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1 Extraction of the EM-FW State Models for Passive
Components

The models of passive components have to describe all relevant electromagnetic field

effects at high frequency encountered inside these devices. These effects are quanti-

fied by the Maxwell equations of the electromagnetic field in full wave (FW) regime.

Therefore, at the first level of approximation, the model of a passive device is defined

by an electromagnetic (EM) field problem, formulated by Maxwell partial differen-

tial equations with appropriate boundary and initial conditions. This problem defines

a consistent I/O system which has a unique response, described by the output signals,

for any input signal applied as terminal excitations. This system with distributed pa-

rameters has an infinite dimension state space, but a finite number of inputs and

outputs related to the device terminals.

The next level of approximation in the modeling process (Fig. 1) results by ap-

plying a numerical method to discretize the continuous model defined above. This

step associates a simpler ODE to the original PDE model, actually a system of DAE.

It is an important step ahead, reducing the infinite dimensional state-space which is

specific to distributed systems to a finite one. However, the size of the state-space is

still too large for the designers needs. It has an order similar to the number of DOFs

associated to the cells, finite elements used to discretize the computational domain.

Fig. 1. Three levels of abstraction for a component model and its corresponding equations.
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That is why a third step is necessary (Fig. 1), aiming to reduce this order, and to gen-

erate a ”compact” model, e.g. a small SPICE circuit, which preserves the behaviour

of the passive component, from terminals point of view, for instance the input-output

relationship.

The basic equations used to model the electromagnetic field effects in any de-

vice without movement, including the integrated passive devices are the Maxwell
equations:

curl (1)

curl (2)

div (3)

div (4)

These equations have to be complemented with the constitutive equations, which

describe the material behaviour, from electromagnetic point of view. In the linear

and isotropic materials, these constitutive equations have the simplest form:

(5)

(6)

(7)

The three material ”constants” have nonnegative values, dependent on position:

, and . Usually, these functions are constant on sub-domains, sep-

arated by discontinuity interfaces between homogeneous materials. The solutions of

these equations are the following ”fields”: , , , ,

, , vector or scalar functions of position ( ) and time ( ). The cor-

rect formulation of the continuous field problem (1) (7) consists of the identification

of the appropriate boundary conditions able to allow the consistent field-circuit cou-

pling. To conclude, the extraction of reduced order models for passive components

requires the solution of the correct formulated EM field problem, particularly asso-

ciated to the concept of Electric Circuit Element defined below [IM99].

An Electric Circuit Element (ECE) is a simply connected domain bounded by a
fixed surface comprising disjoint parts , called electric terminals
on which:

curl for (8)

curl for (9)

for (10)

where is the normal unitary vector of in the point (Fig. 2).
Condition (8) interdicts the inductive couplings through the device boundary,

between the domain and its environment. Condition (9) interdicts the conductive
and capacitive couplings through the device boundary, excepting for the electric
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Fig. 2. ECE - Electric Circuit Element with multiple terminals.

terminals. Condition (10) interdicts the variation of the electric potential over ev-
ery electric terminal, allowing the connection of the ECE terminals to the nodes of

any external electric circuit. With these boundary conditions, the interaction between

ECE and the environment is completely described by scalar variables, two for

each terminal: one current and one voltage.

For each electric terminal , its current is defined as the total current (conduc-

tion and displacement) flowing through it:

d (11)

where is a closed curve, the boundary of the terminal surface . We

assume that are oriented so that associated normal of is inwards oriented.

Due to (9), the sum of all terminal currents is zero and KCL is a consequence.

For each electric terminal , its voltage is defined as the integral

d (12)

along an arbitrary curve , included in which is a path between a point on and

a point on a reference terminal, let’s say . The condition (8) ensures the consistent

definition of the terminal voltage, its independence from the shape of and KVL

as a consequence. The following uniqueness theorem is fundamental for the correct

formulation of the EM field problem with appropriate boundary conditions for the

models extraction [RTT66].

The electromagnetic power transferred by any ECE through its boundary from
outside to inside of it is given by the expression

(13)
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As a consequence, the EM field problem associated to an ECE with equations (1)
(7), boundary conditions (8) (10), zero initial conditions, having some terminals
excited by known voltages and the rest by known currents has a unique field solution:

, , , , , , for ( , , and
therefore ECE has a unique response for a given arbitrary terminal excitations.

2 Finite States Representation by Finite Integrals Technique

The Manhattan geometry, characteristic to IC layout makes the Finite Integration

Technique (FIT) a suitable numerical method for electromagnetic field computation

in that kind of structures. FIT is a numerical method able to solve field problems

based on spatial discretization ”without shape functions”. Two staggered orthogonal

(Yee type) grids are used as discretization mesh [CW01]. The centers of the primary

cells are the nodes of the secondary cells and the secondary grid is not extended

outside the primary grid. The degrees of freedom used by FIT are not local field

components as in FEM or in FDTD, but the global variables i.e. electric and mag-

netic voltages , and magnetic and electric fluxes , assigned to the grid

elements: edges and faces, respectively. They are associated to these grids elements

in a coherent manner (Fig. 3). Applying the global form of electromagnetic field

equations on the mesh elements (elementary faces and their borders), a system of

DAE, called Maxwell Grid Equations (MGE) is obtained:

curl d
d

d
(14)

div (15)

curl d
d

d
(16)

div d (17)

div d
d

d
(18)

FIT combines MGE with the Hodge’s operators, which describe the material

behavior

(19)

The main characteristics of the FIT method are:

There is no discretization error in the MGE fundamental equations. All numerical

errors are hold by the discrete Hodge operators.
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Fig. 3. Dofs for FIT numerical method in the two dual grids cells.

An equivalent FIT circuit (Fig. 4), having MGE+Hodge as equations may be

easily build. The graphs of the two constituent mutually coupled sub-circuits are

exactly the two dual discretization grids; therefore the complexity of the equiva-

lent circuit has a linear order with respect to the number of grid-cells [ICR06a].

MGE are:

– sparse, having maxim 6 non-zero entries per row,

– metric-free: - the discrete-curl and - the discrete-div operators have

only 0, +1 and -1 as entries,

– mimetic: in Maxwell equations curl and div operators are replaced by their

discrete counterparts and , and

– conservative: the discrete form of the discrete charge conservation equation

is a direct consequence of both Maxwell and as well as of the MGE equations.

Due to these characteristics the numerical solutions have no spurious modes.

Fig. 4. Electric (left) and magnetic (right) equivalent FIT circuits.

The size of DOF vectors are:

electric voltages equal to the number of branches in the primary grid ;
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magnetic voltages equal to the number of branches in the secondary grid ;

magnetic fluxes equal to the number of faces in the primary grid ;

electric fluxes equal to the number of faces in the secondary grid .

In order to avoid confusions with the capacitance matrix for the circuit in Fig.

4, in the rest of the paper the discrete-curl operator will be denoted by . Actually,

it is the topological matrix of branches-loops incidence in the equivalent FIT elec-

trical circuit, while the matrix is branches-loops incidence in the equivalent FIT

magnetic circuit.

Details about how the elements of the matrices within MGE and Hodge operators

can be computed and stored are presented for instance in [ICR06a]. As an example,

typical expressions of Hodge operators are

(20)

(21)

(22)

where is the area and is the length, as they are represented in Fig. 5.

Fig. 5. Discretization of the Hodge operators.

Due to the fact that the elements of Hodge operators , , have di-

mensions of electric conductance, magnetic reluctance and electric capacitance, they

will be denoted by , , and , respectively. With these notations, the

constitutive relationships become:

(23)

(24)

(25)
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With these new notations, the MGE relationships (14) and (16) become:

d

d
(26)

d

d
(27)

By eliminating the flux vectors, similar equations to the equations of an electric cir-

cuit are obtained:

d

d
(28)

d

d
(29)

with the following matrix representation:

d

d
where (30)

The system (30) is very sparse, each row of the matrix containing no more

than one nonzero entry. By a suitable ordering of equations, the non-zero elements

may be placed on the diagonal position of matrix, all non-diagonal elements being

zero. The matrix contains in each row no more than five nonzero elements: four

with integer values (two +1 and two -1) and a real non-negative number.

The system (30) of DAE is far to be the complete I/O state-representation of

our passive device, first of all, because the number of equations ( ) is not equal to

the number of variables ( ). As a consequence, and are non-square matrices.

The number of equations in (30) is equal to the total number of

elementary faces in both primary and secondary grids, while the number of variables

is equal to the total number of branches in both primary and secondary

grids, therefore the size of both and matrices is with

.

From the total number of electrical branches , a number of branches

are removed, corresponding to the branches placed on the boundary. The remaining

number of branches is equal to the total number of the elementary

magnetic faces. Meanwhile, to each magnetic branch corresponds an electric face,

therefore without the electric boundary faces and branches, the number of equations

) is equal to the number of state variables

. Consequently, in this case, the deficit of equations in the system (30)

is equal to the number of border branches . According to the Euler relation

is equal to the number of the boundary nodes

excepting one plus the number of the boundary faces, excepting one. This deficit of

equations will be covered by the discrete form of the boundary
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conditions. The FIT discretization of the Maxwell equations frequently described in

literature does not explain the most difficult part of the algorithm, namely the set-up

of the appropriate boundary conditions and their discretization, without which it is

not possible to obtain a state space representation of the device, compatible with an

external electric circuit, to which the device is connected.

3 State Representation of the Boundary Conditions

The first ECE boundary condition (8):

curl
d

d
for (31)

is automatically satisfied when the normal component of the magnetic flux density

is zero on the boundary. This happens naturally, because in our version of FIT there

are no branches of the secondary (magnetic) grid crossing the boundary of the com-

putational domain covered by the primary-electric grid. The discrete form of (31) is

represented by the KVL written on the boundary faces excepting one,

where the KVL is a consequence. Therefore (30) keeps its form with both and

matrices of size , but with zero values for

diagonal entries of .

The second ECE boundary condition (9):

curl for (32)

is satisfied when the normal component of the total current density (conduction plus

displacement) is zero on the device boundary , excepting on the device terminals.

As a consequence, no current will be injected from outside:

for any node on (33)

The third ECE boundary condition (10):

for (34)

is satisfied if the electric voltages along any terminal branches is zero:

for any branch belonging to any terminal (35)

All equations associated to the faces placed on terminals can be eliminated, re-

ducing the number of rows of matrices and . The voltages (and the corre-

sponding columns of matrices and ) can be eliminated from the set of the state

variables as well.

For terminals excited in current, the non-homogeneous boundary condition can

be expressed by means of Hodge operators as:
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d

d
(36)

where is the total current injected in the terminal . The sum is done over all

electrical branches (belonging to the boundary or orthogonal to it) directly connected

to the terminal . The matrix representation of (36) is:

d

d
(37)

where is the vector of the excitation currents injected in terminals. Denoting by

, the branch-terminal connexion matrix (each row, associated to a terminal has ele-

ments of values +1 or -1 in the columns corresponding to branches connected to that

terminal), we can write:

(38)

where and are square diagonal matrices of Hodge operators, with the size

equal to the total number of primary branches including those on boundary (size of

).

The boundary condition (33), can be written as (36) with zero left hand side. This

is equivalent to the extension of the matrix , by adding a row for any node on the

boundary surface (excepting for the terminals). In this manner, the Kirchhoff current

law on all boundary nodes is imposed, excepting for the reference node, for which

KCL is a consequence. 0 By combining (30) with the boundary conditions (37) the

semi-state descriptor representation of the system associated to the passive integrated

component is obtained:
d

d
(39)

where

(40)

with and square matrices and as the input vector of terminal excitation

currents. If instead of KCL (36) for the boundary nodes, the nodal equations (or the

equations of the tree voltages) are used, then the matrix becomes a symmetric

positive definite one (and the state space becomes a minimal one).

In this final form of state equations, the following relaionships are also embed-

ded as it expected: the constitutive relations of all electric and magnetic branches,

Faraday and Ampere-Maxwell laws over all mesh-grid, Kirchhoff voltage and cur-

rent/flux laws in all nodes (in internal nodes as a consequence) and finally, the termi-

nal excitation conditions.

If all floating terminals of the device are current-excited, then the output sig-

nals are the electrical voltages of terminals:
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(41)

where is a set of branches which compose a path from the current terminal to

the reference terminal. The matrix form of (41) is

(42)

where is the system response and is the branch-to-path connection matrix

(+1 or -1 for boundary branches comprising the path). In conclusion, in the current-

excitation case, the complete LTI system is defined by semi-state equations (39) and

the output relations (42):

d

d
(43)

with and given by (40). The transfer function of the MIMO system (43) is the

impedance matrix of the passive component.

In the case of voltage-excited components, (37) may describe the output and

(41) may describe the input relationships. However, there is still another representa-

tion of the voltage-excited device, as a standard LTI system, without time derivative

in the output equations. It is generated by the definition (11) of the terminal current.

The discrete form of this relationship is:

(44)

where is a set of branches defining the contour of the terminal . The matrix form

of (44) is

(45)

where is the vector of response currents and is the branch-to-contours connec-

tion matrix (+1 or -1 for boundary branches comprising the contour). In conclusion,

when all device terminals are voltage-controlled, the complete LTI system can be de-

fined alternatively by the semi-state equations (39) with and the output

relations (45):

d

d
(46)

with and given by (40), the vector of excitation voltages and the response

vector of terminal currents. The transfer function of the MIMO system (46) is the

admittance matrix of the device.

If the component is hybrid excited, the associated LTI system is defined by:

d

d
(47)



Reduced Order Models of On-chip Passive Components and Interconnects 403

with

(48)

where the matrices , , , , input vector and output vector are defined

accordingly, by combining (43) and (46). Regardless the excitation mode, the state

variables are the voltages along the all electric and magnetic grid branches, excepting

those on terminals. The transfer function of the MIMO system (47) is the hybrid

matrix of the passive component:

(49)

If the first out of total terminals are controlled in voltage and the rest are

controlled in current, the hybrid matrix has the following block structure:

(50)

where is the square admittance matrix of size , the square

impedance matrix of size , while is the voltage transfer coefficient

and is the current transfer coefficient. In the degenerate case, when , the

matrix becomes the impedance matrix, and when , then becomes the

admittance matrix of the component. The number of inputs is equal to the number of

outputs. Each device terminal, excepting the reference terminal has either its voltage

or its current as an input scalar signal, and its current and respectively its voltage as

an output.

4 ROM WorkBench

The next step after the extraction of the state space model for passive components

is the order reduction. In order to decide which ROM technique is the most appro-

priate for this type of model, a new tool called ROM Workbench was conceived in

the frame of the FP6/IST/CODESTAR project [webb]. Its aim is to allow the user to

reduce models by means of as many ROM techniques as possible, and to compare

the results. The ROM Workbench consists of a set of benchmark problems, a set

of model order reduction methods and criteria for results evaluation and comparison.

Fig. 6 shows the main blocks of the ROM Workbench. The models that can be read in

are of various types: linear time invariant systems given by state (or semi-state) space

matrices, frequency responses described by the variation of impedance, admittance

or scattering parameters with respect to the frequency, circuits given as net-lists or

transfer functions given by poles and residues. Once read into the database of models,

different actions can be carried out. The most important is the reduction but other ac-

tions are also useful, such as conversions between different types of representations,
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characterization/visualization of a system (plots or computation of lumped or line

parameters, etc), or synthesis of the equivalent circuit. A very important facility is

that the systems can be compared, the comparison between the original model and

reduced models obtained from different reduction techniques allowing one to decide

which method performs best for a given problem.

Fig. 6. Main blocks of the ROM Workbench.

The reduction can be carried out by means of various methods. These methods

include: explicit moment matching, Krylov subspace techniques [CPO02], Laguerre

techniques [KZ99], combined techniques (such as two step Lanczos, or Krylov based

followed by a truncated balanced reduction), and truncated balanced realization pro-

cedures [webc]. The vector fitting method proposed in [GS99], which finds the trans-

fer function matching a given frequency characteristic is included in the ROM Work-

bench as an order reduction method.

The workbench is able to compare responses obtained for different systems. The

comparison can be carried out either on the time responses (step, impulse, etc.) or

on the frequency responses (Bode, Nyquist, Smith, etc). Lumped parameters, quality

factors or line parameters can also be compared.

The available measurements data for the tested devices are usually the scatter-

ing ( ) parameters. That is why, in the results that follows the criteria used for

comparison is an error estimator based on the Frobenius norm , computed as

rms ref an max ref , where ref are the scattering parameters for the

reference system (for instance the measured data), and are the scattering param-

eters of the analyzed system, for instance the reduced order model.

The first implementation of the ROM workbench was under Matlab, with GUI.

This implementation proved to be very useful, as a prototyping tool in the re-
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search as well as for the educational purposes (see for instance the MOR course

http://www.win.tue.nl/casa/meetings/special/mor/). Other im-

plementations do not use any graphical interface at all, being appropriate for linking

the reduction step to the EM simulator, especially in the case of large scale problems

that need high computational resources. For instance, in the CODESTAR project var-

ious tools of the ROM Workbench became stand alone programs using the MATLAB

Compiler Toolbox. Future versions of the ROM Workbench will include features re-

lated to parameterization, its further development being supported in the frame of the

CHAMELEON-RF project [weba].

5 All Levels Reduced Order Modelling

The ROM WorkBench procedures were applied to a series of test structures, relevant

to the Codestar project, which will be described in the next section. The reduced

order method which behaved best in these study cases was the one based on Vector

Fitting [GS99]. Another important conclusion of the numerical experiments was that

a-posteriori order reduction is not enough effective, if it is not accompanied by a-
priori and on-the-fly reduced order techniques. The idea to apply any reduction as

soon as possible in the model extraction process lead to a strategy called ALROM -
All Levels Reduced Order Modeling [ICRS06], which basically uses the following

steps to model the passive components and interconnects:

A) Grid calibration. The minimal orthogonal grid necessary to define the ma-

terial sub-domains is successively refined, until the equivalent capacitances of the

passive component are accurate enough. The dual Finite Integration Technique
(dFIT) used to solve the electrostatic field equations and to extract the capacitances

provides lower and upper bounds of the exact solution [IRC04]. These bounds are

used to control the accuracy of the numerical solution by means of a multi-grid ap-

proach.

B) Virtual boundary calibration. The computational domain is successively

extended, until the inductance extracted by averaging the dual Neumann and Dirich-

let boundary conditions is accurate enough [ICR06b]. Actually, an Equivalent Layer

on the boundary of the computational domain is used to model the Open Boundary

of the magneto-static field. Choosing for the material constant of ELOB (Equivalent

Layer of Open Boundary) the magnetic relative permeability , the scalar mag-

netic potential satisfies the Neumann boundary condition, while for

the potential satisfies the Dirichlet boundary condition. These two dual boundary

conditions are used to control the accuracy of the numerical solution because they

provide lower and upper bounds of the inductances extracted from the exact field

solution in the un-bounded domain.

C) Frequency analysis. By using the grid resulted in previous steps, after re-

fining and extension process, the frequency dependent matrix of the component is

computed in a minimal set of frequency samples, solving the linear complex system

(49), a FIT consequence of Maxwell equations. To build numerical scissors for the

exact solution, a practical approach we propose is to use the dual (complementary)
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solutions, solving the Maxwell Grid Equations two times, and computing the admit-

tance matrix using the two dual-staggered grids and two type of boundary conditions,

for a sequence of frequency samples :

is computed by FIT on the primary grid with ELOB parameters

, ;

is computed by FIT on the secondary grid with ELOB parameters ,

.

By averaging the two admittance, a numerical solution

is generated, which provides a better accuracy than any of the two direct

extracted admittances or , at least at low frequencies. In the case of in-

terconnects, the p.u.l. frequency dependent line parameters

and are extracted using a similar technique, but solving

the 2D EMQS equation of the TM field [ICRS06].

D) Length extension. This is an optional step, applied in the case of the TL

model for interconnects. The frequency characteristic of the real length line

is computed by transmission line equations in an extended set of adaptive frequency

samples, using an appropriate interpolation of p.u.l. parameters.

E) Optimal order of the compact model. In this algorithm step, the frequency

characteristic of the analyzed component is approximated by rational func-

tions using the Vector Fitting procedure [GS99] and then a SPICE equivalent cir-

cuit is synthesized by the Differential Equation Macromodel [PR04]. The couple of

these procedures is iterated, successively increasing the order of the extracted model.

Compact models of increasing order and their equivalent circuits are extracted and

simulated in the frequency domain with SPICE, until the result is close to ,

on the frequency range of interest. In this way, the compact model and its SPICE

equivalent circuit for the given components having an optimal order are generated.

F) Validation. Based on the results of the SPICE simulation in frequency do-

main, the scattering parameters are computed and compared with the measure-

ments, for a series of test structures, of practical interest - the Codestar benchmarks,

presented below.

The control of the solution accuracy plays a crucial role in a-priori order reduc-

tion. Use of an optimal grid minimizes the number of required DOFs. By extend-

ing or refining more the optimal grid, the order of the macro-model generated by

discretization is increased, whereas by reducing the grid size the solution accuracy

becomes too low to be acceptable.

6 Test Structures

6.1 Meander resistor (RPOLY2 ME benchmark)

A semi-state space model for the meander on-chip resistor depicted in Fig. 7 has been

computed using the finite integration technique described above. For a grid having

368200 nodes, a macro-model having 19510 degrees of freedom has been obtained

using a-priori order reduction techniques.
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After the computation of its frequency response on the range 1-20 GHz, a reduced

order model of order four was obtained using the vector fitting algorithm. This re-

duced model was then synthesized and the equivalent circuit thus obtained has been

simulated with SPICE. The relative error of parameters between the simulation

of the initial model and the reduced one is very low, about 0.16 %. The reduction

time was also very low, less than 1 second. Fig. 8 shows the relative error between

the macromodel and the reduced model for increasing order of the reduced system.

Even for very low orders, vector fitting was able to find accurate reduced models.

Fig. 9 shows the comparison between the measurements (real part of parameter

) and the simulation of the reduced order model. Fig. 10 shows the same compar-

ison for the extracted resistance.

Fig. 7. Meander resistor benchmark.
Fig. 8. Relative error versus the order of

the reduced system.
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6.2 Capacitor (CMIM benchmark))

Another benchmark tested was a metal-insulator-metal capacitor (Fig. 11). A grid

having 833280 nodes have been used, conducing to a macro-model of order 29925.

The macro-model has been reduced to a model of order four, using the vector-fitting

algorithm. The relative error between the initial model and the reduced one is 0.2 %,

obtained in less than 1 second. The relative error between the measurements and the

reduced model is 3.75 %.

Figs. 13 and 14 show the comparison between measurements ( real and imag-

inary parts) and simulation of reduced model. Fig. 12 shows the variation of the

extracted capacitance with respect to the frequency.

6.3 SP-SMALL benchmark

In the case of an inductor benchmark (Fig. 15), a grid having 596068 nodes generates

a macro-model of order 9614. This has been reduced also to a model of order four,

using the vector-fitting algorithm. The relative error between the initial model and

the reduced one is 0.5 %, obtained in less than 1 second. Figs. 17 and 18 show the

comparison between the macro-model frequency response ( real and imaginary

parts) and simulation of reduced model. Fig. 16 shows the variation of the extracted

inductance with respect to the frequency.

6.4 Coplanar Line

A coplanar line discretized with a grid having 2866441 nodes generates a macro-

model of order 19972. The vector-fitting procedure was also the most successful

reduction procedure for this case, generating a reduced order model with ten degrees

of freedom, in less than 1 second. The error between the initial macro-model and

the reduced model is 1.3 %, for a frequency range 1-30 GHz. This corresponds to

a relative error between measurements and reduced order model of 5.5 %. Fig. 19

Fig. 11. Capacitor benchmark.

Fig. 12. Capacitance extracted from the

simulation of initial model and of re-

duced model.
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shows how the order increasing improves frequency response of the reduced order

model.

Fig. 15. Inductor benchmark.
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tion of macromodel and reduced model.
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Fig. 17. Parameter - real part.
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Files corresponding to these four benchmarks (macromodels, reduced or-

der models and the measured frequency characteristics) may be found at

www.lmn.pub.ro/ codestar.

7 Conclusions

The proposed strategy proved to be an efficient methodology for modeling and sim-

ulation of on-chip passive components.

An important step in the modeling process is represented by the correct formula-

tion of the EM field problem in mathematical terms. The proper boundary conditions

and the solution uniqueness theorem allow the consistent definition of a dynamical

system with distributed parameters. The next step is to reduce the system space-state

at a finite dimension, applying a numerical method. FIT was the numerical method

suitable for the class of integrated passive components. In order to extract the models

for these components as state-space representations the discrete form of the boundary

conditions plays a crucial role. The electric and magnetic voltages along the edges

of the dual FIT grids are the state variables of the model.

When applying reduction procedures for a given model, an environment such as

the ROM Workbench is very useful due to its flexibility. It allowed us to conclude

that the vector fitting procedure is the best method to reduce electromagnetic full-

wave models of passive components considered as Codestar benchmarks. For this

class of problems, the reduction conduces to very low orders (less than 10) with an

extremely low computational effort (less than 1 sec), the relative error between the

simulation result and its reduced order model being less than 1
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