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I. Introduction

Especially for electrical energy transducers operating
in the nonlinear range of the BH-characteristic of ferro-
magnetic material, a technically relevant simulation nec-
essarily combines a small network model for the driving
circuit and a large field model dealing with saturation and
eddy-current effects. The voltage drops across the solid
conductors and the currents through the stranded conduc-
tors generate a magnetic flux

��

b = C�a as described by the
magnetoquasistatic formulation

C̃MνC�a + Mκ
d

dt
�a − MκQsolutw − Qstriln = 0 (1)

in terms of the line-integrated magnetic vector poten-
tial �a, here discretised by the finite-integration technique
(FIT) [1], the voltage drops utw across the tree branches
(twigs) and the currents iln through the co-tree branches
(links). C, C̃, Mν and Mκ denote the discrete pri-
mary and dual curl operators and the reluctivity and
conductivity matrices. The field-circuit coupling is rep-
resented by the matrices Qsol and Qstr [2]. The currents
isol = −QT

solMκ
d
dt

�a induced in the solid conductors and
the voltages ustr = QT

str
d
dt

�a induced in the stranded con-
ductors are substituted in the mixed circuit formulation

−
[

QT
sol

QT
str

]
d�a

dt
+

[
Gtw D
DT −Rln

][
utw

uln

]
=

[
−D̃isrc
−D̂T usrc

]
(2)

where D, D̃ and D̂ are parts of the circuit cut-set matrix,
Gtw and Rln are the conductances and resistances of the
twigs and links respectively, and isrc and usrc denote the
currents and voltages of the independent sources [3]. The
combination of (1) and (2), the linearisation by e.g. the
successive substitution approach, and the discretisation
in time, e.g., by the singly diagonal Runge-Kutta method
(SDIRK), leads to a symmetric, coupled system of equa-
tions.

II. 3D-to-0D or 3D-to-0D Coupling

Commonly, the coupling matrices Qsol and Qstr are
constructed such that MκQsolutw and Qstristr correspond
to the discrete source current distribution in the field
model. Then, however, both matrices represent a 3D-
to-0D coupling, i.e., they connect every degree of freedom
inside the conductors to the circuit. In [4] and [2], it has
been shown that the arbitrary gradient component of �a
can be exploited to formulate a sparser 2D-to-0D cou-
pling, where Qsol and Qstr couple the primary edges or
dual faces of a single conductor cross-section to the circuit.
Then, MκQsolutw and Qstristr are not free of divergence
and can no longer be interpreted as source currents. More-
over, they exhibit a sharp transition, corresponding to a
discontinuity of their continuous counterparts, which has
to be alleviated by the −Mκ

d
dt

�a term in the formulation
during the solving phase. As a consequence, the condition
of the systems of equations is substantially worse. The
2D-to-0D coupling, however, still outperforms the 3D-to-
0D coupling because of its higher sparsity [2].

III. Specialised Conductor Models

A stranded conductor is a model for a wire winding
with a wire diameter smaller than the skin depth. The
eddy-current effects are neglected by omitting Mκ in (1)
(3D-to-0D coupling) or by considering an anisotropic con-
ductivity matrix (2D-to-0D case). For particular coil ge-
ometries, dedicated models such as, e.g., a foil-winding
model, can be inserted in the coupled field-circuit formu-
lation [5].

IV. Adaptive Time-Step Selection

For the case of higher-order time integrators, several so-
lutions of different order of approximation are available.
Two of them are used for estimating the error, for deciding
whether to accept or to reject the time step and for pre-
dicting the new time-step length. In the case of sinusoidal
excitations, as is typical for electrotechnical applications,
the commonly used solution with an order difference of
1 may fail [6]. This phenomenon is related to the failing
even derivatives in the Taylor series for the sine function.
A more reliable adaptive time-step selection is achieved
when solutions with two orders of difference are used, e.g.,
the SDIRK-3(1) integrator with a main solution of third
order and an embedded solution of first order.
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Fig. 1. Capacitor motor: (a) photograph; (b) finite-element mesh
and magnetic flux lines at no-load operation; (c) external circuit
with the applied sinusoidal voltage U , the capacitance C, the resis-
tances Rmain and Raux and inductances Lmain and Laux modelling
the end winding parts and the resistances Rbar and Rring modelling
the rotor ring and rotor-bar parts outside the finite-element model;
(d) current through the main stator winding during start-up.

V. Time-Integration over Discontinuities

When field effects due to the switching of power elec-
tronic components are considered, the switching events
have to be resolved by the time integrator. A next time
step is computed under the assumption that no switching
happens. Afterwards, a possible event is detected by a
sign checking procedure in the case of a θ-type time inte-
grator [7] or by evaluating Sturm sequences in the case of
higher-order time integrators [3]. The time step is reduced
to the instant of switching, new, consistent begin condi-
tions are computed and the time integration is restarted
with a changed circuit [8]. In our implementation, we
favour to change the topology of the circuit, and by that,
also the structure and possibly also the size of the system
matrix, instead of the approach where switches are mod-
elled by highly nonlinear resistors, causing bad condition
numbers of the systems of equations [7], [9].

VI. Examples

The first example is a single-phase machine with a
start/run capacitor (Fig. 1). Its 2D cross-section is discre-
tised by a finite-element method, resolves local saturation
and eddy-current effects by adaptive mesh refinement and
models rotor motion by a sliding-surface technique. By
transient simulation, the currents through the main and
auxiliary windings at start-up are computed. The second
example is a three-phase transformer of which the primary
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Fig. 2. 3D finite-integration model of a three-phase transformer
connected to an external electric circuit for the power grid, diode
rectifier and inductive load.

side is connected to the grid and the second side is con-
nected to a diode rectifier with an inductive load (Fig. 2).
The detection and treatment of switching instants is car-
ried out by a modified SDIRK-3(2) time integrator.
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