;/c -B, B, 0

F.4 Vector relations

Let x be the radius vector (coordinate vector) from the origin to the point
(x1,x2,x3) = (x,y,z) in 3D Euclidean space R? and let |x| denote the mag-
nitude (‘length’) of x. Let further a(x), 8(x),..., be arbitrary scalar fields,
a(x),b(x),..., arbitrary vector fields, and A(x), B(x), ..., arbitrary rank two
tensor fields in this space. Let * denote complex conjugate and T denote Hermitian
conjugate (transposition and, where applicable, complex conjugation).
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The differential vector operator V is in Cartesian coordinates given by

o
-+
o
-

VoY kg Ly (£45)
_, laxi B laxi N S

i=1

where X;, i = 1,2, 3 is the ith unit vectorand X; = X, X, = §,and X3 = Z. In
component (tensor) notation V can be written

g ad 0 d 9 0
V' = a. = _’_’_ = _7_’_ . 6
' ! (8x1 0x2 8x3) (Bx ay 82) (F-46)

F.4.1 Spherical polar coordinates

F.4.1.1 Base vectors

I =sinfcosgXq + sinfsing X, + cos 6 X3 (F.47a)
§ = cosfcospX; + cosfsing X, — sinf X3 (F.47b)
@ = —singX; + cosp X, (F.47¢)
X1 =sin<900s<pf'+cos900s<pé—sin<p(f) (F.48a)
X, =sinfsingt + cosf sin § + cosg § (F.48b)
X3 =cosfr —sinf 0 (F.48¢)

F.4.1.2 Directed line element

dxx =dl =drf +rdfd +rsinfde (F.49)

F.4.1.3 Solid angle element

dQ =sin6df dy (F.50)

F.4.1.4 Directed area element

dxfh =dS =dSt = r2dQ¢ (F.51)

F.4.1.5 Volume element

d*> =dV = drdS = r2drdQ (F.52)
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F.4.2 Vector and tensor formula

In the following, x = x;X; and X’ = x/X; are radius Vectors k an arbitrary
constant vector, a = a(x) an arbitrary vector field, V = X; 3 -V =X; 32/ ,and
1,, the n-dimensional unit tensor of rank two.

= X;X; (F.53)
1 00
(13) = (0 10 (F.54)
0 0 1

We also introduce the vector
M = M;X; (F.55)

where the components are the matrices

00 O 0 0 i 0 —i 0
Mi=]0 0 —i M,=]0 0 0 Mz=1]i 0 O (F.56)
0 i O —-i 0 0 0 0 0

F.4.2.1 General vector and tensor algebraic identities
a-b=>b-a=24;a;b; =abcosf (F.57)
axb=—-bxa=¢jra;biX; = €jriarhiX; = €xija;bjXg (F.58)
A = A;X;X; (F.59)
AT = 4,;*%,%; (F.60)
Aij =X; -A-X; (F.61)
Tr(A) = A;; (F.62)
ab = a;b;X;X; (F.63)
a(b + c¢) = ab + ac (F.64)
(a+b)c = ac + bc (F.65)
c-ab=(c-a)b (F.66)
ab.-c=a(b-c) (F.67)
cxab = (cxa)b (F.68)
abxc=a(bxc) (F.69)
ab.cd = (b-c)ad (F.70)
a-(bxc)=(axb)-c (F.71)

ax(bxc)=ba-c—ca-b=Db(a-c)—c(a-b) (F.72)
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ax(bxc)+bx(cxa)+cx(axb)=0 (F.73)
(axb)-(cxd)=a-lbx(cxd)]=(a-c)(b-d)—(a-d)(b-c) (F.74)
(axb)x(cxd)=(axb-d)c—(axb-c)d (F.75)

F.4.2.2 Special vector and tensor algebraic identities

1;;ca=a-1;=a (F.76)

13xa=ax1;3 (F.77)
0 —das an

(13 xa)=(ax13) =] as 0 —a|=-M-a (F.78)
—a, ai 0

a-(13-b)=a-b (F.79)

a-(13xb)=axb (F.80)

13 x (a xb) =ba —ab (F.81)

F.4.2.3 General vector and tensor analytic identities

Vo = X;0;« (F.82)
Va = X;X,0,a, (F.83)
V-a=0;a; (F.84)
a-V =aq;0; (F.83)
V xa = €jxX;0;ax (F.86)
axV =e¢Xia;og (F.87)
V(aB) = aVB + Va (F.88)
V(a-b) =(Va)-b+ (Vb)-a (F.89)

=ax(Vxb)+bx(Vxa)+(b-V)a+(a-V)b (F.90)
V(axb)=(Va)xb—(Vb)xa (F.91)
V.(wa)=a-Va+aV-a (F.92)
V.(axb)=b-(Vxa)—a:-(Vxb) (F.93)
V.(ab)=(V-a)b+a-Vb (F.94)
V x (xa) =aVxa—ax Vo (F.95)
V x (axb)=V-.(ba—ab) (F.96)
V x (ab) = (V xa)b—ax Vb (F.97)
ax(Vxb)=(Vb).-a—a-Vb (F.98)

ax(Vxa)= %V(az) —a-Va (F.99)
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(axV)xb=aqa;Vb; —a(V-b) (F.100)
Vx(Vxa)=VV.a—V.Va=V(V.a)—V2a (F.101)
V.Va =V (F.102)
VV.a=V(V.a)=X;0,0q; (F.103)
V.(Vxa)=0 (F.104)
VxVa=0 (F.105)

F.4.2.4 Special vector and tensor analytic identities

V.(130) = Vu (F.100)
V-(15-a)=V-a (F.107)
V.-(13xa)=Vxa (F.108)
V-x=3 (F.109)
Vxx =0 (F.110)
Vx =13 (F.111)
Vx-k)=k (F.112)
V(x-a)=a+x(V-a)+ (xxV)xa (F.113)
Vx| = x (F.114)
x| /
V(x—x'])= ; :;| = -V (x —x'|) (F.115)
V(ﬁ) =—ﬁ (F.116)
1 X —x’ 1
V(=) = e = () )

(%) = -V? (é) = 4mé(x) (F.118)
—x 1
V. (|;—;’|3) =-V? (m) = 4m8(x —x’) (F.119)
k 1 k-x
()= 7 ()] =57 (r120)
V x [kx (&)} =-V (l|(X|§) if x| #0 (F.121)

V2 (%) =kV? (%) = —47k§(x) (F.122)

Vx(kxa)=k(V-a)+kx(Vxa)—V(k-a) (F.123)
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F.4.2.5 Integral identities

Let V(S) be the volume bounded by the closed surface S(1'). Denote the 3D
volume element by d®x(= dV) and the surface element, directed along the
outward pointing surface normal unit vector i, by dS(= d?v i). Then

[d3xV-a=9§dS-a (F.124)
|4 S
/d3x Va = ¢ dS o (F.125)
14 s
/d3xan=¢dea (F.126)
14 S
If S(C) is an open surface bounded by the contour C(S), whose line element
is dl, then
¢ dla = / dS x Va (F.127)
c s
¢dl-a=/ds-(an) (F.128)
C S
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MATHEMATICAL METHODS

The science of physics systematically studies and describes the physical world,
finds new laws or generalises existing ones that govern its behaviour under
different conditions, and—perhaps most important of all—makes new predic-
tions, based on these physical laws, and tests these predictions in accurately
designed, carefully performed systematic, repeatable experiments producing ob-
jective data.! Merely describing nature and explaining physical experiments in
terms of already existing laws is not physics in the true sense of the term. Had
this non-creative, static view of physics been adopted by physicists since the
renaissance, we would all still be doing essentially classical mechanics.

Even if such a scientific giant as MICHAEL FARADAY, who started out as a
lowly printer’s apprentice, was able to make truly remarkable contributions to
physics (and chemistry) without using any formal mathematical tools at all, it is
for us mere mortals most convenient to use the shorthand language of mathemat-
ics, together with the formal methods of logic, in physics. After all, mathematics
was once introduced by us human beings to make it easier to quantitatively and
systematically describe, understand and predict the physical world around us.
Examples of this from ancient times are arithmetics and geometry. A less archaic
example is differential calculus, needed by SIR ISAAC NEWTON to formulate,
in a compact and unambiguous manner, the physical laws that bear his name.
Another modern example is the delta ‘function’ introduced by PAUL ADRIEN
MAURICE DIRAC. But the opposite is also very common: the expansion and
generalisation of mathematics has more than once provided excellent tools for
creating new physical ideas and to better analyse observational data. Examples
of the latter include non-Euclidean geometry and group theory.

205

! The theoretical physicist STR
RUDOLF PEIERLS described
an ideal physical theory in the
following way:

‘It must firstly leave
undisturbed the successes
of earlier work and not
upset the explanations of
observations that had been
used in support of earlier
ideas. Secondly it must
explain in a reasonable
manner the new evidence
which brought the previous
ideas into doubt and

which suggested the

new hypothesis. And
thirdly it must predict

new phenomena or new
relationships between
different phenomena, which
were not known or not
clearly understood at the
time when it was invented.’
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Unlike mathematics per se, where the criterion of logical consistency is both
necessary and sufficient, a physical theory that is supposed to describe the physi-
cal reality has to fulfil the additional criterion that its predictions be empirically
testable. Ultimately, as GALILEO GALILEI taught us, physical reality is defined
by the outcome of experiments and observations, and not by mere Aristotelean
logical reasoning, however mathematically correct and logically consistent this
may be. Common sense is not enough and logic and reasoning can never ‘out-
smart’ nature. Should the outcome of repeated, carefully performed, independent
experiments produce results that contradict predictions based on a logically strin-
gent theory, the only conclusion one can draw is that the theory in question is
wrong.

On the other hand, extending existing physical theories by mathematical
and logical generalisations is a very powerful way of making hypotheses and
predictions of new physical phenomena. But it is not until these hypotheses and
predictions have withstood empirical tests in physical experiments that they can
be said to extend our knowledge of physics.

This appendix describes briefly some of the more common mathematical
methods and tools that are used in Classical Electrodynamics.

M.1 Scalars, vectors and tensors

Every physical observable can be represented by a mathematical object. We have
chosen to describe the observables in classical electrodynamics in terms of scalars,
pseudoscalars, vectors, pseudovectors, tensors or pseudotensors, all of which obey
certain canonical rules of transformation under a change of coordinate systems.
We will not exploit differential forms to any significant degree to describe physical
observables.

A scalar, which may or may not be constant in time and/or space, describes the
scaling of a physical quantity. A vector describes some kind of physical motion
along a curve in space due to vection. A tensor describes the local motion or
deformation of a surface or a volume due to some form of tension and is therefore
a relation between several vectors. However, generalisations to more abstract no-
tions of these quantities have proved useful and are therefore commonplace. The
difference between a scalar, vector and tensor and a pseudoscalar, pseudovector
and a pseudotensor is that the latter behave differently under such coordinate
transformations which cannot be reduced to pure rotations.

For computational convenience, it is often useful to allow for these quantities
to be complex-valued, i.e., let them be analytically continued into (a domain
of) the complex plane. However, since by definition our physical world is real,



Sheet: 229 of 260

M.1. Scalars, vectors and tensors

care must then be exercised when comparing mathematical results with physical
observables, i.e., real-valued numbers obtained from physical measurements.
Throughout we adopt the convention that Latin indices i, j, k, [, ... run over
the range 1, 2, 3 to denote vector or tensor components in the real Euclidean
three-dimensional (3D) configuration space R3, and Greek indices WV K AL,

which are used in four-dimensional (4D) space, run over the range 0, 1, 2, 3.

M.1.1 Vectors

M.1.1.1 Radius vector

Mathematically, a vector can be represented in a number of different ways. One
suitable representation in a vector space of dimension N is in terms of an ordered
N -tuple of real or complex numbers? (a;,as, ...,ay) of the components along
the N coordinate axes that span the vector space under consideration. Note,
however, that there are many ordered N -tuples of numbers that do not comprise
a vector, i.e., do not exhibit vector transformation properties! The most basic
vector, and the prototype against which all other vectors are benchmarked, is
the radius vector which is the vector from the origin to the point of interest. Its
N -tuple representation simply enumerates the coordinates of the position of this
point. In this sense, the radius vector from the origin to a point is synonymous
with the coordinates of the point itself.

In the 3D Euclidean space R3, we have N = 3 and the radius vector can
be represented by the triplet (x7, x2, x3) of coordinates x;, i = 1,2,3. The
coordinates x; are scalar quantities which describe the position along the unit
base vectors X; which span R3. Therefore a convenient representation of the
radius vector in R> is

3
A def A
X = inxi = X;X; (M.1)

i=1

where we have introduced Einstein’s summation convention (EX) which states
that a repeated index in a term implies summation over the range of the index in
question. Whenever possible and convenient we shall in the following always
assume EX and suppress explicit summation in our formula. Typographically,
we represent a vector or vector operator in 3D Euclidean space R by a boldface
letter or symbol in a Roman font, for instance a, V, -, and x.

Alternatively, we can describe the radius vector X in component notation as x;
where

def

Xi = (X],Xz,X3) = (X, y’Z) (M2)
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21t is often very convenient

to use complex notation in
physics. This notation can simplify
the mathematical treatment
considerably. But since all physical
observables are real, we must in
the final step of our mathematical
analysis of a physical problem
always ensure that the results to
be compared with experimental
values are real-valued. In classical
physics this is achieved by taking
the real (or imaginary) part of the
mathematical result, whereas in
quantum physics one takes the
absolute value.

3 We introduce the symbol o
which may be read ‘is, by defi-
nition, to equal in meaning’, or
‘equals by definition’, or, formally,

def
definiendum = definiens. Another
symbol often used is :=.
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This component notation is particularly useful in 4D space where we can
represent the radius vector either in its contravariant component form, (superscript
index form) as the quartet

def

x4 = (x9 xl x2, x%) (M.3)
or its covariant component form (subscript index form)
def
X = (xo, X1, X2, X3) (M.4)

The relation between the covariant and contravariant forms is determined by
the metric tensor (also known as the fundamental tensor) whose actual form is
dictated by the properties of the vector space in question. The dual representation
of vectors in contravariant and covariant forms is most convenient when we work
in a vector space with an indefinite metric. An example is Lorentz space L*
which is a 4D Riemannian space frequently employed to formulate the special
theory of relativity.

We note that for a change of coordinates x* — x'* = x"*(x°, x1, x2, x3),
due to a transformation from a system X to another system X', the differential
radius vector dx* transforms as

ax’H
dxv

dx™* = dx” (M.5)

which follows trivially from the rules of differentiation of x"* considered as a
function of four variables x", i.e., x"* = x"*(x").

M.1.2 Fields

A field is a physical entity that depends on one or more continuous parameters.
Such a parameter can be viewed as a ‘continuous index” which enumerates the
‘coordinates’ of the field. In particular, in a field which depends on the usual
radius vector x of R3, each point in this space can be considered as one degree
of freedom so that a field is a representation of a physical entity which has an
infinite number of degrees of freedom.

M.1.2.1 Scalar fields

We denote an arbitrary scalar field in R3 by
def
a(x) = a(xy, x2,x3) = a(x;) (M.6)

This field describes how the scalar quantity o varies continuously in 3D R3 space.
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In 4D, a four-scalar field is denoted
a(x® x! x%, x%) dga(x“) (M.7)

which indicates that the four-scalar « depends on all four coordinates spanning
this space. Since a four-scalar has the same value at a given point regardless of
coordinate system, it is also called an invariant.

Analogous to the transformation rule, equation (M.5) on the facing page, for
the differential dx*, the transformation rule for the differential operator d/dx*
under a transformation x* — x’* becomes

d ax¥ 9

TR 3 A (M.8)
which, again, follows trivially from the rules of differentiation.
M.1.2.2 Vector fields
We can represent an arbitrary vector field a(x) in R? as follows:

a(x) = a;(x)X; (M.9)
In component notation this same vector can be represented as

a;(x) = (a1(x),az(x), as(x)) = a;(x;) (M.10)

In 4D, an arbitrary four-vector field in contravariant component form can be
represented as

a'(x') = @ (x").a' (x").a*(x").a’ (x")) (M.11)
or, in covariant component form, as

ap(x’) = (ao(x"), a1(x"),az(x"), az(x")) (M.12)

where x" is the radius four-vector. Again, the relation between a* and a,, is
determined by the metric of the physical 4D system under consideration.

Whether an arbitrary N -tuple fulfils the requirement of being an (/N -dimen-
sional) contravariant vector or not, depends on its transformation properties
during a change of coordinates. For instance, in 4D an assemblage y* =
(»°, y1, y2, »3) constitutes a contravariant four-vector (or the contravariant com-
ponents of a four-vector) if and only if, during a transformation from a system X
with coordinates x* to a system X’ with coordinates x’#, it transforms to the new
system according to the rule

ax’#

T Oxv

v

y (M.13)

y*
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i.e., in the same way as the differential coordinate element dx* transforms
according to equation (M.5) on page 208.

The analogous requirement for a covariant four-vector is that it transforms,
during the change from X to ¥, according to the rule

_ oxV
T 9x/m

i.e., in the same way as the differential operator d/dx* transforms according to

/

Yo Yo (M.14)

equation (M.8) on the preceding page.

M.1.2.3 Tensor fields

We denote an arbitrary tensor field in R3 by A(x). This tensor field can be repre-
sented in a number of ways, for instance in the following matrix representation:

ot “ Ar1(x) Ap(x) Az(x)
(Ax)) = (Aij(xk)) = | A21(x)  Ap(x)  Ars(x) (M.15)
Az1(x) Az(x) Aszz(x)

2,

Strictly speaking, the tensor field described here is a tensor of rank two.
A particularly simple rank two tensor in R3 is the 3D Kronecker delta tensor
87, with the following properties:

o i

5, =10 Hi7J (M.16)
] . .
1 ifi =

The 3D Kronecker delta tensor has the following matrix representation

i) =

[
S = O

0
0 M.17)
1

Another common and useful tensor is the fully antisymmetric tensor of rank
three, also known as the Levi-Civita tensor

1 if i, j, k is an even permutation of 1,2,3
€ijk =40 if at least two of i, j, k are equal (M.18)

—1 ifi, j, k is an odd permutation of 1,2,3
Clearly, this tensor fulfils the relations
€ijk = €jki = €kij (M.19)
and

€ijk = —€ikj = —€kij (M.20)
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It has the following further property
€ijk€ilm = 8j18km — SjmSki (M.21)

In fact, tensors may have any rank #n. In this picture a scalar is considered to be
a tensor of rank n = 0 and a vector to be a tensor of rank n = 1. Consequently,
the notation where a vector (tensor) is represented in its component form is
called the tensor notation. A tensor of rank n = 2 may be represented by a
two-dimensional array or matrix, and a tensor of rank n = 3 may be represented
as a vector of tensors of rank n = 2. Assuming that one of the indices of the
Levi-Civita tensor €;j, e.g., the first index i = 1, 2, 3, denotes the component of
such a vector of tensors, these components have the matrix representations (the
second and third indices, j,k = 1,2, 3, are the matrix indices)

0O 0 O

((ejk)i=1) =10 0 1]|=-iMmy (M.22a)
0 -1 0
0 0 -1

((ijK)i=2) =0 0 0 | =—iM, (M.22b)
1 0 O
0O 1 0

((eijr)i=3) = | =1 0 0] =—iM3 (M.22¢)
0 0 O

where we have introduced the matrix vector
M= Mi)A(i (M.23)

with the vector components being the matrices

0 0 O 0 0 1 0 -1 0
Mi=1]0 0 —i Mp=10 0 O Mis=]1i 0 O (M.24)
01 O -1 0 0 0 0 O

Tensors of rank higher than 3 are best represented in their tensor notation
(component form). It is important to remember that a tensor of any rank is fully
and totally characterized by its transformation properties under the change of
coordinates. This is a very strict constraint.

>Tensors in 3D space EXAMPLE M.1

Consider a tetrahedron-like volume element V' of a solid, fluid, or gaseous body, whose
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Figure M.1: Tetrahedron-like vol-
ume element V' containing matter.
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AX3

=>

X1 /4

atomistic structure is irrelevant for the present analysis; figure M.1 indicates how this volume
may look like. Let dS = d2x fi be the directed surface element of this volume element and
let the vector Ty d%x be the force that matter, lying on the side of d%x toward which the unit
normal vector i points, acts on matter which lies on the opposite side of d2x. This force
concept is meaningful only if the forces are short-range enough that they can be assumed to
act only in the surface proper. According to Newton’s third law, this surface force fulfils

T_4=—-Ta (M.25)

Using (M.25) and Newton’s second law, we find that the matter of mass m, which at a given
instant is located in V' obeys the equation of motion

Ts d% — cos 61 T,;l d% — cos 02T§2 d% — cos 63T,;3 d2 + Fext = ma (M.26)

where Fey; is the external force and a is the acceleration of the volume element. In other
words

Ty = mTg +naTy, + 13Ty, + -7 (a— Fou (M.27)
n = 111y, 21z, 3% T 32 m 27

Since both a and Fex(/m remain finite whereas m/ d%c — 0 as V — 0, one finds that in this
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limit
3
Ty = ZniTﬁi = niTii (M.28)
i=1

From the above derivation it is clear that equation (M.28) is valid not only in equilibrium but
also when the matter in V' is in motion.

Introducing the notation
T = (Tx,), (M.29)

for the jth component of the vector Ty, we can write equation (M.28) above in component
form as follows

3
Taj = (Ta); = > niTy; =n;Tyj (M.30)
i=1
Using equation (M.30), we find that the component of the vector T in the direction of an
arbitrary unit vector m is

Tﬁﬁ:Tﬁ-lﬁ

3 3 3 . X (M.3l)
:ZTﬁjmj:Z ZniTij mj =n;Tiym;j=n-T-m
Jj=1

j=1 \i=1

Hence, the jth component of the vector T;‘i , here denoted Tj;, can be interpreted as the ij th
component of a tensor T. Note that T}, is independent of the particular coordinate system
used in the derivation.

We shall now show how one can use the momentum law (force equation) to derive the
equation of motion for an arbitrary element of mass in the body. To this end we consider a
part V of the body. If the external force density (force per unit volume) is denoted by f and
the velocity for a mass element dm is denoted by v, we obtain

d
5 Vvdm=/Vfd3x+/STﬂd2x (M.32)
The jth component of this equation can be written
d
—v-dm:/ -d3x+/TA-d2x=/ -d3x+/n-T--d2x (M.33)
/de’ , 7 Py i iy 33

where, in the last step, equation (M.30) above was used. Setting dm = p d3x and using the
divergence theorem on the last term, we can rewrite the result as

d 3 3 / ITij 3
—v;jdx = i d —d M.
/Vpd[vj x /Vf, X + Y o O (M.34)
Since this formula is valid for any arbitrary volume, we must require that
d Ty
v — i — =0 M.
Py oy (M.35)

or, equivalently

Wi pvevuy— = i (M.36)
P TPV YN T T Gy T 3
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Note that dv; /0t is the rate of change with time of the velocity component v; at a fixed point
X = (x1,x1,X3).

End of example M.1<

In 4D, we have three forms of four-tensor fields of rank n. We speak of
e a contravariant four-tensor field, denoted A*1H2Hn(xV),

e a covariant four-tensor field, denoted Ay, 1iy.. 10, ("),

M2 g XI)).

e a mixed four-tensor field, denoted Ay, "7,

The 4D metric tensor (fundamental tensor) mentioned above is a particularly
important four-tensor of rank two. In covariant component form we shall denote it

guv- This metric tensor determines the relation between an arbitrary contravariant
four-vector a** and its covariant counterpart a,, according to the following rule:

ap(x*) 2 guva” (x*) (M.37)

This rule is often called lowering of index. The raising of index analogue of the
index lowering rule is:

a(x) £ g"a, (x*) (M.38)

More generally, the following lowering and raising rules hold for arbitrary
rank 7 mixed tensor fields:

ViV2..Vp—1 Vi Ky ViV2...Vk—1 K
gl/«kaAvk+1vk+2...vn ('x ) - A/Lkvk+1...vn X ) (M39)

Ik Vi AVIV2Vk—1 (+K\ — AVIV2..Vk—1Mk (K
g Avkvk+1~--vn (X ) - Avk+1vk+2...vn X ) (M40)

Successive lowering and raising of more than one index is achieved by a repeated
application of this rule. For example, a dual application of the lowering operation
on a rank two tensor in contravariant form yields

Ap = g;ucg)wAK)L (M.41)

i.e., the same rank two tensor in covariant form. This operation is also known as
a tensor contraction.
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>Contravariant and covariant vectors in flat Lorentz space

The 4D Lorentz space L.* has a simple metric which can be described either by the metric
tensor

1 ifp=v=0

g,u,u:n;u): -1 lfM:V:l:j:1,2,3 (M42)
0 ifuz#v
which in matrix notation becomes
1 0 0 0
0 -1 0 0
w) =10 o _| o (M.43)
0 0 0 -1
i.e., a matrix with a main diagonal that has the sign sequence, or signature, {4+, —, —, —} or
-1 ifpu=v=0
nw =131 ifp=v=i=j=12,3 (M.44)
0 ifuz#v
which in matrix representation becomes
-1 0 0 O
01 0 0
w)=1 04 o 1 o (M.45)
0 0 0 1

i.e., a matrix with signature {—, +, +, +}.
Consider an arbitrary contravariant four-vector a” in this space. In component form it can
be written:
vadef o 1 2 3 0
a’” = (@a’,a ,a%,a’)=(a",a) (M.46)

According to the index lowering rule, equation (M.37) on the facing page, we obtain the
covariant version of this vector as

ay &f (ap,a1,az2,a3) = nuva® (M.47)
In the {4+, —, —, —} metric we obtain

nw=0: ao:1-a0+0-a1+0-a2+0-a3:a0 (M.48)

nw=1: c11:O-ao—l.al—|—O-az—|—0-a3:—a1 (M.49)

nw=2: az:O-ao—f—O-al—1-612—|—O-a3:—a2 (M.50)

nw=3: a3:O-a0+0-a1+0-a2—1-a3:—a3 M.51)
or

a, = (ap,ai,az,a3) = (ao,—al,—az,—a3) = (aO,—a) (M.52)
Radius 4-vector itself in IL# and in this metric is given by

=0 X X2 x3) = (% xy,2) = (39, x)

(M.53)

xp = (x0,x1,x2,x3) = (x%, —x!, —x?, —x3) = (%, —x)

| 215

EXAMPLE M.2
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where x0 = cr.

Analogously, using the {—, +, +, +} metric we obtain

a, = (ap,ai,az,a3) = (—ao,al,az,a3) = (—ao,a) (M.54)

End of example M.2<

M.1.3 Vector algebra

M.1.3.1 Scalar product

The scalar product (dot product, inner product) of two arbitrary 3D vectors a
and b in Euclidean R3 space is the scalar number

a-b= a,‘)A(i . bjf(j = )A(,' . )A{jaibj = Sija,‘bj = a,-bi (M.55)

where we used the fact that the scalar product X; - X; is a representation of the
Kronecker delta §;; defined in equation (M.16) on page 210. In Russian literature,
the 3D scalar product is often denoted (ab). The scalar product of a vector a in
R3 with itself is

def

ara= @’ =af = (@) =d’ (M.56)
and similarly for b. This allows us to write

a-b=abcosh M.57)

where 0 is the angle between a and b.

>Scalar products in complex vector space

A 3D complex vector A is a vector in C3 (or, if we like, in R6), expressed in terms of two
real vectors ag and aj in R3 in the following way

A déf aR + iay = araR + iqas déf AA € C3 (M.58)
The inner product of A with itself may be defined as
[ f
AzdgA-A:aﬁ—alz—i—ZiaR-aIdé A2 eC (M.59)

from which we find that

A= \/a}% —a? +2iag -a; € C (M.60)

Using this in equation (M.58), we see that we can interpret this so that the complex unit
vector is
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A A ar A . ag A
A= — = ar +1 a
A 2 2 . 2 2 .
ag —ai + 2iaR - ap ag —ai + 2iagR -ag
aR\/a]%—a%—ZiaR-aI al\/al%—alz—ﬁaR-al 3
= aR +1i ajeC

4al%a12 sin2 6

(a3 + a})?

4a12{a12 sin2 @

(a3 + a?)?

(a}% + aIZ) (a]% + alz)

(M.61)

On the other hand, the definition of the scalar product in terms of the inner product of a
complex vector with its own complex conjugate yields

def
APEA-A*=ad +a} = |42 (M.62)

with the help of which we can define the unit vector as

- A N . ag R
A=—= AR + i—————— 4

%R __
A
Mz Jad+a?
(M.63)
aH/al%—f—aIzA 3
aje C
a

R +af

2 aR +1

2 2
ary/ag + ag
2
ag + ai

End of example M.3<

In 4D space we define the scalar product of two arbitrary four-vectors a* and
b* in the following way

a,b* = gyua’b* = a'b, = g"a,b, (M.64)

where we made use of the index lowering and raising rules (M.37) and (M.38).
The result is a four-scalar, i.e., an invariant which is independent of in which 4D
coordinate system it is measured.

The quadratic differential form

ds? = gudx’dx* = dx,dx* (M.65)

i.e., the scalar product of the differential radius four-vector with itself, is an
invariant called the metric. It is also the square of the line element ds which is
the distance between neighbouring points with coordinates x* and x* 4 dx*.

>Scalar product, norm and metric in Lorentz space EXAMPLE M.4

In IL# the metric tensor attains a simple form [see Example M.2 on page 215] and, hence,
the scalar product in equation (M.64) can be evaluated almost trivially. For the {+, —, —, —}
signature it becomes

apb” = (ag, —a) - (b°,b) = agh® —a-b (M.66)

The important scalar product of the L* radius four-vector with itself becomes
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xpxt = (x0,—x) - (x%,%) = (ct, —x) - (ct, x) .
M.67
— (ct)2 _ (xl)Z _ (x2)2 _ (X3)2 — SZ
which is the indefinite, real norm of I*. The IL* metric is the quadratic differential form

ds? = dxydxt = ¢2(dr)? — (dx")? — (dx?)? — (dx3)? (M.68)

End of example M.4<

M.1.3.2 Vector product

The vector product or cross product of two arbitrary 3D vectors a and b in
ordinary R3 space is the vector

c=axb=e¢jra;bX; (M.69)

Here ¢;;y is the Levi-Civita tensor defined in equation (M.18) on page 210. In
matrix representation

c1 azbz —aszb
(¢)=]c2| =(axb)=|azb; —a1b3 | = —ia-Mb (M.70)
3 aiby —a»by

where M is the matrix vector given by formula (M.23) on page 211.
Sometimes the 3D vector product of a and b is denoted a A b or, particularly
in the Russian literature, [ab]. Alternatively,

axb=uabsinb e M.71)

where 0 is the angle between a and b and € is a unit vector perpendicular to the
plane spanned by a and b.

A spatial reversal of the coordinate system, (X}, X5, X5) = (—x1, —X2, —X3),
known as a parity transformation, changes sign of the components of the vectors
a and b so that in the new coordinate system a’ = —a and b’ = —b, which is
to say that the direction of an ordinary vector is not dependent on the choice of
directions of the coordinate axes. On the other hand, as is seen from equation
(M.69) above, the cross product vector ¢ does not change sign. Therefore a (or b)
is an example of a ‘true’ vector, or polar vector, whereas ¢ is an example of an
axial vector, or pseudovector.

A prototype for a pseudovector is the angular momentum vector L = x x p
and hence the attribute ‘axial’. Pseudovectors transform as ordinary vectors
under translations and proper rotations, but reverse their sign relative to ordinary
vectors for any coordinate change involving reflection. Tensors (of any rank)
which transform analogously to pseudovectors are called pseudotensors. Scalars
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are tensors of rank zero, and zero-rank pseudotensors are therefore also called
pseudoscalars, an example being the pseudoscalar X; « (X x Xx) = X; « (€;x)X;).
This triple product is a representation of the ijk component of the rank three
Levi-Civita pseudotensor €;;.

M.1.3.3 Dyadic product

The dyadic product field A(x) = a(x)b(x) with two juxtaposed vector fields
a(x) and b(x) is the outer product of a and b known as a dyad. Here a is called
the antecedent and b the consequent.

The dyadic product between vectors (rank one tensors) is a special instance
of the direct product, usually denoted ®, between arbitrary rank tensors. This
associative but non-commuting operation is also called the tensor product or,
when applied to matrices (matrix representations of tensors), the Kronecker
product.

Written out in explicit form, the dyadic product A(x) = a(x)b(x) becomes

A=ab=a ® b= Cllﬁlblﬁl + alﬁlbzﬁz + -+ Cl3f(3b3ﬁ3 (M.72a)
= aiﬁibjﬁj = a,'bjf(if(j = f(iaibjf(j (M.72b)
arby arby aibz\ (X1
= ()21 f(z &3) a>by abr, a»b; f(z (M.72¢)
asby aszhy aszbs) \X3
In matrix representation
a arby aiby aibs
(A) = (ab) = | a> (bl b b3) = | axb1 azby azbs3 (M.73)
as asby aszby azb;

which we identify with expression (M.15) on page 210, viz. a tensor in matrix
representation. Hence, a dyadic of two vectors is intimately related to a rank two
tensor, emphasising its vectorial characteristics.

Scalar multiplication from the right or from the left of the dyad A(x) =
a(x)b(x) by a vector produces another vector ¢ according to the scheme

A-cdzefab-cdzefa(b-c) = a;biciX; (M.742)

def def N

c-A=c-ab=(c-a)b =a;bjc;X; (M.74b)
respectively. Le., two new vectors, proportional to a and b, respectively, that,
in general, are not identical to each other. In the first case, ¢ is known as the
postfactor, in the second case as the prefactor.

Specifically, if a = X; and b = X, then

A f(j = abj = a,-bjf(i (M.752)
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X; A =a;b = a;b;X; (M.75b)
which means that
Xi-A-Xj =a;bj = Ajj (M.75¢)

Cross multiplication from the right and from the left of the dyad A by a vector
is another dyad according to the scheme

o
L8

e

Axc=abxc =a(xc)=e¢jaibreX;X; (M.76a)
cxA=cxab = (c x a)b = €jxrarb;ciXiX; (M.76b)

respectively. The two new dyads thus created are, in general, not identical to each
other.
Specifially, if A = 13 = X;X;, i.e., the unit dyad or the second-rank unit
tensor, then
1; xa = —a3§(1§(2 + a2ﬁ1ﬁ3
+ azXaX1 —a1X2X3 M.77)

—aX1X3 +ai;X3X, = ax1;3

or, in matrix representation,

0 —das [75)
(13 xa) =1 as 0 —a;|=(ax13) (M.78)
—dj aq 0

Using the matrix vector formula (M.23) on page 211, we can write this as
(13 xa)=(ax13) =—iM-a M.79)

One can extend the dyadic scheme and introduce abec, called a tryad, and so
on. In this vein, a vector a is sometimes called a monad.

M.1.4 Vector analysis

M.1.4.1 The del operator

In R3 the del operator is a differential vector operator, denoted in Gibbs’ notation

4 This operator was introduced by by V and defined EIS4
WILLIAM ROWEN HAMILTON

who, however, used the symbol

> for it. It is therefore sometimes V= f(i V;
called the Hamilton operator.

o
[l
-
o
o

f

(=%
e,
ST}

X; I 9 (M.80)
"Ox;  Ox '



Draft version released 3rd June 2010 at 20:10 CET—Downloaded from http://www.plasma.uu.se/CED/Book
Sheet: 243 of 260

M.1. Scalars, vectors and tensors | 221

where X; is the ith unit vector in a Cartesian coordinate system. Since the
operator in itself has vectorial properties, we denote it with a boldface nabla. In
‘component’ notation we can write

5 ad d 0 (M.81)
= — — 81
! 8x1 8x2 8x3»

In 4D, the contravariant component representation of the four-del operator is
defined by

aM:(a A 8) (M.82)

whereas the covariant four-del operator is

5 — a ad 0 d (M.83)

7\ 0x0 axl” 9x2” 9x3 3

We can use this four-del operator to express the transformation properties
(M.13) and (M.14) on page 210 as

y* = (9,x™) yY (M.84)
and

Vi = (9,x") yo (M.85)
respectively.

M.1.4.2 The gradient of a scalar field

The gradient of an R3 scalar field a(x), denoted Va(x), is an R3 vector field

a(x):
Va(x) = da(x) = X;0;a(x) = a(x) (M.86)

If the scalar field depends only on one coordinate, ¢ say, then

~ 0 o
Vo) = Va@) = £ 228 _ tva(g) (M.87)

il
and, therefore, V = fV. From this we see that the boldface notation for the
gradient (V) is very handy as it elucidates its 3D vectorial property and separates
it from the nabla operator (V) which has a scalar property.
In 4D, the four-gradient of a four-scalar is a covariant vector, formed as a
derivative of a four-scalar field «(x*), with the following component form:

da(x")

dpa(x’) = A

(M.88)
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EXAMPLE M.5 [>Gradient of a scalar product of two vector fields

The gradient of the scalar product of two vector fields a and b can be calculated in the
following way:

V(a-b) = (%;0;)(a;X; - bpXg)
= [(X;0;)(a;X;)] - (brXg) + (a;X;) - [(X;0;) (bpXp)] (M.89)
= ()A(,'aiajf{j) -b+ (f(iaibkf{k) a = (Va) -b+ (Vb) -a

This is formula (F.89) on page 202.

End of example M.5<

M.1.4.3 The divergence of a vector field
We define the 3D divergence of a vector field a in R? as

dai(x) _

oy (x) (M.90)

V-a®) = dai(x) =

which, as indicated by the notation (x), is a scalar field in R3.
The four-divergence of a four-vector a* is the four-scalar
dat(x")

duat(x”) = 0%a,(x") = P

(M.91)

M.1.4.4 The curl of a vector field

In R3 the curl of a vector field a(x), denoted V x a(x), is another R3 vector field
b(x) which can be defined in the following way:

N . Oap(x
V x a(x) = €;kXi0jar(X) = €jxX; 8k( )
Xj

=b(x) (M.92)

where use was made of the Levi-Civita tensor, introduced in equation (M.18) on
page 210.

The covariant 4D generalisation of the curl of a four-vector field a*(x") is the
antisymmetric four-tensor field

Ay (X)) = 0pay (x) — dya, (x*) = —A,,(x%) (M.93)

A vector with vanishing curl is said to be irrotational .

M.1.4.5 The Laplacian

The 3D Laplace operator or Laplacian can be described as the divergence of the
del operator:

def
V.V=V25A=ai2=—zz— (M.94)
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The symbol V2 is sometimes read del squared. If, for a scalar field a(x), VZa < 0
at some point in 3D space, o has a concentration at that point.

Numerous vector algebra and vector analysis formula are given in Chapter F.
Those which are not found there can often be easily derived by using the compo-
nent forms of the vectors and tensors, together with the Kronecker and Levi-Civita
tensors and their generalisations to higher ranks and higher dimensions.

>The four-del operator in Lorentz space EXAMPLE M.6

In IL* the contravariant form of the four-del operator can be represented as

10 10
M=-—,-0)=(-=—,-V .
(c at’ ) (c at’ ) (M.95)

and the covariant form as

19 19

Taking the scalar product of these two, one obtains
1
T 2912

which is the d’Alembert operator, sometimes denoted [, and sometimes defined with an
opposite sign convention.

Mdy, -v?2=0? (M.97)

End of example M.6<

>Gradients of scalar functions of relative distances in 3D EXAMPLE M.7

Very often electrodynamic quantities are dependent on the relative distance in R3 between
two vectors X and X/, i.e., on |x — x’|. In analogy with equation (M.80) on page 220, we can
define the primed del operator in the following way:
/ A 0 /
V=%—=2 (M.98)

/
Bxi

Using this, the unprimed version, equation (M.80) on page 220, and elementary rules of
differentiation, we obtain the following two very useful results:

8 ) ) a e

V(x—x'|)=%; X —x _ x=x" _ _ﬁiL/x'
0x; [x — x| ox] (M.99)

= -V (x—x))
and
1 x —x’ 1
Vi)~ wr- Vi M.

(|X—X'|) x —x/|3 <|x—x’|) (M.100)

End of example M.7<
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>Divergence in 3D

For an arbitrary R3 vector field a(x’), the following relation holds:

V,.( ) )= v-a) +a(x/)-v/( : ) (M.101)

x—x1) " x—x| X —x]

which demonstrates how the primed divergence, defined in terms of the primed del operator
in equation (M.98) on the previous page, works.

End of example M.8<

>The Laplacian and the Dirac delta

A very useful formula in 3D R3 is

V.-V (L) =V? (;) = —4n8(x —x') (M.102)
|x —x’| |x —x/|

where §(x — x’) is the 3D Dirac delta ‘function’. This formula follows directly from the fact
that

1 x —x’ x —x’

&v.v(—— )= &&v. (- — :9§d2A_ X=X

/V ’ (|X_X/|) /V * ( |X—X'|3) S n |x —x/|3
(M.103)

equals —47 if the integration volume V(S), enclosed by the surface S(V), includes x = x’,
and equals 0 otherwise.

End of example M.9<

>The curl of a gradient

Using the definition of the R3 curl, equation (M.92) on page 222, and the gradient, equation
(M.86) on page 221, we see that

V x [Va(x)] = €;;5%; ;0 oe(x) (M.104)

which, due to the assumed well-behavedness of @(x), vanishes:

A a 9 N
€ijkXi0j 0k (X) = € m— ——a(X)X;

Oxj Oxg
92 92
= ——— e
0xp0x3  0x30X2
92 92 o (M.105)
+ (3)(33)61 - 8x13X3) Ot(X)X2

32 32 .
+ 3)618)(2 a 3)(23)(1 Ot(X)X3
=0

‘We thus find that
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Vx[Va(x)]=0 (M.106)
for any arbitrary, well-behaved R3 scalar field o (x).
In 4D we note that for any well-behaved four-scalar field o (x*)

(00y — 0y )a(x*) =0 (M.107)
so that the four-curl of a four-gradient vanishes just as does a curl of a gradient in R3.

Hence, a gradient is always irrotational.

End of example M.10<I

>The divergence of a curl EXAMPLE M.11

With the use of the definitions of the divergence (M.go) and the curl, equation (M.92) on
page 222, we find that

V- [Vxa(x)] =0;[Vxax)]; = €;x0idjar(x) (M.108)

Using the definition for the Levi-Civita symbol, defined by equation (M.18) on page 210, we
find that, due to the assumed well-behavedness of a(x),

d d
diijrdja(X) = o —€jjk o —a
i j

92 92
- 0x20x3 y 0x30x7 a1(x)
92 92 (M.109)
+ (3x33x1 - aX13X3) az(X)

92 92
+ 0x10x2 a 0x20x1 a3(x)

1
o

i.e., that
V.[Vxa(x)|=0 (M.110)

for any arbitrary, well-behaved R3 vector field a(x).

In 4D, the four-divergence of the four-curl is not zero, for

VAL = 919,aY () — O%aP (x*) £ 0 (M.111)

End of example M.11<
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>A non-trivial vector analytic triple product

When differential operators appear inside multiple-product vector formule, one has to ensure
that the range of the operator is taken into account in a proper and correct manner. The
following calculation of the triple product (a x V) x b, where a and b are 3D vector fields,
illustrates how this situation can be handled.
(a X V) xb = (e,-jki,-ajak) xb = (éijkajak)(f(,’ X b)
= (€ijkaj 0k ) €1mnX18imbn) = €ijk€1mnSimX1a;j0xbn
= €;jk€1inX14; 0 bn = —€;jk€i1nX1a; b (M.112)
= — (8j18kn — 8jnSk1)X1ajdgbn = Xpajdxhj —Xja;d;by
i,-ajal-bj - f(jajajbk = aiVbi - a(V . b)

This is formula (F.100) on page 203.

End of example M.12<

M.2 Analytical mechanics

M.2.1 Lagrange’s equations

As is well known from elementary analytical mechanics, the Lagrange function
or Lagrangian L is given by

. dg;
L(Qi,QiJ)=L(Cli7%,l)=T—V (M.113)

where ¢; is the generalised coordinate, T the kinetic energy and V' the potential
energy of a mechanical system, Using the action

%)
s =/ d L(gi. di.1) (M.114)
t

1

and the variational principle with fixed endpoints #; and ¢,,
58S =0 (M.115)

one finds that the Lagrangian satisfies the Euler-Lagrange equations

d /0L JdL 0 (M.116)
| — ] - — A1
dr \ 9g; 9qi

To the generalised coordinate ¢; one defines a canonically conjugate momen-
tum p; according to

L

Pi —a—q.i (M.117)



Draft version released 3rd June 2010 at 20:10 CET—Downloaded from http://www.plasma.uu.se/CED/Book
Sheet: 249 of 260

M.2. Analytical mechanics | 227

and note from equation (M.116) on the preceding page that
aL )
— =pi (M.118)
0qi

If we introduce an arbitrary, differentiable function « = «(g;, ) and a new
Lagrangian L’ related to L in the following way

L/_L+da_L+_‘8a+8a (M.110)
- dr — E dq; ot 119
then
oL’ oL 4 Jdo M )
- = =4 = .120a
d¢i  9¢;  9q
aL"  dL 4 d do (M.120b)
dq;  dq;  dt 0g '
Or, in other words,
d oL oL’ d /0L oL
_( § )_ :—(—')—— (M.121)
dr \ 9¢g; dq;  dt \9g; aqi
where
, 0L 9L  Oda - do (M.1222)
Pr=% % Toaa T e '
and
oL’ 0L
!
. = — —_ —_———— : . b
q 0p - 9p qi (M.122b)

M.2.2 Hamilton’s equations

From L, the Hamiltonian (Hamilton function) H can be defined via the Legendre
transformation

H(pi,qi.t) = piqi — L(qi.qi. 1) (M.123)

After differentiating the left and right hand sides of this definition and setting
them equal we obtain
aHd i + 8Hd ; + aHdt— 7:dp; + pidg; 8Ld ; aLd'- 8Ldt
opi DT g T T O T P P T T g T
M.124)

According to the definition of p;, equation (M.117) on the facing page, the second
and fourth terms on the right hand side cancel. Furthermore, noting that according



Draft version released 3rd June 2010 at 20:10 CET—Downloaded from http://www.plasma.uu.se/CED/Book
Sheet: 250 of 260

228 | 13. MATHEMATICAL METHODS

to equation (M.118) on the previous page the third term on the right hand side of
equation (M.124) on the preceding page is equal to — p;dg; and identifying terms,
we obtain the Hamilton equations:

oH . dqi ™ )
—_— = = — .125a
ap; ai dr >
oH . dp;

= —p = — = M.125b
e Di i (M.125b)
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acceleration field, 114

advanced time, 42

Ampere’s law, 6
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Ampere-turn density, 174

angular frequency, 28

angular momentum current density, 62

angular momentum flux tensor, 62

angular momentum theorem, 62
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anomalous dispersion, 177

antecedent, 219
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antenna current, 101

antenna feed point, 102
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arrow of time, 53

associated Legendre polynomial of the first
kind, 93

associative, 142

axial gauge, 45

axial vector, 150, 218

axiomatic foundation of classical electrody-
namics, 19

axions, 16

azimuthal phase, 65

Barbieri, Cesare, xvii
Bessel functions, 107
Biot-Savart’s law, 8

229

birefringent, 176
birefringent crystal, 173
Bohm, David, 135
braking radiation, 124
bremsstrahlung, 124, 131

canonically conjugate four-momentum, 158

canonically conjugate momentum, 158, 226

canonically conjugate momentum density,
165

Carozzi, Tobia, xx

Carroll-Field-Jackiw electrodynamics, 16

CGS units, 3, 15

characteristic impedance of vacuum, 87, 186

charge conjugation, 51

Cherenkov radiation, 178

chiral media, 171

circular wave polarisation, 25

classical electrodynamics, 1, 9

closed algebraic structure, 142

coherent radiation, 130

collision frequency, 183

collisional interaction, 190

complete o-Lorenz gauge, 45

complex conjugate, 199

complex notation, 20, 207

complex vector, 216

complex-field six-vector, 22

component notation, 207

concentration, 223

conductivity, 182

consequent, 219
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conservation law, 55

conservation law for angular momentum, 62
conservation law for linear momentum, 59
conservation law for the total current, 55
conservation laws, 53

conservative field, 12

conservative forces, 163

conserved quantities, 53

constants of motion, 53

constitutive relations, 15, 182
continuity equation, 54

contravariant component form, 138, 208
contravariant field tensor, 151
contravariant four-tensor field, 214
contravariant four-vector, 209
contravariant four-vector field, 141
contravariant vector, 138

control sphere, 53

convective derivative, 13

cosine integral, 105

Coulomb gauge, 44

Coulomb’s law, 3

covariant, 136

covariant component form, 208
covariant field tensor, 151

covariant four-tensor field, 214
covariant four-vector, 210

covariant four-vector field, 141
covariant gauge, 147

covariant vector, 138

CPT theorem, 53

cross product, 218

Curie, Marie Sklodowska, 180

curl, 222

cutoff, 125

cycle average, 21

cyclotron radiation, 128, 131

d’ Alembert operator, 24, 40, 146, 223
de Coulomb, Charles-Augustin, 3
definiendum, 207

definiens, 207

del operator, 220

del squared, 223

demodulation, 173

dielectric permittivity, 172
differential distance, 140
differential vector operator, 220
diffusion coefficient, 192

dipole antennas, 101

Dirac delta, 224

Dirac equation, 28

Dirac’s symmetrised Maxwell equations, 16
Dirac, Paul Adrien Maurice, 1, 43, 205
direct product, 219

dispersive, 177

dispersive property, 173
displacement current, 11
divergence, 222

dot product, 216

dual electromagnetic tensor, 152
dual vector, 138

duality transformation, 66, 153
Duhem, Pierr, 2

dummy index, 138

dyad, 219

dyadic product, 219

dyons, 66

E1 radiation, 97

E2 radiation, 101

Einstein’s summation convention, 207
Einstein, Albert, 1, 3

electric and magnetic field energy, 57
electric charge conservation law, 10
electric charge density, 4

electric conductivity, 11

electric current density, 8

electric dipole moment, 96

electric dipole moment vector, 90
electric dipole radiation, 97

electric displacement current, 69
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electric displacement vector, 171, 172

electric field, 3, 172

electric field energy, 57

electric monopole moment, 90

electric permittivity, 190

electric polarisation, 90

electric quadrupole moment tensor, 90

electric quadrupole radiation, 101

electric quadrupole tensor, 100

electric susceptibility, 173

electricity, 1, 2

electrodynamic potentials, 37

electromagnetic angular momentum density,
61,98

electromagnetic energy current density, 56

electromagnetic energy flux, 56

electromagnetic field energy, 57

electromagnetic field energy density, 22, 56

electromagnetic field tensor, 151

electromagnetic linear momentum density,
58,97

electromagnetic moment of momentum den-
sity, 61

electromagnetic orbital angular momentum,
64

electromagnetic scalar potential, 37

electromagnetic spin angular momentum, 64

electromagnetic vector potential, 37

electromagnetic virial density, 65

electromagnetic virial theorem, 65

electromagnetism, 1

electromagnetodynamic equations, 16

electromagnetodynamics, 66

electromotive force, 12

electrostatic dipole moment vector, 35

electrostatic quadrupole moment tensor, 35

electrostatic scalar potential, 34

electrostatics, 2

electroweak theory, 2

elliptical wave polarisation, 25

EMEF, 12

INDEX 231

energy density balance equation, 56

energy theorem in Maxwell’s theory, 57

equation of continuity, 147

equation of continuity for electric charge, 10

equation of continuity for magnetic charge,
16

equations of classical electrostatics, 9

equations of classical magnetostatics, 9

Eriksson, Anders, xx

Eriksson, Marcus, xviii

Erukhimov, Lev Mikahilovich, xx

Euclidean space, 143

Euclidean vector space, 139

Euler-Lagrange equation, 164

Euler-Lagrange equations, 165, 226

Euler-Mascheroni constant, 105

event, 142

far field, 75, 78

far fields, 71, 82

far zone, 71, 79, 94

Faraday tensor, 151

Faraday’s law, 12

Faraday, Michael, 205

Feynman, Richard Phillips, 1, 43
field, 208

field Lagrange density, 166

field momentum, 26

field point, 4

field quantum, 125

fine structure constant, 126, 133
four-current, 146

four-del operator, 221
four-dimensional Hamilton equations, 158
four-dimensional vector space, 138
four-divergence, 222
four-gradient, 221
four-Hamiltonian, 158
four-Lagrangian, 156
four-momentum, 145
four-potential, 146
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four-scalar, 209

four-tensor fields, 214
four-vector, 141, 209
four-velocity, 145

Fourier amplitude, 28

Fourier integral, 29

Fourier transform, 29, 40
Frank, Ilya Mikhailovich, 180
Franklin, Benjamin, 55
free-free radiation, 124
frequency mixing, 11

Froman, Per Olof, xix

fully antisymmetric tensor, 210
functional derivative, 164
fundamental tensor, 138, 208, 214
Fildt, Goran, xx

Galilei, Galileo, 206

Galileo’s law, 135

gauge fixing, 45

gauge function, 38

gauge invariant, 39

gauge theory, 39

gauge transformation, 39
Gauss’s law of electrostatics, 5

general inhomogeneous wave equations, 39

general theory of relativity, 135
generalised coordinate, 158, 226
generalised four-coordinate, 158
Gibbs’ notation, 220

Ginzburg, Vitaliy Lazarevich, xx
Glashow, Sheldon, 2

gradient, 221

Green function, 41, 93

group theory, 142

group velocity, 177

Hall effect, 175

Hall, Edwin Herbert, 175
Hamilton density, 165

Hamilton density equations, 165
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Hamilton equations, 158, 228
Hamilton function, 227
Hamilton gauge, 45

Hamilton operator, 47, 220
Hamilton, William Rowen, 220
Hamiltonian, 47, 227

Heaviside, Oliver, 118, 176, 180
Heaviside-Larmor-Rainich transformation, 66
Heaviside-Lorentz units, 15
helical base vectors, 25
Helmbholtz equation, 102
Helmholtz’ theorem, 39
Helmholtz’s theorem, 5

help vector, 94

Hermitian conjugate, 199

Hertz vector, 92

Hertz’s method, 89

Hertz, Heinrich Rudolf, 85
heterodyning, 173

Hodge star operator, 66
homogeneous vector wave equations, 185
Hooke’s law, 162

Huygen’s principle, 41

identity element, 142

in a medium, 179

incoherent radiation, 131

indefinite norm, 139

index contraction, 138

index lowering, 138

index of refraction, 172

inertial reference frame, 135

inertial system, 135

inhomogeneous Helmholtz equation, 41

inhomogeneous time-independent wave equa-
tion, 41

inhomogeneous wave equation, 40

inner product, 216

instantaneous, 121

interaction Lagrange density, 166

intermediate field, 78
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intermediate zone, 71 linear momentum flux tensor, 59
invariant, 209 linear momentum operator, 26, 60
invariant line element, 140 linear momentum theorem in Maxwell’s the-
inverse element, 142 ory, 59
inverse Fourier transform, 29 linear wave polarisation, 25
ionosphere, 184 Liénard, Alfred-Marie, 110
irrotational, 6, 222 Liénard-Wiechert potentials, 110, 149

local gauge transformation, 48
Jacobi identity, 153

longitudinal component, 187
Jarlskog, Cecilia, xx

] loop antenna, 105
Jefimenko equations, 76 Lorentz boost parameter, 144
Lorentz force, 14, 60

Lorentz force density, 58

Joule heat power, 57

Karlsson, Roger, xx

Kelvin function, 132 Lorentz power, 57

Lorentz power density, 56
kinetic momentum, 161 Lorentz space, 139, 208

Kohlrausch, Rudolf, 3 Lorentz torque, 63
Lorentz transformation, 137

Lorentz, Hendrik Antoon, 1, 40
Lorenz, Ludvig Valentin, 40

kinetic energy, 162, 226

Kopka, Helmut, xx
Kronecker delta tensor, 210

Kronecker product, 219
Lorenz-Lorentz gauge, 43

Lagrange density, 163 Lorenz-Lorentz gauge condition, 40, 147
Lagrange function, 162, 226 lowering of index, 214

Lagrangian, 162, 226 Lundborg, Bengt, xx

Laplace operator, 222

Laplacian, 222 M1 radiation, 100

Larmor formula for radiated power, 121 Mach cone, 180

law of inertia, 135 magnetic charge density, 15

Learned, John, xx magnetic current density, 15

left-hand circular polarisation, 25, 64 magnetic dipole moment, 100, 174
Legendre polynomial, 93 magnetic dipole moment per unit volume,
Legendre transformation, 227 174

Levi-Civita tensor, 210 magnetic dipole radiation, 100

light cone, 141 magnetic displacement current, 69
light-like interval, 141 magnetic field, 7, 172

Lindberg, Johan, xviii magnetic field energy, 57

line broadening, 28 magnetic field intensity, 174

line element, 217 magnetic flux, 12

linear mass density, 163 magnetic flux density, 8

linear momentum current density, 59 magnetic four-current, 153

linear momentum density, 59 magnetic induction, 8



Draft version released 3rd June 2010 at 20:10 CET—Downloaded from http://www.plasma.uu.se/CED/Book

Sheet: 256 of 260

234

magnetic monopoles, 15

magnetic permeability, 190

magnetic susceptibility, 172, 175
magnetisation, 174

magnetisation currents, 174
magnetised plasma, 173

magnetising field, 171, 172, 174
magnetism, 1

magnetostatic vector potential, 34
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